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Abstract

Given a N × M matrix X with matrix elements real and that they
are independent Gaussian variables with zero center and variance say
v, the eigenvalue density for the resulting covariance random matrix
ensemble XXT , where XT is the transpose of X, plays an important role
in many applications ranging from nuclear structure to Econophysics.
Using a simple 2 × 2 block matrix ensemble that is used as a model
for mixing between distant configurations in nuclear shell model and
the Wigner’s binary correlation approximation, an easy to understand
derivation is given for the ensemble averaged eigenvalue density of XXT .
This result is extended to a co-variance matrix ensemble generated by
random interactions.
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1 Introduction

Covariance matrices modeled by random matrix theory have wide ranging ap-
plications. For example they are important in multivariate statistical analysis
[1], they are used in the study of cross-correlations in financial data [2, 3],
appear in a model for mixing between distant configurations in nuclear shell
model [4], employed in the statistical analysis of atmospheric correlations [5],
applied in deriving statistical bounds on entanglement in bipartite quantum
systems due to quantum chaos [6] and so on.

Let us consider a N×M matrix X with matrix elements real and chosen to
be independent Gaussian variables G(0, v), i.e. Gaussian variables with zero
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center and variance v2. Then the N ×N random matrix ensemble C = XXT ,
where XT is the transpose of X, represents a covariance matrix. In this paper
we consider the ensemble averaged density ρC(E) of the eigenvalues of the
random covariance matrix ensemble C = XXT . Dyson [7, 8] first derived
the result for ρC(E) for the matrices X with N = M . In most applications
the eigenvalue density for N �= M is needed. The result for this situation
was derived using many different techniques; see [1, 2, 3, 9] and references
therein. In particular Sengupta and Mitra [9] used diagrammatic and saddle
point integration techniques. Eq. (16) ahead in Section 4 gives the final result.
As Eq. (16) has many applications [1, 2, 3, 5, 6], it is useful to have alternative
and easy to understand derivations of this result. Our main purpose in this
paper is to report, using a physically motivated random matrix model used in
nuclear structure (results for this model were briefly reported in [4]), a simple
derivation for the ensemble averaged density ρC(E).

Starting with Wigner’s surmise for the nearest neighbor spacing distribu-
tion (NNSD) for the classical random matrix ensemble GOE (and its extension
to GUE and GSE), large number of important results in random matrix the-
ory (RMT) are obtained using simple 2 × 2 random matrix ensembles with
their validity extending to general N ×N ensembles. Besides the formulas for
NNSD, recently transition curves for GOE to GUE, Poisson to GOE and Pois-
son to GUE transitions are derived using 2 × 2 ensembles; see [10, 11]. More
recently, these ensembles are related to Gaussian point process [12]. Similarly
Poisson point process are related to 2×2 complex non-Hermitian random ma-
trices [13]. Construction and applications of many other 2× 2 random matrix
ensembles are discussed in [14, 15, 16]. For example introduced in [14] are
2 × 2 pseudo-Hermitian random matrix ensembles and in [15] introduced are
ensembles based on Tsallis entropy. Therefore it is natural to ask: is there a
2 × 2 random matrix ensemble that leads to ρC(E). It is indeed possible to
obtain ρC(E) using the 2× 2 partitioned GOE (p-GOE2) employed in nuclear
structure studies as a statistical model for mixing between distant shell model
configurations [17, 4, 18]. Now we will give a preview.

Section 2 gives some details of the p-GOE2 ensemble employed in nuclear
structure for understanding the mixing between degenerate configurations sep-
arated by energy Δ (hereafter called p-GOE2(Δ). The convolution result, with
the eigenvalue density for p-GOE2(Δ = 0) being one of the factors, for the
eigenvalue density of this ensemble is also discussed. In Section 3 binary cor-
relation results for the moments of p-GOE2(Δ = 0) ensemble are given in
detail and using them the density of eigenvalues for this ensemble is derived.
This result can be transformed easily to obtain ρC(E) as discussed in Section
4. Extension of this to a co-variance matrix ensemble generated by random
interactions is also discussed here. Some conclusions and future outlook are
given in Section 5.
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2 A Simple 2×2 Partitioned GOE : p-GOE2(Δ)

In the applications of statistical nuclear spectroscopy [19, 20], to include mixing
effects due to 2-h̄ω excitations, first simple model suggested was the 2 × 2
partitioned GOE [17, 4]. Consider the example of 24Mg nucleus. Then the 8
valance nucleons (4 protons and 4 neutrons) occupy (2s1d) shell. The (2s1d)8

configurations are referred as 0h̄ω excitation. In addition, quite often on has
to consider 2h̄ω excitations that are obtained by exciting 2 nucleons into the
(1f2p) shell and they generate configurations with 2h̄ω. Neglecting higher
h̄ω excitations, it is necessary to consider the mixing between the 0 and 2h̄ω
excitations; hereafter we call these as spaces #1 and #2 respectively. To
develop a statistical model for the mixing between the spaces #1 and #2, one
can assume, as a first step, that all the 0h̄ω levels are degenerate and say they
are at energy 0 (in energy units MeV) with degeneracy d1. Similarly one may
assume that the 2h̄ω levels are degenerate and they are at energy Δ (note that
in our nuclear example Δ = 2h̄ω) with degeneracy d2. In addition these two
will mix and the mixing Hamiltonian X will be a d1 × d2 matrix. A plausible
model (see Section 5 for further discussion on this point) for X is to replace
it by a GOE, i.e. assume that the matrix elements of X are independent
Gaussian random variable G(0, v). Then the Hamiltonian ensemble we have
is,

HΔ =

[
0 I1 X
XT Δ I2

]
. (1)

Thus we are dealing with a 2×2 block structured random matrix ensemble and
this is called p-GOE2(Δ). For the main problem of interest in this paper we
need p-GOE2(Δ = 0). Note that the matrices I1 and I2 are unit matrices with
dimensions d1 and d2 respectively and the H matrix dimension is d = d1 + d2.
Now let us consider the eigenvalue density ρΔ(E) for the matrix HΔ. The
ρΔ(E) and the related IΔ(E) are,

ρΔ(E) = 〈δ(HΔ − E)〉1+2 , IΔ(E) = 〈〈δ(HΔ − E)〉〉1+2 , ρΔ(E) = d−1 IΔ(E) .
(2)

In Eq. (2) the symbol 〈−−〉 denotes average and 〈〈− −−〉〉 denotes trace.
These are over the total d dimensional #1 ⊕ #2 space. It is easy to see
that the densities decompose into sum of the partial densities defined over the
spaces #1 and #2 respectively,

ρΔ(E) = d−1
[
d1ρ

Δ;1(E) + d2ρ
Δ;2(E)

]
, IΔ(E) = IΔ;1(E) + IΔ;2(E) (3)

where for example ρΔ;1(E) = 〈δ(HΔ − E)〉1. As we will see ahead, for the H
in Eq. (1), the densities ρΔ;1(E) and ρΔ;2(E) differ only in a delta function.
Therefore from now on we will consider only ρΔ;1(E) and also assume that
d1 < d2 (from this it is easy to obtain the results for d1 > d2 and the d1 = d2
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situation is much simpler). For mathematical simplicity, as an intermediate
step, we will consider the matrix ensemble H±Δ′,

H±Δ′ =

[ −Δ′ I1 X
XT Δ′ I2

]
(4)

and the corresponding ρ±Δ;1(E). Starting with the simple 2 × 2 matrix h =[ −Δ′ x
x Δ′

]
, and evaluating h2, h3, h4 and so on, it is easy to write the

matrix hp for any p. Now, replacing x2 by XXT , x4 by XXT XXT and so
on in the (hp)11 matrix element, the following formula can be derived for the
moments of ρ±Δ′;1(E). Denoting the p-th moment by M±Δ′;1

p , we have, with[
p
2

]
being the integer part of p

2
,

M±Δ′;1
p = (−1)p

[ p
2 ]∑

ν=0

([
p
2

]
ν

)
(Δ′)p−2ν

〈
(XXT )ν

〉1
. (5)

Similarly M±Δ′;2
2ν = (d1/d2)M

±Δ′;1
2ν and M±Δ′;2

2ν+1 = −(d1/d2)M
±Δ′;1
2ν+1 with M±Δ′;1

0 =

M±Δ′;2
0 = 1. Eq. (5) shows that there should be a generalized convolution form

for ρ±Δ′;1(E) with one of the factors being ρΔ′=0;1 as the moments for a den-
sity written as a convolution of two functions follow the law Mp(ρA ⊗ ρB) =∑(

p
s

)
Ms(A)Mp−s(B); here ⊗ denotes convolution. From Eq. (5) we have

M±Δ′;1
2ν+1 = −Δ′M±Δ′;1

2ν . Then
∫∞
−∞ E2ν(E + Δ′)ρ±Δ′;1(E)dE = 0 and also∫∞

−∞ E2ν(E−Δ′)ρ±Δ′;1(−E)dE = 0. They imply that ρ±Δ′;1(E) is of the form∣∣∣E−Δ′
E+Δ′

∣∣∣1/2
f(E) where f(E) is an even function of E. This and the fact that〈

(XXT )ν
〉1

is the 2ν-th moment of ρ0:1(E), allow us to identify the following
important result,

ρ±Δ′;1(E) =

∣∣∣∣∣E − Δ′

E + Δ′

∣∣∣∣∣
1
2

ρΔ′=0;1
(√

E2 − (Δ′)2

)
, |E| ≥ Δ′ . (6)

The density ρ±Δ′;1(E) gives correctly the moments in Eq. (5). Now, putting
Δ′ = Δ

2
and shifting all the eigenvalues E by Δ/2 so that E → (E − Δ

2
), the

final result for ρΔ;1 is obtained,

ρΔ;1(E) =
∣∣∣∣E − Δ

E

∣∣∣∣
1
2

ρΔ=0;1
(√

E(E − Δ)
)

, E ≥ Δ, E ≤ 0 . (7)

It should be stressed that Eq. (7) is independent of the structure of the mixing
matrix X in Eq. (1). More importantly it allows us to construct ρΔ;1(E) for
any Δ value provided we know ρΔ=0;1(E). Another result is that ρΔ;1(E) is
bi-modal and this plays an important role in physical applications [17, 4]. Now
we will consider ρΔ=0;1(E) for p-GOE2(Δ = 0).
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3 Moments and the Eigenvalue Density for p-

GOE2(Δ = 0)

Given H0 =

[
0I1 X
XT 0I2

]
, we have, easily proved with mathematical induc-

tion,

(H0)
2ν =

[
(XXT )ν 0

0 (XT X)ν

]
, (H0)

2ν+1 =

[
0 (XXT )νX

(XTX)νXT 0

]
.

(8)
Then immediately we have 〈〈(H0)

p〉〉1 = 〈〈(H0)
p〉〉2 for p �= 0 and for p = 0,

they are d1 and d2 respectively. Secondly, all the odd moments of ρΔ=0;1(E)
are zero. Also, for d1 < d2, ρΔ=0;2(E) = d1

d2
ρΔ=0;1(E) + (1 − d1

d2
)δ(E). One

way of constructing ρΔ=0;1(E) is via its moments. From Eq. (8) we have

Mp(ρ
Δ=0;1) =

〈
XXT

〉1
and they can be evaluated for p-GOE2 using the bi-

nary correlation approximation of Wigner; see [8] for details of this method.
Firstly, the ensemble averaged second moment simply (with bar denoting en-
semble average) is, M2(ρ

Δ=0;1) = (d1)
−1∑

i,j Xij(XT )ji = (d1)
−1∑

i,j X2
ij =

v2d2. Similarly, defining M̃p = d1Mp = 〈〈(H0)
p〉〉1, we have M̃4(ρ

Δ=0;1) =∑
i,j,k,l Xij(XT )jkXkl(XT )li =

∑
i,j,k,l XijXkjXklXil. In the sum here, applying

the binary correlation approximation, we need to consider only terms that
contain pairwise correlations. Then, with k = i or l = j,

M̃4(ρ
Δ=0;1) =

∑
i,j,l

[
XijXijXilXil

]
+
∑
i,j,k

[
XijXkjXkjXij

]
=

∑
i,j,l

[
XijXij XilXil

]
+
∑
i,j,k

[
XijXij XkjXkj

]
= v4 [d1d

2
2 + d2

1d2] .

(9)

The terms that are dropped in Eq. (9) involve cross correlations, i.e. terms
with odd number of matrix elements in between those that are correlated.
They will be smaller by a factor of d2 (or d1). Thus the binary correlation
approximation is good if d1 and d2 are large. Proceeding further we have for
M̃6,

M̃6(ρ
Δ=0;1) =

∑
i,j,k,l,m,n

XijXkjXklXmlXmnXin

=
∑

i,j,l,n

XijXijXilXilXinXin +
∑

i,j,l,m

XijXijXilXmlXmlXil

+
∑

i,j,k,n

XijXkjXkjXijXinXin +
∑

i,j,k,m

XijXkjXkjXmjXmjXij

+
∑

i,j,k,l

XijXkjXklXklXkjXij

= v6(d1d
3
2 + 3d2

1d
2
2 + d3

1d2) .
(10)
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The binary correlation structure in Eq. (10) is clear and let us apply it to M̃8.
Writing Xij as Xa, symbolically M̃8 =

∑
XaXbXcXdXeXfXgXh. Now: (i)

with Xa and Xb correlated, the correlations in the remaining XcXdXeXfXgXh

are same as those in M̃6; (ii) with Xa and Xd correlated, necessarily Xb and
Xc must be correlated and the remaining XeXfXgXh correlations are same

as those in M̃4; (iii) with Xa and Xf correlated, necessarily Xg and Xh must
be correlated and the remaining XbXcXdXe correlations are same as those
in M̃4; (iv) with Xa and Xh correlated, the correlations in the remaining
XbXcXdXeXfXg are same as those in M̃6. Then the expression for M̃8 is,

M̃8(ρ
Δ=0;1) = v8

[
d4

1d2 + 6d3
1d

2
2 + 6d2

1d
3
2 + d1d

4
2

]
. (11)

Continuing this will lead to a recursion formula for the moments,

M̃2ν(ρ
Δ=0;1) = v2

∑
r=0,2,...,2ν−2

M̃2ν−2−r(ρ
Δ=0;1) M̃r(ρ

Δ=0;2) ; ν ≥ 1 ,

M̃2ν(ρ
Δ=0;1) = M̃2ν(ρ

Δ=0;2) for ν �= 0, M̃0(ρ
Δ=0;1) = d1 , M̃0(ρ

Δ=0;2) = d2 .
(12)

For example using Eq. (12) we have M̃10 = v10[d5
1d2+10d4

1d
2
2+20d3

1d
3
2+10d2

1d
4
2+

d1d
5
2]. With all the moments determined, it is possible to identify the density

ρΔ=0;1. Integral tables in [21] and the expression for M4 given by (9) give the
clue. Another fact, clearly seen from the formulas for M̃2ν, ν = 1, 2, 3, 4 given
above is that the moments reduce to that of a semi-circle for d1 = d2. The
final solution is,

ρΔ=0;1(E)dE =
1

2πv2d1

√
(R2

+ − E2)(E2 − R2−)

|E| dE , R− ≤ |E| ≤ R+ ;

R± = v(
√

d2 ±
√

d1) .
(13)

Note that ρΔ=0;1(E) = 0 for |E| < R− or |E| > R+ and also it is a semicircle
for d1 = d2. The reduced moments M̂2ν = M2ν/(M2)

ν of ρΔ=0;1(E) are,

M̂2ν(ρ
Δ=0;1) =

(1 +
√

R0)
2ν+2

πR0

∫ 1

R0

x2ν−1
√

(1 − x2)(x2 − R0
2
) dx ;

R0 =
d1

d2

, R0 =
1 −√

R0

1 +
√

R0

.

(14)

We have checked Eq. (12) by numerically evaluating the integral in Eq. (14)
for various values of ν and R0.

The final formula for ρΔ=0;1(E) as given by Eq. (13) and also some details
leading to Eq. (7) were first reported in a workshop proceedings [4]. Numerical
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tests of Eq. (7) were reported in [18]. The moment method used in the
present Section, though we have developed it independently, overlaps with the
discussion in a related recent paper [22]. Moreover, the moment recursion in
Eq. (12) leads to a coupled equation for the Stieltjes transforms of ρΔ=0;1(E)
and ρΔ=0;2(E) as given in [23]. Solving them will produce Eq. (13) and this has
been verified. Also the approach of [23] is equivalent to the method employed
in [9]. Finally it is useful to mention that the moment method is powerful
as it extends to random matrix ensembles generated by random interactions
[4, 17, 24].

4 Eigenvalue Density for Random Covariance

Matrices

Our primary interest is in determining ρC(E) for C = XXT , given a d1 ×
d2 matrix X with its matrix elements being independent Gaussian variables
G(0, v); we assume d1 ≤ d2. From Eq. (8) it is seen easily that the ν-th
moment of ρC and the 2ν-th moment of ρΔ=0;1 are simply related, Mν(ρ

C) =
M2ν(ρ

Δ=0;1). As ρΔ=0;1 is an even function, we have

M2ν

(
ρΔ=0;1

)
= 2

∫ ∞

0
E2νρΔ=0;1(E) dE =

∫ ∞

0
yν

[
ρΔ=0;1(y1/2)

y1/2

]
dy

=⇒ ρC(y) =
ρΔ=0;1(y1/2)

y1/2
.

(15)

Now, the formula for ρC follows simply from Eq. (13),

ρC(λ) dλ =
1

2πv2d1

√
(λ+ − λ)(λ − λ−)

λ
dλ , λ− ≤ λ ≤ λ+ ;

λ± = v2

(√
d2 ±

√
d1

)2

= (v2d1d2)
1

d1

[
1 + R0 ± 2

√
R0

]
v2d1d2=1−→

ρC(λ) dλ =
(d1/R0)

2π

√
(λ+ − λ)(λ − λ−)

λ
dλ , λ− ≤ λ ≤ λ+ ;

λ± =
1

d1

[
1 + R0 ± 2

√
R0

]
, R0 =

d1

d2

.

(16)

The final solution given by Eq. (16) is same as the result reported in the
standard references; see for example [2]. Thus ρC(E) follows from p-GOE2(Δ)
and, as shown in Section 3, it is simple to deal with this ensemble. In a similar
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way, Eq. (15) applies to C matrices constructed from the X matrix of more
general H matrices. For example, if H is a Hamiltonian matrix ensemble for
a many particle quantum system generated by random two-body interactions
[called embedded GOE of 2-body interactions or simply EGOE(2)] as in the
nuclear shell model, then ρΔ=0;1(E) = (|E|/σ2) exp−E2/(σ2); σ2 = v2d2. Note
that with X represented by EGOE(2), there will be correlations among the
matrix elements of X; see [17, 4, 18] for details of EGOE(2). Then,

ρC(y) dy =
1

σ2
exp− y

σ2
dy , σ2 = v2d2 . (17)

Although Eq. (16) follows from the simpler p-GOE2(Δ = 0), in an in-
termediate discussion we have also considered the more general p-GOE2(Δ)
and this is not only equally simple but also important in physical applications.
Eq. (7) combined with Eq. (13) gives a bi-modal form for ρΔ;1. Then an
important question is: how much of the total variance σ2 = v2d2 of ρΔ;1 will
go into the variance of the lower mode. Denoting τ = σ2/Δ2, let us consider
the area f�, centroid ε� and the variance σ� of the lower mode of ρΔ;1. Us-
ing Eqs. (7) and (13) and assuming d1 = d2, it can be shown that f� → 1,
ε� → −τΔ and σ2

� → τσ2 as τ → 0. Similarly f� → 1/2, ε� → −(8/3π)τ 1/2Δ
and σ2

� → (1 − 64
9π2 )σ

2 as τ → ∞. Thus very small part of the total (partial)
variance go into the lower mode. Therefore inclusion of the total variance in
the lower mode will be incorrect; see [17, 18] for further discussion.

5 Conclusions

Starting with a simple 2× 2 partitioned GOE introduced in nuclear structure
studies, representing mixing between two degenerate set of states separated by
say Δ, density of eigenvalues for any Δ is first derived. The special situation
with Δ = 0 is used to derive the formula for the eigenvalue density of the
covariance random matrix ensemble XXT where X is a d1 × d2 matrix. A
brief report of the results in Sections 2 and 3 was given in [4]. In the present
paper we have given all the details. They will allow one to understand in a
simple way that Eq. (16) is indeed the final solution for ρC(E) and this is
important as this equation enters in many diversified applications.

It is expected that the analytical solution to the most general p-GOE2,
where the (11) and (22) blocks of HΔ have in addition GOE matrices with in-
dependent G(0, v2

11) and G(0, v2
22) matrix elements respectively, will give much

deeper insights into the nature of mixing and spreading of distant configura-
tions as appear in the nuclear shell model. It should be added that a solution
in a integral form has been given many years back in Ref. [25] for the general
N × N p-GOE but no simple (though approximate) analytical result is avail-
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able yet. Thus 2× 2 partitioned Gaussian ensembles are rich in structure and
they should be explored further.
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