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Abstract

Ship roll dynamics is treated as an inverted pendulum restrained
by nonlinear buoyant restoring moment and nonlinear damping. Both
deterministic and stochastic ship roll dynamics together with the basic
concept of noise-induced transitions in nonlinear dynamical systems are
briefly reviewed. Under external and parametric random excitations the
general stationary solution of the Fokker-Planck-Kolmogorov equation is
obtained for the response roll probability density function in terms of the
response Hamiltonian for periodic and rotational orbits. The extrema
of the response probability density function are derived. Two special
cases are considered dealing only with external random excitation.
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1 INTRODUCTION

The study of ship dynamics in following sea waves was first reported by Froude
[1] who observed that ships have undesirable roll characteristics when the fre-
quency of small free oscillations in pitch is twice the frequency of a small free
oscillation in roll. It was Pauling and Rosenberg [2] who formulated the an-
alytical modeling of the coupled roll-pitch motion. This coupled motion is
described by a set of nonlinear differential equations. Ship roll dynamics and
stability analysis have been studied in the literature for two different states of
the sea waves. The first is the sinusoidal sea waves and the second is more
realistic and considers the randomness of sea waves.

Traditional ship stability analysis compares the vessel righting arm curve to
a standard or to a steady wind heeling moment. The righting arm is the hori-
zontal distance between the ship center of gravity and the center of buoyancy.
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The dependence of the righting arm on the roll angle exhibits soft nonlinear
characteristics and it vanishes at the angle of capsizing. On the other hand,
methods of ship stability are based on analyzing the vessel’s roll motion re-
sponse either by simulation or using modern methods of dynamical systems.
One method of analyzing nonlinear dynamical systems is the so-called safe
basin [3]. This method consists of numerically integrating a grid of initial
conditions in order to determine which initial conditions will lead to bounded
motions (safe basin) and which will yield unbounded motions (i.e., capsizing).
There are two cases that are generally analyzed and these are the unbiased and
biased cases. The unbiased case involves the symmetric ship while the biased
case is for an asymmetric ship. The asymmetry may be due to a steady wind
moment, cargo shifting or an asymmetric ice accretion.

If there are two or more stable stationary states, then the state space is
divided into non-overlapping regions known as domains (or basins) of attrac-
tion of the various stable states. Obviously the steady states are the extrema
of the potential. The stable steady states correspond to the minima of the
potential and unstable steady states to the maxima. The inclusion of damping
breaks up the homoclinic orbits. The corresponding orbits are part of a class of
differential equations known as hyperbolic. Once periodic forcing is added to
the system these bounded curves oscillate periodically in time [4]. The critical
excitation amplitude below which the safe basin remains intact can also be
predicted by an analytical method known as the Melnikov method [5].

The upper limit of excitation amplitude above which the ship is dynamically
unstable is governed by the damping factor and excitation frequency. This is
reflected in an erosion of the safe basin as reflected by a reduction of the safe
basin area with the excitation amplitude. The stability fraction, known in the
literature as the normalized safe basin area or safe basin integrity factor [6,7]
is usually obtained by estimating the ratio of the area of the stable region
in the phase plane (area of the safe basin) to the total area encompassed
by the homoclinic orbit, which is the safe basin in the absence of excitation.
The stability fraction is strongly dependent on the excitation amplitude. For
excitation amplitudes less than a critical value, governed by the excitation
frequency, there is no erosion at all for the safe basin. Above this critical value
of excitation amplitude, the area of the safe basin shrinks and the stability
fraction drops.

Under random sea waves one must deal with probabilistic approaches when
studying stochastic stability, response, and reliability of ships roll motion. The
probabilistic theory of ship dynamics is well documented in references [8,9]. If
the nonlinear effect of roll is neglected, the pitch equation of motion is reduced
to a linear differential equation, which is free from roll motion terms. When the
pitch equation is solved, its response appears as a coefficient to the restoring
moment of the roll motion, and the roll equation of motion is reduced to the
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Mathieu equation

φ̈+ 2ζ̄ωn

.

φ̇+ ω2
n[1 + εΘ(t)]φ = εM(t) (1)

where φ is the roll angle, Θ(t) represents the pitch angle which is assumed to be
a random stationary process, M(t) represents the wave random excitation, ζ̄ is
a linear damping factor, ωn is the natural frequency of the ship roll oscillation,
and is a small parameter.

The analysis of the ship roll stability in an irregular sea was treated earlier
in references [10,11]. Later, the stochastic stability and response of ship roll
motion in random seas have been predicted analytically using the stochastic
averaging method in references [12-14]. Roberts [13] analyzed Eq. (1) for
the stochastic stability and statistical response moments using the stochastic
averaging method. The sample stability condition of the roll angle amplitude
was obtained in the form

ζ > ε2ωnSΘ(2ωn) (2)

where SΘ(2ωn) is the power spectral density of the random pitch process Θ(t)
at frequency 2ωn. The stability conditions of the first moment of the response
amplitude is

ζ̄ >
3

16
ε2ωnSΘ(2ωn) (3)

The stability condition of the second moment is

ζ̄ >
1

4
ε2ωnSΘ(2ωn) (4)

Note that the linear modeling does not take into account nonlinear effects of
drag and restoring moments. The nonlinear damping moment is proportional
to the product of the roll velocity times its absolute value and acts in a direction

opposite to the velocity. This is represented by the expression aφ̇
∣∣∣φ̇∣∣∣, where a

is a constant determined experimentally. Usually the restoring moment, Γ̄(φ),
is nonlinearly dependent on the roll angle. The nonlinear equation of motion
of a ship in random beam sea will involve non-homogeneous external moment
in addition to parametric noise and may take the form

φ̈+ 2ζ̄ωn

.

φ̇+ aφ̇
∣∣∣φ̇∣∣∣ + Γ̄(φ) + εξ(t)φ = εM(t) (5)

Different representations of the restoring moment have been proposed in
the literature. For example, Roberts [12,13] represented Γ̄(φ) by polynomials
of different orders. Moshchuk, et al. [15] proposed the following representation

Γ̄(φ) = ω2
n sin(πφ/φc) + γ̃(πφ/φc) (6)
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where the function γ̃(πφ/φc) accounts for the difference between the exact
function Γ̄(φ) and ω2

n sin(πφ/φc), where φc is the roll capsizing angle. Fig. 1
shows the dependence of the restoring moment on the roll angle parameter
φ/φc, which vanishes at two points, φ = 0 and φ = φc. Fig. 1 also includes
the corresponding potential energy function Π(φ).

The first-passage problem of ships nonlinear roll oscillations in random sea
waves has been studied in the literature [12,13,16-18]. Roberts [12,13] devel-
oped an approximate theory based on a combination of averaging techniques
and the theory of Markov processes. His analysis resulted in a simple expres-
sion for the distribution of the ship roll angle. Cai et al. [16] adopted the same
modeling and introduced a parametric excitation term. They used the modified
version of quasi-conservative averaging. Moshchuk et al. [17,18] determined
the mean exit time of the perturbed ship motion by solving the Pontryagin’s
partial differential equation using the method of asymptotic expansion.

The present work considers the problem of stochastic bifurcation of ship
roll motion subjected to random sea waves and random parametric excitation.
The extrema of the response probability function is derived in a closed. Two
special cases are then studied in details for purely external random excitation.

2 STOCHASTIC BIFURCATION

2.1 Basic Concept

Noise-induced phase transitions are characterized by a qualitative change of
the state of a system as the intensity of noise increases. This change is usually
manifested in the appearance of new extrema in the system response pdf or the
disappearance of old ones [19]. It also can take the form of either stabilization
or destabilization of system equilibrium states [20,21].
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The sharp transition of the bifurcation point in the presence of noise is in-
terpreted as the bifurcation of a “most probable value” of the system response
described by the maximum of its pdf [22,23]. The analysis is straightforward
for one-dimensional models and becomes difficult for multi-dimensional sys-
tems. Physicists are usually interested in estimating the relaxation time in
the vicinity of the transition. On the other hand, engineers and mathemati-
cians are interested in estimating the probability structure of the system near
transition.

The basic concept of noise-induced transition may be demonstrated by
considering the state vector Itô equation

dX(t)

dt
= f(X, t,Γ) + εg(X,Γ)ξ(t) (7)

where X(t) = {x1, x2, ..., xn}T is an n-dimensional vector whose elements rep-
resent displacements and velocities of the system response. f ={f1, f2, ..., fn}T
is the drift vector, g is the diffusion matrix, and the random vector ξ(t) =
{ξ1(t), ξ2(t), ..., ξm(t)}T is defined as the formal derivative of the Brownian
motion vector B(t), i.e., ξ(t) = dB(t)/dt, ε is a small parameter depending
on some physical constants of the system, Γ is some control parameter, and
T denotes transpose. Let the system be in equilibrium, which may be given
by the trivial solution X = 0 for any value of the parameter Γ and ε � 0.
For ε = 0, let Γc be the critical value above which the equilibrium position
loses its stability and bifurcates into another nearby equilibrium or steady
state solution. Since the motion is random, such a steady state cannot exist
in a deterministic sense. However, as t → ∞, the solution X(t) approaches
zero for Γ < Γc(ε) and reaches a steady state (statistically stationary) solu-
tion X(t) �= 0 for Γ � Γc(ε), then we say that bifurcation takes place at the
bifurcation point Γc(ε). Suppose that the solution X(t) of Eq. (7) has a pdf
f(X, t,Γ), then it satisfies the Fokker-Planck Kolmogorov (FPK ) equation:

∂f(X, t,Γ)

∂t
= Lεf(X, t,Γ) (8)

=
n∑
i=1

∂ai(X, t,Γ)f(X, t,Γ)

∂xi
+
ε2

2

n∑
i=1

n∑
j=1

∂2bij(X, t,Γ)f(X, t,Γ)

∂xi∂xj

subject to the initial condition f(X0, 0,Γ) = δ(X−X0), where ai(X, t,Γ) and
bij(X, t,Γ) are the drift and diffusion coefficients of Eq. (7), respectively. If
X(t,Γ) has a stationary response then f(X, t,Γ) → fs(X,Γ) as t→ ∞, which
satisfies the elliptic equation

Lεf(X, t,Γ) = 0 (9)
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which always has a degenerate (trivial) solution fs = 0. If fs is a stationary
pdf, it must satisfy the conditions

fs(X,Γ) ≥ 0, and

∞∫
−∞

fs(X,Γ)dX = 1 (10)

Therefore, in this case, a bifurcation for Eq. (7) occurs at Γc if and only
if the problem (9) and (10) has a solution for Γ � Γc, but ceases to exist for
Γ < Γc. It must be pointed out that the existence of a solution fs to the
system (9) and (10) was used as a criterion for the bifurcation of the nonlinear
stochastic Eq. (7). It should not be confused with bifurcation of Eq. (9)
itself, since for the deterministic elliptic equation [24] bifurcation is normally
associated with a nonlinear boundary-value problem. Note that the trivial
solution X = 0 may be regarded as having a Dirac delta pdf, i.e., δ(X). Thus
if it exists, it bifurcates into a solution fs(X,Γ). Therefore, the definition given
above may be called “bifurcation in (stationary) distribution.” Bifurcation in
distribution can be estimated for nonlinear Hamiltonian systems whose steady
state pdf can be determined in an exact form. If fs(X,Γ) exhibits a change
in the number of extrema as a result of a change in the control parameter, Γ,
the associated bifurcation is referred to as noise-induced transition.

In the presence of external random excitation the sharp delta peaks of the
response pdf will be broadened. The response pdf has a maximum at the
coordinate that corresponds to the minimum of the potential and has a cer-
tain spread around it, depending on the strength of the external excitation.
If there is more than one minimum and if there is no effective upper bound
on the external fluctuations, then the response pdf will be multimodal with
peaks corresponding to the various minima of the potential. In order to de-
termine when a transition occurs, the response pdf should be monitored for
qualitative changes and can be carried out by selecting a suitable indicator.
This can be demonstrated by considering the first-order differential equation
of the pitchfork bifurcation [19]

dx

dt
= Γx− x3 = f(x,Γ) (11)

In the deterministic case, the steady state is given by the roots

x = 0, and x = ±
√

Γ if Γ > 1 (12)

A stability analysis shows that x = 0 is a stable fixed point for Γc < 0 and
loses its stability at the critical value Γc = 0, where two new stable branches
x = ±√

Γ bifurcate. Now introducing an additive random white noise

dx

dt
= Γx− x3 + σξ(t) (13)
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The corresponding pdf of Eq. (13) is

f(x) = f0 exp[
2

σ2
(Γ
x2

2
− x4

4
)] (14)

It is not difficult to verify that for Γ < Γc, f(x,Γ) consists of a single
peak centered on x = 0, i.e., the stable deterministic steady state. For Γ > 0,
the stationary pdf consists of two peaks centered on +

√
Γ and −√

Γ, i.e.,
on the stable states. Clearly, the system described by Eq. (13) undergoes a
transition, at Γc = 0, quite similarly to the deterministic Eq. (11). However,
this transition is not reflected by the moments of the stationary pdf. The mean
value and all higher odd moments are zero for all values of the bifurcation
parameter, Γ, and the even-order moments are infinitely often differentiable
with respect to Γ.

3 SHIP ROLL OSCILLATION

3.1 Analytical Modeling

Ship roll oscillation in quarter waves may be described by the nonlinear differ-
ential equation

φ̈+ 2ζ̄ωn

.

φ̇+ c2φ̇
∣∣∣φ̇∣∣∣ + ω2

n sin(πφ/φc) − c3ω
2
n sin(πφ/φc) + ξ1(t)φ = M0 + ξ2(t)

(15)

where the excitation wave moment is represented by a constant mean value
M0 plus the random component ξ2(t). The parametric term, ξ1(t)φ, is due to
the coupling of pitch oscillation. Introducing the following non-dimensional
parameters τ = ωnt

√
π/φc, q = πφ/φc, Eq. (15) takes the form

q̋+2ζ̄

√
φc
π
q́ + c2

φc
π
q́ |q́| + sin q − c3 sin 2q +

φc
πω2

n

ξ̄1(τ)q =
M0

ω2
n

+
ξ̄2(t)

ω2
n

(16)

Let 2ζ̄
√

φc

π
= εζ, c2

φc

π
= εη, c3 = εδ, φc

πω2
n
ξ̄1(τ) =

√
εξ1(τ),

ξ̄2(t)
ω2

n
=

√
εξ2(τ),

Eq. (16) takes the form

q̋+εζq́ + εηq́ |q́| + sin q − εδ sin 2q +
√
εξ̄1(τ)q = εμ+

√
εξ̄2(t) (17)

Eq. (17) may be written in terms of the state coordinates as

q́ = p, ṕ = − sin q − εζp− εηp |p| − εδ sin 2q −√
εξ̄1(τ)q + εμ+

√
εξ̄2(t)

(18)

The analysis of Eqs. (18) is considered for the unperturbed and excited
oscillations in the next sections.
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3.2 Unperturbed Motion

The unperturbed motion of the ship may examined by setting ε = 0. Eqs. (18)
take the reduced form

q́ = p, ṕ = − sin q (19)

Eq. (19) is identical to the equation of motion of a mathematical pendulum.
The Hamiltonian of the unperturbed system is

H(q, p) =
p2

2
+ 2 sin2(q/2) (20)

One also may write

p = q́ =
√

2[H(q, p) − 2 sin2(q/2)] (21)

This equation reveals that for each level of the energy, H < 2, the ship
motion is periodic in the phase space {q, p}. The critical value, H = 2, known
also as the bifurcation value corresponds to the unstable position of equilibrium
q = ±π, which corresponds to φ = φc. This equilibrium is characterized by
two different homoclinic orbits. The solution of Eq. (21) for H < 2 can be
written in the form

τ = ±
q∫

q0

dq

2
√
k2 − sin2(q/2)

, k =
√
H/2 (22)

where q0 is the initial value of coordinate q. For k2 < 1, q can take any
value within a range governed by the condition k2 − sin2(q/2) = 0, and the
corresponding roots are q1 = −2 sin−1 k, and q2 = 2 sin−1 k. The corresponding
period between these two roots is

T =

q2∫
q1

dq√
k2 − sin2(q/2)

(23)

The solution of Eqs. (19) may be expressed in terms of elliptic functions
by introducing the following transformation

sin(q/2) = k sinψ, p = 2k cosψ (24)

where sinψ = ±√
2H − p2/

√
2H. Differentiating the first equation of Eqs.(24)

with respect to τ and using Eq. (21) gives

ψ́
2

= 1 − k2 sin2 ψ (25)
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The solution of this equation is written in the form

τ =

ψ∫
0

dψ̄

2
√

1 − k2 sin2 ψ̄
= F (ψ, k) (26)

where F (ψ, k) is the incomplete elliptic function integral of the first kind, where
ψ is amplitude of the function F (ψ, k) and is written as ψ = amτ . In terms of
the Jacobi elliptic functions, sinψ = sin(amτ) and cosψ = cos(amτ) = csτ ,
Eqs. (24) may be written as

p = 2k cos(amτ) = 2kcnτ, q = 2 sin−1(ksnτ) (27)

The period given by Eq. (26) represents one-quarter of the period of one
oscillation of the ship when ψ = π/2. Fig. 2 shows typical phase portraits for
different energy levels below the critical value. Note the period of one complete
oscillation is

T = 4

π/2∫
0

dψ̄

2
√

1 − k2 sin2 ψ̄
= 4K(k) (28)

where K(k) is the complete elliptic integral of the first kind. For k = 1, the
ship is governed by two homoclinic orbits and the corresponding equilibria ±π
are unstable. In this case Eq. (21) may be written in the form

q́ = ±2 cos(q/2) (29)

Integrating Eq. (29) for the positive roots of q́, subject to the initial con-
dition τ = 0, q = 0, gives

q = −π + 4 tan−1(eτ ) → π as τ → ∞ (30)



60 R. A. Ibrahim

3.3 Perturbed Motion

In order to estimate the stochastic stability and dynamic behavior of the ship
as described by Eq. (18), the stochastic averaging method will be used for
the system Hamiltonian. First the differential of Eq. (20) is written using the
stochastic rule

dH(q, p) = ε[−ζp2 − ηp2 |p| + δp sin(2q) + μp+
σ2

1

2

qp2

sin q
+

1

2
σ2

1q
2 +

σ2
2

2
]dτ

−√
εqpdB1(τ) +

√
εpdB2(τ) (31)

where the Itô correction terms are included. Taking the averaging of Eq. (31)
and writing the result in the form of stochastic differential equation, gives

dH(q, p) = ε[−ζ 〈p2
〉− η

〈
p2 |p|〉 + δ 〈p sin(2q)〉 + μ 〈p〉 +

σ2
1

2

〈
qp2

sin q

〉
+

1

2
σ2

1

〈
q2
〉

+
σ2

2

2
] −

√
ε 〈q2p2〉W1(τ) +

√
ε 〈p2〉W2(τ) (32)

where 〈.〉 denotes averaging. The average values of the expressions appearing in

Eq. (32) are evaluated, using MATHEMATICA
R©

, for two different domains,
i.e., the periodic domain, 0 < H < 2, and the rotational domain, H > 2, as
follows (note that T = 4K(k)):

〈p〉 =
1

T

T∫
0

2kcnτdτ = 0, 0 < H < 2 (33)

=
π
√
H/2

K
(√

2/H
) , H > 2 (34)

〈
p2
〉

=
4

T

K(k)∫
0

(2kcnτ)2 dτ = 2

[
H − 2 +

2E(
√
H/2)

K(
√
H/2)

]
, 0 < H < 2(35)

= 2H
E(

√
2/H)

K(
√

2/H)
, H > 2 (36)

〈
p2 |p|〉 =

4

T

K(k)∫
0

(2kcnτ)2 |2kcnτ | dτ =
2

K(
√

H
2
)
×
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[(H − 1) cos−1 (1 −H) +
√
H (2 −H)], 0 < H < 2 (37)

=
π (H − 1)

√
2H

K
(√

2/h
) , H > 2 (38)

The following integrals are evaluated for the case 0 < H < 2,

〈p sin(2q)〉 =
1

T

T∫
0

p sin(2q)dτ =
2

T

2 sin−1 k∫
−2 sin−1 k

sin(2q)dq = 0 (39)

〈
q2
〉

=
1

T

T∫
0

q2(H, τ)dτ =
1

T

T∫
0

(
2 sin−1[k(snτ)]

)2
dτ

≈ 4

315
k2K2(k)[105 + 21(−1 − k + k2)K2(k) +

(2 + 13k − 8k2 − 10k3 + 8k4)K4(k) +H.O.T ] (40)

〈
q2p2

〉
=

1

T

T∫
0

q2(H, τ)p2(H, τ)dτ

≈ 16

315
k4K2(k)[105 + 21(−7 − k + k2)K2(k) +

(107 + 73k − 38k2 − 10k3 + 8k4)K4(k) +H.O.T ] (41)

〈
qp2

sin q

〉
≈ k2[

1

2
+

1

18
(−3 + 2k2)K2(k) +

1

450
(15 + 15k − 40k2

−10k3 + 24k4)K4(k) +H.O.T.] (42)

The Fokker-Planck equation of Eq. (32) is

∂f

∂τ
= −ε ∂

∂H
{[−ζ 〈p2

〉− η
〈
p2 |p|〉 + δ 〈p sin(2q)〉 + μ 〈p〉 +

σ2
1

2

〈
qp2

sin q

〉

+
σ2

1

2

〈
q2
〉

+
σ2

2

2
]f} +

ε

2

∂2

∂H2
{[σ2

1

〈
q2p2

〉
+ σ2

2

〈
p2
〉
]p} (43)
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The stationary solution of Eq. (43) is obtained, by setting the left hand
side to zero, in the form

f(H) =
f0

[σ2
1 〈q2p2〉 + σ2

2 〈p2〉]Exp
H∫

0

NN

DD
dH (44)

where NN = −ζ 〈p2〉−η 〈p2 |p|〉+δ 〈p sin(2q)〉+μ 〈p〉+ σ2
1

2

〈
qp2

sin q

〉
+

σ2
1

2
〈q2〉+ σ2

2

2
,

and
DD = σ2

1 〈q2p2〉 + σ2
2 〈p2〉 .

The maxima can be determined by setting ,

−ζ 〈p2
〉− η

〈
p2 |p|〉 + δ 〈p sin(2q)〉 + μ 〈p〉 +

σ2
1

2

〈
qp2

sin q

〉
+
σ2

1

2

〈
q2
〉

+
σ2

2

2
= 0

(45)

Eq. (45) estimates the maxima in terms of both parametric and external
excitation intensities, namely, σ1 and σ2, respectively. Two cases dealing with
purely external excitation are considered in this study.

3.4 Influence of External Excitation

3.5 Nonlinear Damping

It is possible to treat the ship roll motion as a mathematical pendulum and
to examine the stochastic bifurcation of its random oscillation. This will be
achieved by considering Eqs. (18) in the absence of parametric excitation, i.e.,

q́ = p, ṕ = − sin q − εζp− εηp |p| − εδ sin 2q + εμ+
√
εξ2(τ) (46)

This case was considered by Moshchuk, et al. [15]. Taking the time deriva-
tive of the corresponding Hamiltonian, gives

H́ = ε

[
−ζp2 − ηp2 |p| + δp sin 2q + μp+

1

2
σ2

2

]
+
√
εpW2(τ) (47)

Taking averaging of the drift and diffusion coefficients, give〈
H́
〉

= ε

[
−ζ 〈p2

〉− η
〈
p2 |p|〉 + δ 〈p sin 2q〉 + μ 〈p〉 +

1

2
σ2

2

]
+

√
ε 〈p2〉W2(τ)

(48)

It is known that the phase space of the unperturbed system splits into the
oscillatory domain (H < 2) and the rotational domains (H > 2 with either
p > 0 or p < 0). So averaging is different in the two domains.
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The stationary solution of the FPK equation of system (48) is

f(H) =
f0

(1/2)K(
√
H/2)

Exp

⎡
⎣−ζH

D
− η

D

H∫
0

〈p2 |p|〉
〈p2〉 dh+

μ

D

H∫
0

〈p〉
〈p2〉dh

⎤
⎦
(49)

where f0 is the normalization condition and f(H) = (1/2)K(
√
H/2) forH < 2,

or f(H) =
√

2/HK(
√

2/H) for H > 2. The function f(H) → ∞ as H → 2.
It is convenient to write the response probability density function in terms of
the original variables q and p by using the transformation

f(q, p) = f(H, θ)

∣∣∣∣∂(H, θ)∂(q, p)

∣∣∣∣ (50)

which can be determined by substituting the explicit expressions for H and θ
in terms of q and p. This process results in the following expression for the
stationary pdf

f(q, p) = f̄0Exp

⎡
⎣−ζH

D
− η

D

H∫
0

〈p2 |p|〉
〈p2〉 dh+ χ(H)

⎤
⎦ (51)

where χ(H) = 0, for 0 < H < 2, or

χ(H) =

⎧⎨
⎩ 2πμ√

2D

H∫
0

dh√
hE(

√
2/H)

⎫⎬
⎭ sgn(p) for H > 2 (52)

and H should be replaced by its expression in terms of q and p.

The function f(q, p) depends on the energy level H and for H > 2 it also
depends on the sign of p (i.e., whether the pendulum rotates clockwise or
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counter-clockwise). It follows from Eqs. (51) and (52) that for sufficiently
low values of the absolute value of the moment mean value there is only one
maximum at q = p = 0. However, if |μ| exceeds a certain critical value, then
there is another maximum of the pdf. Fig. 3 shows three dimensional plot of
f(q, p) for p > 0, ζ = η = 0.5, 2D = 1 and excitation mean value μ = 4. The
figure reveals two hills one is located at the equilibrium point (q, p) = (0.0, 0.0),
and the other at the opposite side if p < 0. Fig. 4 shows the pdf as a function
of H for two values of μ = 1.5 and 4. For μ = 1.5 the pdf has only one peak
at H = 0 and exhibits singularity at H = 2. For μ = 4, the response pdf has
the same singularity but possesses two peaks, one at H = 2, while the other
is at H = 3.5.

In order to obtain the bifurcation in probability we need to determine the
condition for

∂p

∂H
= 0, for H > 2 (53)

This condition gives
πη

2ζ
k̄ +

πμ

4ζ
k̄ − πη

2ζk̄
= E(k̄) (54)

where k̄ =
√

2/H is the modulus, 0 < k̄ < 1. The behavior of the function
E(k̄) is well known. It gradually decreases from π/2 at k̄ = 0 to 1 at k̄ = 1.
The left-hand side of Eq.(54) has negative value at k̄ = 0. Therefore Eq. (54)
has a solution if and only if the left-hand side at k̄ = 1 has a value greater
than 1, i.e.,

πμ

4ζ
− πη

2ζ
> 1 or μc =

4ζ

π
+ 2η (55)

provided μ � μc which is the condition for the existence of another peak in
the spinning regime. If p < 0 then this condition becomes −μ > (4ζ/π) + 2η.
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3.6 Equivalent Linear Damping

The problem of ship roll motion traveling in oblique random waves was con-
sidered by Haddara [25]. When the damping is linear an exact solution of
the response FPK equation can be obtained for the stationary case. Haddara
and Zhang [26] considered the rolling motion of a ship in a random beam sea
represented-by a narrow-band process. They developed an expression for the
joint conditional probability density function for the roll angle and roll veloc-
ity. The joint probability density function was expressed as a double series
in the non-dimensional roll angle and roll velocity. The terms in the double
series are functions of Hermite polynomials. The expression for the joint prob-
ability density function was obtained using the Fokker-Planck equation and a
Galerkin technique.

We consider Eq. (16) with an equivalent linear viscous damping and ran-
dom excitation moment, which is modeled by a Gaussian wide band random
process ξ2(τ) = σ2dB2(τ)/dτ , where in the limit the wide band process is rep-
resented by a white noise, W2(τ), which is the time derivative of the Brownian
motion, B2, and here σ2

2 is the variance parameter or strength, which is a pos-
itive constant. In this case one may write the equation (16) in the state vector
form

ẋ1 = x2, ẋ2 = −2ζx2 − dΠ(x1)

dx1
+ σ2

dB2(τ)

dτ
(56)

where x1 = q, ζ represents the equivalent viscous damping, and the potential
function Π(x1) =

∫ x1

0
(sin q−c2 sin 2q)dq. The stationary FPK equation of Eqs.

(56) is

−x2
∂f(x1, x2)

∂x1

+
∂Π(x1)

∂x1

∂f(x1, x2)

∂x2

+
∂

∂x1

[
2ζx2 +

σ2
2

2

∂

∂x2

]
f(x1, x2) = 0

(57)

The solution of this equation is

f(x1, x2) = f0Exp

{
−4ζ

σ2
2

[
Π(x1) +

1

2
x2

2

]}
= f0Exp

{
−4ζ

σ2
2

H

}
= f(H) (58)

where the system Hamiltonian H = Π(x1) + x2
2/2, and f0 is the normalized

constant defined by

f0 =
1

Hm∫
0

Exp
{
− 4ζ
σ2
2
H
}
dH

=
1

σ2
2

4ζ

[
1 − Exp

(
− 4ζ
σ2
2
Hm

)] (59)
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whereHm is the maximum value of the system energy at the point of instability.
Substituting Eq. (59) into Eq. (58) gives the expression for f(H) as:

f(H) =
Exp

(−H
σ̃

)
σ̃
[
1 − Exp

(−Hm

σ̃

)] (60)

where σ̃ = σ2
2/4ζ .

Using this closed form expression for f(H) allows us to evaluate the ex-
pected value of the total energy of the system E [H] as:

E [H] =

Hm∫
0

Hf(H)dH =
σ̃
[
1 − Exp

(−Hm

σ̃

) (
1 + Hm

σ̃

)][
1 − Exp

(−Hm

σ̃

)] (61)

Fig. 5 reveals that the mean value of the response mean energy E [H] varies
nonlinearly with the excitation intensity. For relatively small excitation levels
the dependence is linear and the isolator behaves as a traditional linear one. As
the excitation level exceeds a threshold value of 0.01 the beam dynamics enter
into the nonlinear domain and the corresponding transmissibility is improved.

The erosion of the safe basin of ship roll oscillations under random noise
in the presence of sinusoidal excitation was studied numerically by Arnold,
et al. [4]. They represented the random noise by the arctan of a stationary
Ornstein-Uhlenbeck process and calculated the forward trajectories for a grid
of initial conditions. It was found that the noise “smears out” the structure
of random attractors. The addition of noise to periodic excitation was found
to cause the capsizing to occur before the attractor bifurcate. For the case
of softening Duffing oscillator, the erosion of the safe basin was found to be
aggravated by both the Gaussian white and the bounded noise excitations [27].
This issue is currently under extensive study for the present system.
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4 CONCLUSIONS

Under external random sea waves, the roll motion of the ship is examined at
two regions of energy levels. The first is within the domain of the homoclinic
orbit and the other exceeds the homoclinic orbit, leading to rotational motion
of the ship (capsizing). The probability density functions of the two regimes
are obtained. For excitation mean level that exceeds a certain critical value,
the response probability density experiences bifurcation manifested by two
peaks, one at the equilibrium position and the other at different position. The
problem is simplified by replacing the linear and nonlinear damping terms by
an equivalent linear viscous damping term. The stationary probability density
function of the response Hamiltonian is obtained in a closed simple form and
the mean value of the response energy is found to be nonlinearly dependent
on the excitation level. The problem of noise-induced transition of ship roll
motion subjected to impact ice loads described by a Poisson arrival process of
loading events [28] is underway by the author.
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