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Abstract

An isotropic, inhomogeneous cosmology with torsion and cosmologi-
cal constant is considered in the context of the Lemâitre-Tolman-Bondi
metric. The form of the torsion tensor is determined from the isotropy of
space. The field equations are derived by varying the Einstein-Cartan-
Hilbert action with respect to the metric tensor and considering the
torsion as a parameter. Consistency of the field equation implies that
only the axial part of the torsion is of relevance and that torsion differs
from pression by an arbitrary time dependent function. If such function
is taken constant, the scheme admits inflationary phases, but torsion is
irrelevant because it amounts to a re-definition of the cosmological con-
stant. On the contrary, if that function is not constant, the scheme is
much more difficult to be integrate, but torsion results to be an effective
suitable parameter to fit observational data.
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1 Introduction

It is well known that the Robertson-Walker metric, that is the base of the

Standard Cosmological Model, can be derived from the principle of homogene-

ity and isotropy of space [17]. In view of possible generalization and in order

to describe further features and interactions, the Standard cosmology can be
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extended to include torsion. The first formulation goes back to the Einstein-

Cartan-Sciama-Kibble theory (for a review of this theory see e.g. [7]; in spinor

form see [13]) where the torsion tensor is equated to the tensor expressing the

spin density of matter. This point of view has been recently discussed in [3, 4]

by taking into account that an homogeneous isotropic torsion tensor assumes

special form depending on only two functions of the time [16].

The standard Cosmological model has also been extended to include an

isotropic homogeneous torsion tensor without invoking a spin tensor of matter,

but by suitably redefining the signature parameter of the Robertson-Walker

metric [11]. Finally the torsion has been also employed to formulate the

homogeneous isotropic cosmology in terms of a parameter that describes an

energy content of the empty state of the universe [22].

Besides the standard Cosmology, other cosmological models have been pro-

posed that take into account the observed large inhomogeneities in the distri-

bution of matter in the universe. The formulation of these models goes back to

the papers [10, 14, 5] (for a review see [9]) that are based on the isotropy as-

sumption. Due to their importance, it seems of interest to have a formulation

of these models that include torsion. To this end, in the present paper we relax

the homogeneity assumption of the space and retain only the isotropy. We for-

mulate the model for the Lemâitre-Tolman-Bondi metric, that even if not the

most general isotropic metric, is sufficiently meaningful. The field equations

obtained are those of a universe filled with dust matter with pressure and with

constant cosmological term. They follow from the Einstein-Cartan-Hilbert ac-

tion by varying the metric but not the torsion [22], the last being left as a

further parameter of the theory.

The isotropy of space implies a special form of the torsion tensor. This

result is first shown in Minkowski space by requiring form invariance of torsion

under isometries induced from rotations in analogy of what done in Ref. [16].

Then it is translated into the metric under consideration. The resulting scheme

is discussed by considering also the consistency condition that follows by taking

the metric divergence of the field equations. The main fact the equations

imply is that one of the functions that characterise torsion must vanish, while

the other one results to differ from pressure by an arbitrary time dependent

function. This makes the scheme not so general as expected. If that function is

taken constant, the scheme re-enters in the extended Lemâitre-Tolman-Bondi

model with dust matter, constant pressure and constant cosmological term.

In this case the field equations formally reduce to a Kepler-like equation with

harmonic potential. This equation can be integrated in terms of Weierstrass
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elliptic functions [18, 19] and admit at least two inflationary phases in the

time evolution of the universe.

If, on the other hand, that function is not taken to be constant, the field

equations can still be reported to a generalized Kepler-like equation, whose

integration results however very difficult. The advantage is that torsion repre-

sents a further effective paramater suitable to fit observational data.

2 The general scheme.

Through the paper the space-time is assumed to be a four dimensional Lorentz

manifold with affine connection compatible with the metric: ∇̃αgμν = 0 (For

notations and mathematical assumptions we refer to [12]). The correspond-

ing affine coefficients can be decomposed in terms of the Christoffel symbol

and contorsion tensor: Γκ
μν = { κ

μν} + Kκ
.μν (Kλμν = −Kνμλ). By setting

τμ = gαβKαβμ, 3Aσ = εσαβμKαβμ, the contorsion tensor can be reduced into

independent components [2, 6, 20, 21]

Kαμν =
1

3
(gαμτν − gνμτα) +

1

2
Aσεσαμν + 6Uαμν (1)

As a consequence of these decompositions the affine curvature R̃ can be de-

composed as the sum of R, the metric curvature, and terms containing torsion.

By applying the least action principle to the Einstein-Cartan-Hilbert action

Sg = − ∫
d4x

√
gR̃, (g = |det gμν|) by varying with respect to gμν, but not

with respect to the torsion tensor, one is led to consider the field equation

(compare with [21, 22])

Rμν − 1

2
gμνR + τμν + Aμν + Uμν = kTμν + gμνΛ (2)

where it has been set

τμν = 1
3
(1

2
gμντ 2 − τμτ ν) (3)

Aμν = −3
2
(1

2
gμνA2 −AμAν) (4)

Uμν = −1
2
gμνUαβγU

βαγ + 2Uν
.αβUαμβ + U ν

βα.U
αβμ (5)

k = 8πG and Tμν the energy momentum tensor. For generality also a constant

cosmological term has been considered. By taking trace, the eq. (2) can also

be written

Rμν + τμν + Aμν + Uμν =
1

2
gμν(τ + A + U − kT − 4Λ) + kTμν + Λgμν (6)
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where τ = τα
α , A = Aα

α, U = Uα
α , T = T α

α . By taking the (metric) divergence

of eq. (2) also the following consistency condition must be verified

∇μ (τμν + Aμν + Uμν) = ∇μ T μν (7)

that generalizes the covariant energy conservation condition of the torsion free

case.

3 Isotropic cosmology with torsion.

The object is now of specializing the general scheme of the previous section

to the case of an inhomogeneous isotropic space. As space-time metric we use

the metric tensor

ds2 = dt2 − eλ(r,t)dr2 − Y 2(r, t)(dθ2 + sin2 θdϕ2) (8)

Even if not the most general isotropic, this metric has been chosen because it

is the base for the Lemâitre-Tolman-bondi cosmological model (e.g. [9]). The

condition that the torsion tensor T k
.μν is invariant with respect to isometric

spatial rotations is LX(j)
T k

.μν = 0 for all the corresponding rotation Killing

vectors X(j). This implies that the non trivial components of the torsion are

Tijk = εijkf(r, t), Tij0 = −Ti0j = g(r, t)δij (9)

where f, g are a priori arbitrary functions of r and t. (Greek letters denote

space-time components, latin letters refers to spatial indexes). To prove the

result (9) first consider the Minkowski space-time case where the Killing vectors

are easily determined (e.g. [12]). It must then be

Xα
(j)∂αT γ

.μν − T α
.μν∂αXγ

(j) + T γ
.αν∂μXα

(j) + T γ
.μα∂νX

α
(j) = 0 (10)

for every X(j) such that Xμ
(j) ≡ (0, ε k

j. l xl), j, k = 1, 2, 3. By inserting the

expressions of X(j)μ into eq. (10), by setting xh = 0 in the result, and then

contracting indexes after disintangling from εijk, one obtains the structure (9)

of the torsion tensor in analogy to what done in Ref. [16]. To see that f, g

depend only on r, t consider again the eq. (10) with now xh �= 0. One obtains

for instance:

LX(j)h
Tkin = 0 ⇒ εjhlxl∂hf = 0, j = 1, 2, 3 ⇒ ∂θf = ∂ϕf = 0 (11)

where polar coordinates r, θ, ϕ have been used to show the last implication.

Therefore f = f(r, t). Similarly g = g(r, t). Hence the result (9) holds in
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the Minkowski space-time. To see that the result (9) holds in the metric (8)

consider the tetrad eμ
A(r, θ, ϕ), A = 1, 2, 3, 4:

eμ
A ≡

⎛⎜⎜⎜⎜⎝
1 0 0 0

0 e−λ/2 0 0

0 0 Y −1 0

0 0 0 (Y sin θ)−1

⎞⎟⎟⎟⎟⎠ (12)

One has eμ
AeBμ = diag {1,−1,−1,−1}, the Minkowski metric tensor. Choose

now r = r̄. If Tαβγ satisfies the isotropy requirement in the tetrad eμ
A(r̄, θ, ϕ)

it has the form (9) with r to be identified now with the radial coordinate ρ in

this space. In particular this holds in the tetrad with r̄ = 0 where ρ ≡ r, thus

proving the result (9).

As a consequence of (9) also the contortion tensor assumes a special form

being connected to the torsion tensor by the relation Kα
. μν = 1

2
(T α

. μν + α
μ . ν

+T α
. μν+

α
ν . μ). In turn the expressions of τα, Aμ, Uμν can be given in terms of

f, g. One obtains

τα = Mg(r, t)δα0 (13)

Aμ = f(r, t)δμ0 (14)

U00 = 1
2
M1g

2, Ukk = g2δuk(2Mk − M
2
gkk), U0k = Uk0 = 0, (15)

where

M =
3∑

i=1

gii, M1 =
3∑

i=1

(gii − M

3
)2, Mk = gkk(gkk − M

3
)2 (16)

Finally, for what concerns the energy momentum tensor we assume the stan-

dard form

Tμν = (ρ + p)uμuν − pgμν , u0 = 1, uk = 0 (17)

with ρ = ρ(r, t), p = p(r, t) (e.g. [8, 17]).

Consider now the component (00) of the equation (6). By using the previ-

ous results this equation can be written in the form

F (r, t) = g2(r, t)[
M2

3
− M1 +

∑
k

Mk] (18)

There follows that, if g �= 0, the θ-derivative of the right hand side of eq. (18)

must vanish. This leads to a contradiction, because the term in square bracket

in eq. (18) is a well defined function of θ. Hence g(r, t) = 0 and only the axial
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part of the torsion is relevant in the problem: τα = 0, Uαβγ = 0. Therefore

the equations (6),(7) of the cosmological model simplify to

Rμν + Aμν = kTμν + 1
2
gμν(A− kT − 2Λ) (19)

∇μAμν = ∇μ T μν (20)

The study of these equations is the object of the following Section.

4 Solutions.

The only non trivial off diagonal term of eq. (19) is the (tr) term. By explic-

iting one has the standard result:

Rtr = 2
Ẏ ′

Y
− λ̇

Y ′

Y
= 0 ⇒ eλ =

Y ′2

1 + 2E(r)
, (21)

(′ = ∂/∂r, · = ∂/∂t) where the arbitrary integration function has been chosen

to be 1+2E(r). The other independent equations become, by explicitly taking

into account the expression (21)

(Ÿ Y 2)′ = Y 2Y ′[k
2
(ρ + 3p) − 3

2
f 2 − Λ] (μ = ν = 0) (22)

2E ′Y − 2Y Ẏ Ẏ ′ − Ÿ Y 2 = −Y 2Y ′[k
2
(p − ρ) − Λ] (μ = ν = r) (23)

2EY ′ + E ′Y − Y Ẏ Ẏ ′ − Y Y ′Ÿ − Ẏ 2Y ′ = kY 2Y ′[k ρ−p
2

+ Λ] (μ = ν = θ) (24)

The consistency equation (20) becomes explicitly

k
[
ρ̇ + (ρ + p)( Ẏ ′

Y ′ + 2 Ẏ
Y

)
]

= 3
2
f ḟ + 3

2

(
Ẏ ′
Y ′ + 2 Ẏ

Y

)
f 2 (ν = 0) (25)

kp′ = 3
2
f f ′ (ν = r) (26)

the ν = θ, ϕ equations being automatically satisfied since p, f do not depend

on θ, ϕ. On account of eq. (26), p and f are no more independent:

kp(r, t) =
3

4
f 2(r, t) + h(t) =

3

4
f 2(r, t) + h(t) (27)

with h(t) an arbitrary time dependent function. This is a strong restriction

that in fact reduces the new degrees of freedom introduced by torsion. (Note

that the eq. (26) is automatically satisfied in the Robertson-Walker metric as

a consequence of the homogeneity assumption of the space [22]. By using this

relation, the conservation equation (25) can be written

∂

∂t
Y 2Y ′[k(ρ − p) + h(t)

]
+ h(t)

∂

∂t
Y 2Y ′ = 0 (28)
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The solution of the system of eqs. (22-28) can be reported to an integrable

situation in case h(t) is a constant.

Suppose indeed h = h0. On account of eq. (28) the expression∫ r

dr Y 2Y ′[
k

2
(ρ − p) + h0] = −m(r) (29)

is constant in time, m(r) being an arbitrary integration function of r that

can be interpreted as a generalized mass contained in the sphere of radius Y .

By taking into account the relation (27) with h = h0, the eq. (22) can be

integrated over r to give (by putting zero the integration function):

Ÿ Y 2 = −m(r) + (h0 − Λ)
Y 3

3
(30)

By this result, one can finally obtain, by combining the eqs. (23), (24), a closed

form equation for Y :

Ẏ 2

2
− m(r)

Y
+

1

6
(Λ − h0)Y

2 = E(r) (31)

This is a Newtonian-like gravitational equation with the adjoint of an harmonic

potential produced by pression (torsion) and cosmological constant. Under

the substitution −h0 → kp0, the eq. (31) coincides with the one governing

the Lemâitre-Tolman-Bondi cosmological model with constant pressure p0 and

cosmological constant Λ. This equation has been integrated in [18, 19] where

it has also been shown that the solution contains collapsing situations leading

to the possible formation of locally naked singularities. By adapting the results

of Ref. [18, 19] to the present case, the solution of eq. (31) can be written in

parametric form (η the parameter)

Y = 1
P(η)−ρ

, ρ = E(r)
m(r)

t − t0(r) =
√

12
h0−Λ

[
log σ(η−η0)

σ(η)
√

P(η)−ρ
+ ζ(η0)η

]
(32)

where t0(r) an arbtrary integration function, P, σ, ζ are the Weierstrass elliptic

functions [1, 15] and moreover P(η0) = ρ.

It is now possible to show that the solution of eq. (31) is able to describe

inflationary expansion phases of the Universe in two situations relatively to

the case h = h0.

Suppose first |η−η0| � 1. Then by taking into account the series expansion

of σ [1]

σ(η − ηo) ∼= η − η0, σ(η) ∼= σ(ηo)

P(η) − ρ ∼= (η − η0)P ′(η0) (33)



758 A. Zecca

By using these relations into eq. (32) one obtains

Y
1

σ(η0)P ′(η0)
∼= exp

[
− 2(t − t0(r))

√
h0 − Λ

12
− η0ζ(η0)

]
(34)

The result shows that the regions at distance r are subjected to an exponential

expansion before contracting for t > t0(r).

Suppose here η → 0 and |η0| � 1 (η0 < 0). By using again the series

expansion of the Weierstrass functions one has here

P(η0) ∼= 1
η2
0
, σ(η) ∼= η,

1
Y

∼= 1
η2 − ρ → η2 ∼= Y

1+ρY
(35)

From eq. (32) there then follows

Y ∼= exp
[√

h0 − Λ

12
(t − t0(r)

]
(36)

that gives an inflationary expansion for t > t0(r) and represents therefore the

converse of the previous situation.

Condider now the general case with h(t) an arbitrary function of t in

(27). By proceeding as for the case h = h0 one can reach again a closed form

equation for Y

Ẏ 2

2
− m(r,t)

Y
+ 1

6
[Λ + 5h(t)]Y 2 = E(r) (37)

m(r, t) = −k
2

∫ r dr(ρ − p)Y 2Y ′ (38)

Unfortunately, now m(r, t) is no more conserved in time on account of the

conservation equation (28). Therefore the equation (37) is a very involved

equation whose explicit solution seems very difficult to be obtained.

Finally note that while the case h(t) = h0 amounts in a re-definition of the

cosmological constant in eq. (31), the general case described by eqs. (37),(38)

could be interpreted as a model with time dependent cosmological term. In

this case torsion is an effective further parameter that could be used to fit the

observational data.
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