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Abstract.    We analyse the reflection of chiral electromagnetic plane waves and finite rec-
tangular pulses on mirrors, embedded in a chiral, homogeneous, isotropic medium with Telle-
gen constitutive relations. Mirrors are located in the z = 0 plane and carry out exactly the in-
versions  P: z ⇒ - z,  T: t ⇒ - t. Because for harmonic plane waves, there exists a simple rela-
tion between the electric field E and the magnetic induction B, it suffices to work with E whose 
two modes propagate with the respective refractive index n+, n- while the amplitudes E±

x,y of its 
x,y-components are easily obtained in terms of E±

z. The P and T inversions ex-change the two 
modes but a mirror can perform a T-inversion only if the chiral incident elec-tric field is a 
doublet of fields propagating in opposite directions. 
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1. Introduction 
 
         Chiral media have a long history in optics, chemistry and biology [3] and perhaps less 
known  in electromagnetism [4]. But starting with [7], many important studies have been de-
voted to electromagnetic wave propagation in chiral media and to their behaviour at inter-faces 
with [3, 15] among the pionnier works and [10, 12] among the most recent ones. 
 On the other hand, the particular properties of acoustic waves reflected by time reversal mir-
rors have recently been put in evidence, experimentally checked and currently used in medi- 
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cine [5] in which it is stated that the recent techniques used in acoustics may be extended to 
generate electromagnetic time reversal mirrors and a recent experiment [11] has proved their 
feasibility in the Ghz range. Taking for granted the existence of electromagnetic time reversal 
mirrors, and since chirality is frequently met, for instance in  chemistry and biological tissues, a 
natural question concerns the behaviour of chiral electromagnetic waves impinging on time 
reversal mirrors. 
  To investigate this question, we consider the most general problem of electromagnetic chiral 
wave reflection on mirrors embedded in a chiral medium, located in the z = 0 plane and car-
rying out exactly the inversions P: z ⇒ -z, T: t  ⇒ -t. Working in the frame of the geometrical 
optics, we consider successively harmonic plane waves and harmonic square pulses with finite 
duration enabling to analyse the structure of reflected chiral pulses. 
      This paper is organized as follows: Sec.2 is devoted to plane wave solutions of Maxwell’s  
equations in chiral media and to electromagnetic field behaviour under inversions. We analyse 
in Sec.3 the reflection of chiral harmonic plane waves on mirrors located in the z = 0 plane and 
carrying out exactly the P,T  inversions. The same job is performed in Sec.4  for chiral 
rectangular plane pulses of finite duration launched at t = 0  from a source above the mirrors : a 
situation more realistic than that of harmonic plane waves. Conclusive comments are given in 
Sec.5. 
 
        
2. Chiral electromagnetic fields 
 
  2.1 Modes of propagation 
   The fundamentals of chiral constitutive relations are treated in [4, 9,12] and here, assuming 
an homogeneous, isotropic chiral medium, we use the constitutive relations [3] 
          D = εE + iγB       ,      H = iγE + µ-1 B                (1) 
in which  permittivity, permeability, chirality ε μ, γ are constant real parameters. 
Then, the first set of Maxwell’s equations is the same as in free space 
             ∇∧ E + ∂t B = 0         ,     ∇. B  = 0              (2a) 
with the light velocity c = 1 while the second set becomes   
                ∇∧ B − ∂t (n2 E + αB) = 0     ,     ∇. E  = 0   ,      α = 2iμγ ,  n2 = εμ              (2b) 
We deduce from (2a) ∇∧∇∧ E + ∂t (∇∧ B) = 0  and using (2b) we get the wave equation 
               ∆E -  ∂t

2 (n2 E + αB) = 0               (3a) 
Similarly according to (2b) ∇∧∇∧ B - ∂t (n2∇∧ E + α ∇∧ B) = 0 and taking into account (2b) 
gives  
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              ∆B -  ∂t

2 [(n2 -α2) B - αn2 E] = 0                         (3b) 
so that the wave equations for the electric and induction fields are coupled. 
      To get the plane wave solutions enable to propagate in this chiral medium, we look for the 
solutions of Eqs.(3a,b) in the form  
 
             {E, B} = {e,b} ψ(x,t)                 (4) 
                     ψ(x,t) = exp[-iωt + ik(u sinθ + z cosθ)]      ,     u = x cosφ + y sinφ                 (4a) 
 
in which e,b are constant vectors. 
Substituting (4) into (3a,b) gives the homogeneous system of equations 
          e (ω2n2 - k2) + b αω2 = 0 
                                    -e αn2ω2+ b [ω2 (n2- α2) - k2] = 0       (5) 
with the determinant Q = k4 - ω2 (2n2-α2)k2 + ω4n4 and Q = 0 has the solutions 
         2c2k2 = ω2 [(2n2- α2) ± (α4- 4n2α2)1/2]                     (6) 
Then,with 
              α = 2in sinhξ                 (6a) 
 
so that γ = nµ-1 sinhξ, the relation (6) becomes  
         k± = nω [cosh(2ξ) ± sinh(2ξ)]1/2    ,     k± = ωn±,     n± = n  exp(±ξ)                   (7) 
So, two modes with respectively the wave numbers k+, k- can propagate in this chiral me-dium 
and taking into account (7), the first equation (5) gives the following relation between the 
amplitudes e, b of the electromagnetic field   
        b± =  m in±e±                  (8) 
so that we only need the electric field to describe the electromagnetic wave propagation in 
chiral media. 
 
  2.2 Electromagnetic plane waves 
 
     The Maxwell curl equations (2a,b) are explicitly 
              ∂yB±

z - ∂zB±
y = ∂t (n2E±

x+αB±
x)                     ,        ∂yE±

z - ∂zE±
y = - ∂t B±

x   
   ∂zB±

x - ∂xB±
z = ∂t (n2E±

y+αB±
y)                     ,        ∂zE±

x - ∂xE±
z = - ∂t B±

y   
   ∂xB±

y - ∂yB±
x = ∂t (n2E±

z+αB±
z)                     ,        ∂xE±

y - ∂yE±
x = - ∂t B±

z              (9) 
with 
                  α = i(n+ - n- )          ,      B± =  m in±E±                                    (9a) 
Then using (9a) and the relation n+n- = n2, it is easy to prove that the  two curl relations (9) 
reduce to the set 
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                              ∂yE±

z - ∂zE±
y = ±in±∂t E±

x   
                                            ∂zE±

x - ∂xE±
z = ±in±∂t E±

y   
                                            ∂xE±

y - ∂yE±
x = ±in±∂t E±

z                          (10)  
Substituting (4) into (10) with k in (4a) changed into ωn±, gives the linear system of equa-tions 
satisfied by the components of the amplitudes  e±  :         
       ±ie±

x - cosθ± e±
y + sin θ± sin φ± e±

z  = 0  
         cosθ± e±

x ± ie±
y  - sinθ± cosφ±  e±

z = 0 
             - sinθ± sinφ± e±

x + sinθ± cosφ± e±
y ± ie±

z = 0                         (11) 
It is easily checked that the determinant of this system is null  and we get e±

x,y in terms of e±
z 

 e±
x = cscθ± (±i sinφ± - cosθ± cosφ±) e±

z    ,    e±
y = - cscθ± (±i cosφ± + cosθ± sinφ±) e±

z        (12) 
and substituting (12) into (9a) gives the components of b±. So, the electromagnetic field 
amplitudes for each mode only depends on one parameter e+

z or e−
z . 

 
     Now these plus and minus modes were not begotten ex nihilo and we suppose they come 
from the impingement of an harmonic plane wave on a plane interface dielectric-chiral medium 
located at some altitude z = z0. Then, the boundary conditions implying the conti-nuity of the 
x,y components of the electromagnetic field on the interface requires that the phase factor 
ψ(x,t)  of the incident and refracted fields has the same value on z0 for any x,y. This condition 
for ψ(x,t) of the form (4a) with n0 , θi, φi  for the incident field  and  n± , θ±, φ±  for the chiral 
modes gives the relations 
             n+ sinθ+ cosφ+ = n− sinθ− cosφ− = n0  sinθi cosφi  

                                    n+ sinθ+ sinφ+ = n− sinθ− sinφ− = n0  sinθi sinφI                                 (13) 
from which we get the Descartes-Snell relations 
       n+ sinθ+ = n− sinθ−  = n0  sinθi     ,     φ+ = φ− = φI                                    (13a) 
implying a constraint between the angles θ+, φ+ and θ−, φ−  defining the two modes. 
In addition, the boundary conditions supply the amplitudes  e±

z  , through the Fresnel rela-tions, 
from the two amplitudes of the incident field respectively parallel and perpendicular to the plan 
of incidence. 
 
 
 
   2.3 Electromagnetic field behaviour under P,T inversions 
 
      We suppose that the mirrors carry out exactly the P or T inversion 
                                                  P : z  ⇒ -z        ,      T :  t  ⇒  -t                                           (14) 
with the matrix representation: 
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           1      0       0       0               -1      0       0       0              
                       0     -1       0       0                 0     1       0       0                   
            P =     0      0       1       0      T =     0      0       1       0                          (14a) 
         0      0       0       1                  0      0       0       1                    
Then, to get the transformations of the electric and induction vector fields E, B under these 
operations, we use the second rank antisymmetric electromagnetic tensor Fμν , μ,ν = 0,1,2,3 in 
which with respect to the usual notations [4,8] the indices assigned to the coordinates x, z are 
exchanged since according to (11) z as t plays a particular role, so: 
         0       Ez       Ey       Ex 
        -Ez      0       -Bx      By 
               Fμν  =     -Ey      Bx       0       -Bz                (15) 
        -Ex     -By       Bz      0  
          
Fμν  is a tensor of first kind [12]  so that under a Lorentz transformation Lμ ν with matrix re-
presentation L and time component L00 , Fμν  transforms as 
                        F’μν   =  L00 |L00 |-1 L Fμν  L-1             (15a) 
and using (15a) a simple calculation gives  
             0      -Ez       Ey       Ex                 0      -Ez      -Ey     -Ex 
             Ez       0        Bx     -By                            Ez      0       -Bx      By 
   P Fμν P-1 =   -Ey     -Bx       0      -Bz    (16a)      T FμνT-1 = -  Ey      Bx        0      -Bz        (16b) 
                  -Ex      By      Bz       0                 Ex      -By       Bz      0               
The comparison of (15) and (16a,b) gives 
               P : {E,B}{t,z,y,x} ⇒ {Ex,Ey,-Ez;  -Bx,-By,Bz}(t,-z,y,x)                           (17a) 
   T: {E(x,t), B(x,t)} ⇒  {E(x,-t), - B(x-t)}           (17b) 
We have in addition 
                                 {P, T}(∂t, ∂ z, ∂y, ∂x) ⇒  {(∂t, −∂ z, ∂y, ∂x)   ,  (−∂t, ∂ z, ∂y, ∂x) }           (18) 
Then, taking into account (17a,b) and (18),  the invariance of the Maxwell equations (9) un-der 
the P, T operations  imposes to change α into -α that is according to (6a) and (7) ξ into -ξ  and 
finally n+, n− into n−, n+  which implies to exchange the plus and minus modes.Thus, although 
Eqs.(10) are not P,T invariant separately for each mode, the couple of Eqs.(10) for the two 
modes  enjoys this invariance because of this exchange. 
Now the harmonic plane waves, solutions of Eqs.(10), are with B± =  m in±E±  
    E± = A± ψ(θ±, φ±)       ,    A± = A(θ±, φ±)                (19) 
            ψ(θ±, φ±) =  exp[-iωt + iωn± (u± sinθ± + z cosθ±)]    ,    u± = x cosφ± + y sinφ±       (19a) 
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with according to (13a) the constraints 
          n+ sinθ+ = n- sinθ-       ,       φ+ = φ-                        (19b)                   
and from now on we write φ, u for φ±, u±.  
Taking into account (12), the amplitudes A±

x,y  are defined in terms of A±
z by the relations 

               A±
x ≅ Ax (θ±, φ± ) = cscθ± (±i sinφ - cosθ± cosφ ) A±

z 
             A±

y ≅ Ay (θ±, φ± ) = - cscθ± (±i cosφ + cosθ± sinφ ) A±
z                     (20) 

and according to (17a,b) 
       P{A±

x,y, A±
z }  ⇒   {A±

x,y , - A±
z }    ,     T{A±

x,y , A±
z }  ⇒   {A±

x,y ,  A±
z }      (21) 

Now, since n+, n- is changed into n-, n+  by the P and T operations, we have using (19a) and 
taking into account (19b) 
    ψP(θ±, φ) ≅ Pψ(θ±, φ) = exp[-iωt + iωn± (u sinθ± - z cosθ±)]                       (22)        
      = ψ(π - θ±, φ)               (22a) 
and 
  ψT(θ±, φ) ≅ Tψ(θ±, φ) = exp[iωt + iωn± (u sinθ± + z cosθ±)]                        (23)        
      
      
       
                                                           = ψ*(π + θ±, φ)              (23a) 
in which the asterix denotes the complex conjugation. 
 
 
3. Chiral plane wave reflection on P,T mirrors  
  
 We now suppose embedded in the chiral medium (1) a mirror located in the z = 0 plane and  
performing exactly the P or T  inversions. In this medium, as just proved, two modes of har-
monic plane waves propagate and since according to (8) B± =  m in±E±, we only need to consider 
the electric fields E± , solutions of Eqs.(10). So, we may write the incident field.  
         Ei(θ+, θ-, φ ) ≅ {E(θ+, φ ), E(θ-, φ) = { A+ ψ(θ+, φ) ,  A- ψ(θ-, φ)}             (24) 
with ψ±, A± given by (19a) and (20). 
P.reflection 
      Taking into account (22) and (22a), the P-reflected field  may be written with the ampli- 
tudes M± 
            EP(θ+, θ-, φ ) ={M- ψ(π - θ-, φ) ,  M+ ψ(π - θ+, φ)}              (25) 
and changing θ± into π - θ± in (20) gives the components of  M±

x,y in terms of  M±
z : 

                                               M±
x  = cscθ± (±i sinφ + cosθ± cosφ ) M±

z 
              M±

y = - cscθ± (±i cos± φ - cosθ± sinφ ) M±
z                           (25a) 
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and M±

z  are determined by the boundary conditions on the z = 0 mirror 
   [Ei

x + EP
x]z=0 = 0      ,         [Ei

y + EP
y]z=0 = 0                        (26) 

But, according to (19a) and (22a)   
          [ψ(θ±, φ)]z=0 = [ψ(π - θ±, φ)]z=0                        (26a)            
so that, taking into account (24) and (25), the boundary conditions (26) become 
                   M±

x,y = − A±
x,y                     (27) 

Substituting (20) and (25a) into (27) gives M±
x,y in terms of A±

x,y which achieves to deter-mine 
the P- reflected field. 
T-reflection 
  The situation is different for the T-reflected field since we now have with the amplitudes N± 
                      ET(θ+, θ-, φ ) ={N- ψT(θ-, φ) ,  N+ ψT(θ+, φ)}                         (28) 
in which ψT is given by (23) while for the amplitudes N± the expressions (20) are still valid 
with A±  changed into N±  :  
    N±

x = cscθ± (±i sinφ - cosθ± cosφ ) N±
z 

                          N±
y = - cscθ± (±i cosφ + cosθ± sinφ ) N±

z            (28a) 
Now, we cannot satisfy the boundary conditions (26) with (24) and (28) since no relation si-
milar to (26a) exists and the expression (23a) of  ψT points out the necessity to use the complex 
conjugate of (24) with   θ± changed into π + θ± : 
    Ei*(π + θ+, π + θ-, φ) = {A* (π + θ+,φ) ψ*(π + θ+, φ) ,  A* (π + θ-,φ) ψ*(π + θ-,φ)]         (29) 
with changing θ± into π + θ± in (20) 
                Ax( π + θ±, φ) = -cscθ± (±i sinφ + cosθ± cosφ ) A±

z 
                 Ay ( π + θ±, φ) = cscθ± (±i sinφ - cosθ± cosφ ) A±

z                        (29a) 
Then, the boundary conditions on the T-mirror are 
    [Ei*

x +ET
x]z=0 = 0      ,         [Ei*

y +ET
y]z=0 = 0            (30) 

but we  now have  
    [ψ*(π + θ±, φ)]z=0 = [ψT( θ±, φ)]z=0             (30a) 
  so that according to (28) and (29) the boundary conditions become 
     N±

x,y = − (A± *)x,y               (31) 
Substituting (28a) and (29a) into (31) gives  N±

x,y  in terms of  (A±*)z which achieves to 
determine the T- reflected field. 
    This result is important because while ψ(θ±, φ) and ψ*(θ±, φ) are two representations of the 
 same fields propagating in the directions (θ±, φ), while ψ*(π+θ±, φ) represents fields propa-
gating in the opposite directions. So, the boundary conditions, making possible T-reflections, 
require an incident field made, for each plus and minus mode, of a doublet of harmonic plane  
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waves propagating in opposite directions. Thus, T-mirrors,  in addition to exchange plus and 
minus modes, exchange also the components of the doublet in the T-reflected chiral field. 
  
  
                                  
4. Chiral rectangular plane pulse reflections on P,T mirrors 
      
Suppose that a source located at (0,0,z0) above the z = 0 mirror launches at t = 0 the elec-
tromagnetic pulse 
   {E, B} = {e, b}U[t + ν u sinθ + ν(z-z0)cosθ]              (32) 
in which U is the Heaviside unit function U(x) = 1 for x ≥ 0, = 0 for x < 0. 
Then substituting (32) into (3a,b) gives the equations 
                             e (n2 - ν2) + b α = 0 
                                    -e αn2+ b [n2- α2 - ν2] = 0                            (33) 
The comparison of (5) and (33) shows that two pulse modes propagate with ν± = n± = n exp(±ξ) 
and the connection (8) between e±, b±, is still valid. Then, the electric fields E± are solutions of 
Eqs.(10) that we may write          
     E(θ±, φ) = A± U(θ±, φ )      ,   U(θ±, φ) = U[t + n±u sinθ± + n± (z-z0) cosθ±]          (34) 
with the amplitudes A± given by (20) and transforming according to (21) under the P and T 
operations. Since P and T exchange n+, n-  into n-, n+ , we have 
    
              UP(θ+, φ) ≅ P:  U(θ+, φ)  = U[t + n−u sinθ− - n− (z-z0) cosθ−] = U(π - θ−,φ)  
              UP(θ−, φ) ≅ P:  U(θ−, φ)  = U[t + n+u sinθ+ - n+ (z-z0) cosθ+] = U(π - θ+,φ)          (35a) 
 and 
            UT(θ+, φ) ≅ T:  U(θ+, φ)  = U[−t + n−u sinθ− - n− (z-z0) cosθ−] = − U(π + θ−,φ)  
            UT(θ−, φ) ≅ T:  U(θ+, φ)  = U[−t + n+u sinθ+ - n+ (z-z0) cosθ+] = − U(π + θ+,φ)      (35b) 
We now suppose that the source located at (0,0,z0) above the z = 0 mirror launches at t = 0 a 
square pulse of duration t. 
          Ei (θ+, θ−, φ) = { A+V(θ+, φ) ,  A+ V(θ+, φ)}              (36) 
          V(θ±, φ) = U(θ±, φ) − U(τ; θ±, φ) ,  
   U(τ; θ±, φ) = U[t - τ + n±u sinθ± + n± (z-z0) cosθ±]             (36a) 
with A+, A-  satisfying (20). 
Then, according to (35a) the reflected pulse on th P-mirror is  
                EP(θ+, θ−, φ ) ={M− V(π - θ−, φ) ,  M+ V(π - θ+, φ)}              (37) 
in which the amplitudes M±

x,y are given in terms of A±
x,y by the relations (27) still obtained 

from the boundary conditions (26) since 
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                       [V(π - θ ±, φ)]z=0 = [V(θ±, φ]z=0                                      (38) 
As for harmonic plane waves, the situation is less simple for T-reflected pulse since accor-ding 
to (35b), the pulse reflected by the T-mirror is with N± given by (28a) 
   ET(θ+, θ−, φ ) ={N− V(π + θ−, φ) ,  N+ V(π + θ+, φ)}                          (39) 
The boundary conditions (26) cannot be satisfied and T-reflections require the presence, in 
addition to (36) of  dual incident pulses propagating in opposite directions  
        Ei†(π + θ+, π + θ−, φ) = { A+†  V(π + θ+, φ) ,  A−† V(π + θ−,φ)}                          (40) 
in which the amplitudes  A±†   are the amplitude  A±   of (29a). 
The boundary conditions become 
    [(Ei†)x + ET

x]z=0 = 0      ,           [(Ei†)y + ET
y]z=0 = 0                          (41) 

giving the following relations between the amplitudes N and A since the functions V(π+θ+, φ)  
are the same in Ei† and ET: 
     N±

x,y =  (A±†)x,y                                                           (42) 
Substituting (28a) and (29a) (since A† = A) into (42) gives N±

z in terms of A±
z which achieves 

to determine the T-reflected field. 
      So, as for harmonic plane waves, the T-reflection of finite pulses requires a doublet of 
incident fields propagating in opposite directions  with exchange of the two modes and of the 
two components of the doublet. 
 
 
5. Conclusion 
 
  This work suggests that time reversal is only possible for systems made of two identical 
subsystems antithetic in time. 
   In practice, a time reversal mirror is made of a transducer array able to stock in their arrival 
order, the informations coming from reflection on obstacles (inclusions in media such as 
biological tissues,metallic alloys…) of an incident pulse launched by a source S. Time re-versal 
is realized by returning these informations in reverse order: last received, first sent out.This 
process which may be iterated transforms divergent waves from obstacles into con-vergent 
waves on obstacles. So, there exist permanently waves coming from a set of opposite 
directions: from the source S to obstacles and back from obstacles to mirror, in agreement with 
the results obained in Secs.3,4 even if these directions are not strictly opposite. In [11], is given 
a description of the experimental set up used to prove the feasibilty of electro-magnetic time 
reversal.      
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    Time reversal in acoustics has important applications in medicine [6] to cure some patho-
logy of the human body such as to crush for instance bladder stones, usually performed with 
lithotripters.We may hope that electromagnetic time reversal will also work in medicine, 
probably on finer structures at shorter wavelengths and, since most of the biomolecules are 
chiral, it is natural to investigate T-inversions in chiral media. But chirality in biology is a  
concept much more subtle than in physics and electromagnetism with the necessity to make a 
clear distinction between homo and hetero chirality [1,2]. So, we cannot expect that consti-
tutive relations for biological tissues have the simple form of Eq.(1) and this work is a first step 
to further investigations in this domain.         
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