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Abstract

Hyperspherical partial wave theory has been applied in a study of
equal-energy-sharing cross section results at intermediate energies in
electron-hydrogen-atom ionization collisions. The calculated results at
54.4eV are found to agree generally with the corresponding ECS results
and are also in qualitative agreement with the perturbative 3C and
CDW-EIS results, except for certain angular domains.

I. Introduction

For studies of electron-hydrogen-atom ionization collisions at intermediate
energies there exist some well known perturbative approaches like the 3C ap-
proach [1] and the continuum-distorted wave with eikonal initial state (CDW-
EIS) approach [2]. A second approach is the close coupling approach like those
of Curran et al [3] and of Bartschat et al [4]. A third approach is based on
solving certain integral equations [5,6] for the off-shell T-matrix elements. This
has been used with some crude numerical treatment [5-8] in several scattering
calculations [6-13] including ionization of hydrogen atoms by electron impact
[8]. Later these infinite coupled set of integral equations have been replaced
by a finite number by diagonalizing approximately the atomic Hamiltonian
in place of the exact one used earlier in [6]. This leads to convergent close
coupling (CCC) approach [14], which proved very successful from low ener-
gies to high energies. Yet another approach, which proved successful, is based
on solving integral equations for the final scattering states in the momentum
space [15]. So far only first order correct wave function, in the potentials, has
been applied with reasonable success for intermediate and high energies [16,17].
Second order correct wave function or some more accurate wave function that
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may be obtained, after solving certain integral equation [15] in the momentum
space, is yet to be applied in ionization studies.

In recent years some new approaches like the exterior complex scaling
(ECS) approach [18,19], the hyperspherical R-matrix with semiclassical out-
going waves (HRM-SOW) approach [20], the time dependent close coupling
(TDCC) approach [21] and the hyperspherical partial wave (HPW) approach
[22-25] have been developed and applied in many ionization studies of hydro-
gen atoms by electron impact at low energies with remarkable success. The
scope for application of these theories, however, are not limited to low energies.
With good computational resources and better efforts, these may be applied
at least to intermediate energies also. This has already been demonstrated in
a recent ECS calculation by Jones et al [26]. In our present calculation we use
the HPW theory for the same energy ,54.4eV and the same kinematic condi-
tions, for the cross section calculation as a check of the capabilities of different
sophisticated theories for intermediate energies.

Thus we make here a calculation in HPW theory for 54.4eV energy for
equal-energy-sharing constant-Θab geometry, where Θab is the angular sepa-
ration of the outgoing electrons in a plane containing the incident electron
direction, and constant-θa geometry, where θa is the angle between one of the
outgoing electron and that of the incident electron direction, and compare our
calculated results with those of Jones et al for the ECS, 3C and CDW-EIS
calculations.

Below we describe, in brief, the hyperspherical partial wave theory in sec.II
and present our calculated results in sec.III and make some concluding remarks
in sec.IV.

II. Hyper Spherical Partial Wave Theory

In the hyper spherical partial wave approach we use hyper spherical co-
coordinates defined by R =

√
r1

2 + r2
2, α = atan(r2/r1), r̂1 = (θ1, φ1), r̂2 =

(θ2, φ2) and ω = (α, r̂1, r̂2) and put P =
√

pa
2 + pb

2, α0 = atan(pb/pa), p̂a =
(θpa , φpa), p̂b = (θpb

, φpb
) and ω0 = (α0, p̂a, p̂b), �pa, �pb being momenta of the two

outgoing electrons of energies E1 and E2 and position vectors �r1, �r2. We expand
the symmetrized final state wave function Ψ

(−)
fs in hyperspherical harmonics [

22,24]which are functions of the above five angular variables and depend on
the variables �1, �2, n, L, M (collectively called λ) which are respectively the
angular momenta of the two electrons, the order of the Jacobi polynomial and
the total angular momentum and its projection, and the total spin S.

Thus we decompose the symmetrized wave function Ψ
(−)
fs as
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Ψ
(−)
fs (R, ω) =

√
2

π

∑
λ

F s
λ(ρ)

ρ
5
2

φs
λ(ω), (1)

following the expansion of the symmetrized plane wave [22]

[exp(i�pa · �r1 + i�pb · �r2) + (−1)sexp(i�pb · �r1 + i �pa · �r2)]/(2π)3

=

√
2

π

∑
λ

iλ
js
λ(ρ)

ρ
3
2

φs∗
λ (ω0) φs

λ(ω). (2)

Here we set ρ = PR and use the symbol λ again for the expression �1+�2+2 n.
Thus λ has two meanings depending on the context.

Here the equations for F s
λ ’s decouple. In each coupled set of equations

only wave functions with fixed μ = (L, S, π) enter. We set N = (�1, �2, n) and
F s

λ ≡ f s
N . Thus for fixed μ we have the coupled set of differential equations.

[ d2

dρ2
+ 1 − νN (νN + 1)

ρ2

]
f s

N +
∑
N ′

2 αs
NN ′

Pρ
f s

N ′ = 0. (3)

where
αs

NN ′ = −〈φs
N |C|φs

N ′〉, (4)

and φs
N ≡ φs

λ and

C = − 1

cosα
− 1

sinα
+

1

|r̂1cosα − r̂2sinα| (5)

and νN = �1 + �2 + 2n + 3
2

For our numerical computations we truncate each set to some maximum
value Nmx of N depending on μ. These Nmx equations in Nmx variables are
needed to be solved from origin to infinity. Actually we need construction of
Nmx independent solutions which vanish at the origin. Now for convenience we
divide the whole solution domain (0,∞) into three subdomains (0, Δ), (Δ, R∞)
and (R∞,∞), where Δ has the value of a few atomic units and R∞ is a point
in the asymptotic domain. Best choices for these may be made by simple
trials. For a proper choice the results do not depend significantly on these
parameters. Next we proceed for solutions over sub-domains. For (R∞,∞) we
have simple analytic solutions [22].

f s
snN(ρ) =

∑
�

a
(�)
kNsin θk

ρ�
+

b
(�)
kNcos θk

ρ�
(6)

f s
csN(ρ) =

∑
�

c
(�)
kNsin θk

ρ�
+

d
(�)
kNcos θk

ρ�
(7)
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where f
(k)
snN and f

(k)
csN are the N-th element of the k-th solution vectors. Ob-

viously these give 2Nmx independent solution vectors. The coefficients in
these expressions are determined through recurrence relations [22] in terms

of a
(0)
kN = akN and b

(0)
kN = 0, c

(0)
kN = 0, d

(0)
kN = akN , akN being the N-th ele-

ment of the k-th eigen vector of the charge matrix A = (αNN ′). Here we have
θk = ρ + αkln 2ρ, αk being the k-th eigen value of A.

Solution over (Δ, R∞) is also very simple. Because of the simple structure
of equations (3) a Taylors expansion method works nicely. In earlier calculation
Das [23] adopted this approach. But the main difficulty lies in the construction
of the solution vectors over (0, Δ). In those calculations on (e, 2e) problem
Das used an approach as in R-matrix calculations. But very often, this invites
pseudo resonance type behaviour causing undesirable oscillations in the cross
sections. Recently for (e, 2e) and double photo-ionization problems, we applied
a finite difference method for solutions in the interval (0, Δ) and thereby get
rid of undesirable oscillations in the cross section results. So we adopted here
the same approach with a seven point scheme [25] in place of the five point
scheme used earlier [24].

The solutions thus obtained in (0, Δ) are then continued over (Δ, R∞) by
Taylor’s expansion method, as stated earlier, with stabilization after suitable
steps. The Nmx independent solution vectors so obtained, are put together
to get the solution matrix f0. The solution matrices fsn and fcs are similarly
obtained, whose N-kth element are respectively f

(k)
snN and f

(k)
csN , given by (6)

and (7) respectively.
Next we introduce the K-matrix through the relation

f0 · B = fsn + fcs · K (8)

where B is an unknown constant matrix. The K-matrix is determined from
matching values and first order derivatives at R∞, where all of f0, fsn and fcs

are valid.
Finally the physical scattering state with appropriate boundary conditions

is taken as

fph = f0 · g . (9)

So also we have

fph = (fsn + fcs · K) · c
= fsn · c + fcs · d (10)

with
d = K · c . (11)

Thus the physical state is completely determined once the vector c is deter-
mined. Now c is determined from the consideration that Ψ

(−)
fs is asymptotically
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a (distorted) plane wave (representing the two outgoing electrons) plus incom-

ing waves only1. So the coefficients of the outgoing wave exp(iρ) of both Ψ
(−)
fs

and the symmetrized plane wave (equation (2)) must be the same (except for
the distorting term exp(iαkln 2ρ)). This requires

c = [I + iK]−1P (12)

where
P = −2ei π

4 X−1Φs∗(ω0), (13)

and X is the matrix comprising of the columns of eigen vectors of the charge
matrix A and Φs∗ is given by

Φs∗(ω0) =

⎛
⎜⎝

φs∗
1 (ω0)

...
φs∗

Nmx
(ω0)

⎞
⎟⎠ . (14)

Then the T-matrix element is given by

T s
fi = 〈Ψ(−)

fs |Vi|Φi〉 , (15)

where Φi is initial state wave function and Vi is perturbation potential.
The triple differential cross section is finally given by

d3σ

dEadΩadΩb

=
(2π)4papb

pi

{1

4
|T (0)

fi |2 +
3

4
|T (1)

fi |2
}

. (16)

III. Results

Here we present our computed TDCS results in Fig.1 and Fig.2 for 54.4eV
energy for constant-Θab geometries and constant-θa geometries respectively in
a plane containing the incident electron direction and the outgoing electron di-
rections, for equal-energy-sharing cases, in electron-hydrogen-atom ionization
collisions. In our present calculation we have included L values up to 12 as
in ECS calculation [26] and included many (l1, l2) pairs ( but not as many as
in ECS calculations ). The asymptotic range parameter has been chosen here
as R∞ = 300 a.u.. In any case we have moderately converged results. Since,
the SDCS value at the equal energy situation turns to be about twice the ex-
pected value (although the total cross section and the asymmetry parameter
have the desired values at this energy) we have divided the calculated cross
sections by two and plotted the results in the figures. We here compare our

1Here it may be noted that we are not matching our solutions with plane waves,as one
may think. We are using the expansion for a plane wave as a device for extracting the
asymptotically correct wave function.
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results with the ECS, 3C and CDW-EIS results presented by Jones et al [26].
Comparison shows that our results agree best with the ECS results. The qual-
itative agreement with the 3C and CDW-EIS results is also generally good.
However there are some differences as well. Thus our results shows sharper
and larger peaks. In case of Θab = 1200 results, the second peak heights on
either sides of θb = Θab/2, are higher than the first peaks in contrast to those
of other calculations and that in between the two peaks there are pronounced
deeps, which are not seen in other calculations. Another point to note is that
for θa = −150 curve in Fig.1(b) there is a small secondary peak in our re-
sults, but no such peaks occur in other calculations. All these features worth
experimental verification.

IV. Conclusions

At higher end of the intermediate energy range (4I0 − 20I0), where I0 is
the ionization potential, and for high energies there are several perturbative
and non-perturbative methods which are known to work nicely for ionization
studies. For low energies also there are several non-perturbative approaches
which work. So it it interesting to see which theories work in between these
energy ranges, that is in the lower end of the intermediate energy range. Here
we have made a calculation following the HPW theory for 54.4eV energy, a
typical energy, in this energy range, and for the kinematic conditions consider
very recently by Jones et al [26] for such an assessment. We have compared
our results with those of 3C, CDW-EIS and ECS calculations [26] and find that
our results agree best with the ECS results. The present results and our earlier
calculations for 60eV energy, for single, double and total cross sections show
that the HPW theory really works in this energy range. However more works,
both theoretical and experimental, are necessary for a better assessment.
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Figure 1.

Figure 1: DCS in coplanar equal-energy-sharing geometry for incident electron
energy Ei = 54.4eV and constant angular separation Θab of the outgoing
electrons fixed at, (a) 900, (b) 1200 and (c) 1800.
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Figure 2: Same as in figure 1(a) but for scattering angle θa fixed at (a) -150,
(b) -900 and (c) -1650.


