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Abstract

We prove that the missing label operators for the state labelling
problem in the Wigner supermultiplet model su(2) × su(2) ⊂ su(4)
can be solved naturally without explicitly using enveloping algebras.
Considering a contraction of Lie algebras naturally associated to the
reduction chain su(2)× su(2) ↪→ su(4), we recover the Moshinsky-Nagel
operators as functions of the Casimir operators of su(4), the spin-isospin
subalgebra and the corresponding inhomogeneous contraction.
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1 Introduction

Since their introduction in physics, unitary groups have constituted an es-
sential tool in many questions of spectroscopy, nuclear and particle physics.
These groups arise in models which often require the labelling of representa-
tions with respect to some physically relevant subgroup, usually embedded in
non-canonical form into the main group, from which the missing label prob-
lem arises naturally. Many different techniques have been applied in order
to obtain and describe these labelling operators, sometimes adapted to quite
specific problems [1, 2, 3, 4]. A quite successful application of this method
is the so-called Wigner supermultiplet model. As pointed out by Wigner in
[5], the adequate su(2) × su(2) subalgebra of su(4) to be considered for the
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labelling problem is the non-canonical embedding corresponding to the direct
product of spin and isospin, in such manner that the fundamental quartet of
su(4) is a doublet in both ordinary spin and isospin, and therefore a singlet in
the direct product su(2)× su(2). The natural embedding of su(2)× su(2) into
su(4), obtainable from the corresponding Dynkin diagrams, has also been con-
sidered, but shown to be not physically very relevant [6]. In order to label the
states with respect to this subalgebra, we need two additional operators that
commute and are independent from the Casimir operators of both su(4) and
the subalgebra. The first detailed solution to the state labelling problem was
proposed in [7], resulting in two additional operators Ω and Φ of degree 3 and
4 in the group generators. In [8], the problem was examined in a more general
frame, using the universal enveloping algebra of su(4), and two inequivalent
sets of commuting operators were found that solve the labelling problem. This
algebraic analysis required the computation of 20 operators in the enveloping
algebra, although only nine are functionally independent.

In this note we reexamine the question from a different point of view. In-
stead of looking for su(2) × su(2) scalars in the enveloping algebra of su(4),
we prove that the labelling problem can be satisfactorily solved by only using
the invariants of su(2) × su(2), su(4) and the contraction su(4) → (su(2) ×
su(2))

−→⊕D1⊗D19L1, where D1 ⊗D1 is the su(2)× su(2)-representation induced
on the remaining generators of su(4) different from those of the subalgebra.
By this procedure, we recover the Moshinsky-Nagel operators Ω and Φ from
the contraction, and also provide a new interpretation of these as those terms
of the third and fourth order Casimir operators of su(4) that vanish by a lim-
iting procedure. This means that the missing label operators are intrinsically
determined by the reduction chain and the associated contraction.

In order to develop the method, we recall some analytical techniques needed.
Given a basis {X1, .., Xn} of the Lie algebra g and the structure tensor

{
Ck

ij

}
,

g is usually realized in the space C∞ (g∗) by means of the differential operators:

X̂i = Ck
ijxk

∂

∂xj

, (1)

where [Xi, Xj ] = Ck
ijXk (1 ≤ i < j ≤ n) and {x1, .., xn} is a dual basis of

{X1, .., Xn}. An analytic function F ∈ C∞ (g∗) is an invariant of g if and only
if it is a solution of the system of partial differential equations (PDEs):

X̂iF = 0, 1 ≤ i ≤ n. (2)

The number N (g) of functionally independent solutions in dependence of the
structure tensor of g is easily seen to equal:

N (g) := dim g − rank
(
Ck

ijxk

)
1≤i<j≤dim �

, (3)
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where A(g) :=
(
Ck

ijxk

)
is the matrix which represents the commutator table

of g over the given basis.

In order to classify multiplets, it is often convenient to consider a subalgebra
h to label the basis states of a Lie algebra g. The (usually non-canonical)
reduction chain h ↪→ g provides 1

2
(dim h + N (h)) + l′ labels, where l′ is the

number of invariants of g that depend only on variables of the subalgebra
h [10, 11]. In order to label irreducible representations of g uniquely, it is
therefore necessary to find

n =
1

2
(dim g −N (g) − dim h −N (h)) + l′ (4)

additional operators, which are usually called missing label operators. It fol-
lows at once from analytical considerations that the total number of available
operators equals m = 2n. Such operators can be found e.g. by analyzing the
enveloping algebra of g or integrating the equations of (2) corresponding to
the subalgebra generators.

2 The non-canonical reduction su(2) × su(2) ⊂
su(4)

Using the standard basis {Si, Tj, Qαβ} of [7] with 1 ≤ i, j, α, β ≤ 3, the brackets
of su (4) are given by

[Si, Sj] = iεijkSk, [Ti, Tj] = iεijkTk,
[Si, Qjα] = iεijkQkα, [Tα, Qiβ] = iεαβγQiγ,
[Qiα, Qjβ] = i

4
{δαβεijkSk + δijεαβγTγ} ,

where εijk is the completely antisymmetric tensor. Clearly the subalgebra
su (2) × su (2) is generated by the operators {Si, Tj}. The preceding brackets
show also that the generators of su (4) decompose as the representation

R = (D1 ⊗ D0) ⊕ (D0 ⊗ D1) ⊕ (D1 ⊗ D1) (5)

of su (2) × su (2), where D1 denotes the adjoint representation of su(2) and
D0 the trivial representation. This implies that the embedding index jf of
the reduction su (2) × su (2) ⊂ su (4) is given jf = 4, thus su (2) × su (2) is
embedded as a maximal S-subalgebra of su (4). This non-canonical embed-
ding corresponds naturally to the choice of ordinary spin and isospin for the
subalgebra generators. Applying formula (4), we obtain that n = 2, we are
therefore led to compute two additional operators in order to solve the state
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labelling problem. These operators have to be extracted from the subsystem
of (2):

ŜiF = εijksk
∂F
∂sj

+ εijkqkl
∂F
∂qjl

= 0, i = 1, 2, 3, (6)

T̂αF = εαβγtγ
∂F
∂tβ

+ εβγμqαμ
∂F

∂qβμ
= 0, i = 1, 2, 3. (7)

corresponding to the generators of su (2) × su (2). Adding the nine equations

Q̂βμF = −εαβγqγμ
∂F

∂sα
− εαμγqβγ

∂F

∂tα
+

1

4
{δμνεβγρsρ + δβγεμνρtρ} ∂F

∂qγν
= 0

(8)

we have the complete system for su(4). From the structure of the equations
(6)-(7), it is easy to see that there are 9 functionally independent solutions1.
Obviously the Casimir operators of second, third and fourth order C2, C3, C4

of su(4) and the quadratic operators C21 and C22 of su(2)× su(2) are solutions
of the latter system. There are thus m = 4 additional independent solutions
left, from which we only need two to describe the representations. The most
extended technique in the literature to find them is to look for polynomials
in the enveloping algebra of su(4) that satisfy this system, and impose also
that these operators commute. This was the procedure used in [7], and also
in later work, like [8], where the problem was considered more generally. In
this analysis, 20 operators in the enveloping algebra were found, confirming
the choice made earlier in [7]. A second set of commuting operators was also
determined, which was later reobtained and analyzed in detail in [12].

Instead of proceeding like this, we directly approach the problem analyt-
ically, using the intrinsic properties of the (non-canonical) embedding. The
reduction su(2)× su(2) ⊂ su(4) naturally induces the following Inönü-Wigner
contraction of Lie algebras: Consider the family of non-singular linear maps
Φt (t ∈ R) given by

Φt(Si) = Si, Φt(Ti) = Ti, Φt(Qαβ) =
1

t
Qαβ, i, α, β = 1, 2, 3. (9)

Over the transformed basis, the brackets are easily seen to equal:

[Φt(Si), Φt(Sj)] = iεijkΦt(Sk), [Φt(Ti), Φt(Tj)] = iεijkΦt(Tk),
[Φt(Si), Φt(Qjα)] = iεijkΦt(Qkα), [Φt(Tα), Φt(Qiβ)] = iεαβγΦt(Qiγ),
[Φt(Qiα), Φt(Qjβ)] = i

4t2
{δαβεijkΦt(Sk) + δijεαβγΦt(Tγ)}.

It is straightforward to verify that the limit

[X, Y ]∞ := lim
t→∞

Φ−1
t [Φt(X), Φt(Y )] (10)

1Actually if we restrict to algebraically independent invariants, we get a higher number,
as obtained in [8].
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exists for any pair of generators X,Y ∈ su(4), thus equation (10) defines a
contraction g with nontrivial brackets

[
S ′

i, S
′
j

]
∞ = iεijkS

′
k,

[
T ′

i , T
′
j

]
∞ = iεijkT

′
k,[

S ′
i, Q

′
jα

]
∞ = iεijkQ

′
kα,

[
T ′

α, Q′
iβ

]
∞ = iεαβγQ

′
iγ

over the basis B ′ =
{
Φt(Si) = S ′

i, Φt(Ti) = T ′
i , Φt(Qij) = Q′

ij

}
. In particular,

the su(2)× su(2)-subalgebra remains invariant by the contraction. The result-
ing algebra g is obviously no more semisimple, and can be seen to have the
Levi decomposition:

g = (su(2) × su(2))−→⊕D1⊗D19L1. (11)

The representation describing the semidirect product is the remaining part of
the induced representation R of (5) once the adjoint representation of su(2)×
su(2) has been extracted. Further, L1 denotes the one dimensional abelian
algebra. Using formula (3), it can be verified that g admits 3 functionally
independent invariants. These satisfy the corresponding system

ŜiF = εijksk
∂F
∂sj

+ εijkqkl
∂F
∂qkl

= 0, i = 1, 2, 3, (12)

T̂αF = εαβγtγ
∂F
∂tβ

+ εβγμqαμ
∂F

∂qβμ
= 0, i = 1, 2, 3, (13)

Q̂βμF = −εαβγqγμ
∂F
∂sα

− εαμγqβγ
∂F
∂tα

= 0, β, μ = 1, 2, 3. (14)

Since the first six equations of the latter system are the same as (6)-(7), a
set of functionally independent invariants of the contraction g does provide us
with solutions for the missing label problem with respect to the su(2) × su(2)
subalgebra. It makes therefore sense to look for a maximal set of indepen-
dent functions obtained from the Casimir operators of su(4), the subalgebra
and the contraction, and study whether these are sufficient to find the missing
operators. Actually, the invariants of g can be determined by a limiting pro-
cedure from the Casimir operators of su(4). The quadratic Casimir operators
of su(2) × su(2) are immediate:

C21 = sαsα, C22 = tβt
β.

Over the given basis, the (unsymmetrized) Casimir operators can be easily
determined using the classical trace method [13, 14], and can be taken as
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follows:

C2 = sαsα + tβtβ + 4qαβq
αβ,

C3 = sαtβq
αβ − 4εijkεαβγqiαqjβqkγ,

C4 = 16
{
ε2

αβγ(q
2
αβ

(
q2
αγ + q2

γβ

)
+ 2q2

αα

(
q2
αγ + q2

βα

) − 2qααqαβqγαqγβ+

3q2
αβ

(
q2
γα + q2

γγ

)
) +

∑
a<β

(
3
(
q2
ααq2

ββ + q2
αβq

2
βα

)− 2qααqββqαβqβα

)}
+

+ 16q4
αβ + (sαsα)2 +

(
tβt

β
)2

+ 3sαsαtβt
β + 23q2

αβ

(
sαsα + tβt

β
)

+

+ 4 {tαtβqγαqγβ + sαsβqαγqβγ − εαβγεμνρsμtαqνβqργ} .

To obtain the contraction of the invariants, we use the standard procedure
developed. Expressing the invariants C2, C3, C4 over the transformed basis B ′,
we obtain polynomials in the contraction parameter t. More specifically, we
get2

C2(si, tα, qαβ) = t2C ′
2 + l.o.t.,

C3(si, tα, qαβ) = t3C ′
3 + l.o.t.,

C4(si, tα, qαβ) = t4C ′
4 + l.o.t.,

where

C ′
2 = 4qαβqαβ,

C ′
3 = −4εijkεαβγqiαqjβqkγ,

C ′
4 = 16

{
ε2

αβγ(q
2
αβ

(
q2
αγ + q2

γβ

)
+ 2q2

αα

(
q2
αγ + q2

βα

)− 2qααqαβqγαqγβ + q4
αβ+

3q2
αβ

(
q2
γα + q2

γγ

)
) +

∑
a<β

(
3
(
q2
ααq2

ββ + q2
αβq

2
βα

) − 2qααqββqαβqβα

)}
.

The polynomials C ′
l are the result of a limiting process factoring through the

highest power of t:

C ′
l = lim

t→∞
Cl(si, tα, qαβ)/t

l, l = 2, 3, 4. (15)

These are actually Casimir operators of the contraction g, and they are easily
seen to be independent.3 In particular, these functions are solutions of the
system (6)-(7), as observed before. Since

C2 −C ′
2 = C21 + C22,

2The abbreviation l.o.t. means lower order terms in the variable t.
3The fact that these invariants do not depend on the variables of the subalgebra su(2)×

su(2) is a consequence of the Levi decomposition of the contraction [15].
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at most seven of the functions {C2, C3, C4, C
′
2, C

′
3, C

′
4, C21, C22} are functionally

independent. To prove this fact, we compute the Jacobian with respect to the
variables {s2, s3, t1, t2, q11, q12, q23} and get

∂(C21, C2, C3, C4, C
′
2, C

′
3, C

′
4)

∂(s2, s3, t1, t2, q11, q12, q23)
�= 0. (16)

It is a maximal set of independent functions among the invariants of the
intervening Lie algebras. In fact, the two remaining solutions to obtain a
complete set of solutions of (6)-(7) must depend on the variables of su(2) ×
su(2), because the invariants of g exhaust the solutions depending only on the
qαβ variables.4 However, seven solutions is the number of operators needed
to solve the missing label problem. It remains to see that with the help of
{C ′

2, C
′
3, C

′
4} we can extract from this set two commuting operators that solve

the labelling problem. It is clear that such an operator must have at least
order three. Taking the difference of the cubic invariants of su(4) and g, we
obtain

C3 −C ′
3 = sαtβqαβ. (17)

But this is exactly the operator Ω found by Moshinsky and Nagel in [7]. Ac-
tually Ω corresponds to the part of C3 that disappears by the limiting process
(15). Indeed, over the transformed basis B ′ we have

C3 = t3C ′
3 + tΩ. (18)

Following [7] and [8], the operator Ω commutes with the fourth order operator
Φ defined by

Φ = SiSjQiαQjα + QiαQiβTαTβ − εijkεαβγSiTαQjβQkγ (19)

If the set {C2, C3, C4, C
′
2, C

′
3, C

′
4, C21} solves the missing label problem, then the

unsymmetrized operator Φ must be obtainable from it. With some algebraic
manipulation we arrive at the expression

Φ =
1

4

{
C4 − C ′

4 + C2
21 − C2

2 + C ′2
2 + C21 (C ′

2 − C2)
}

, (20)

we thus recover both operators without having used the enveloping algebra of
su(4). The interpretation of this is analogous to the previous: Φ corresponds
to a part of C4 that disappears during the contraction and is independent on

4This is easily seen by considering the subsystem of (6)-(7) involving only the latter
variables. Computing the rank of this subsystem following the procedure developed in [15],
we get that at most three solutions of (6)-(7) are functions of the variables qαβ only. See
also [16].
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the lower order Casimir operators of su(4) and su(2)×su(2). This is seen more
clearly if we simplify expression (20) to:

Φ =
1

4
{C4 − C ′

4 − {(C21 + C22)(2C
′
2 + C21 + C22)}} . (21)

The last term in the r.h.s is a combination of the quadratic Casimir operators
of su(2)× su(2) and the contraction g. If we express now the operator C4 over
the basis B ′, we get:

C4 = t4C ′
4 + 4t2Φ +

{
(C21 + C22)(2t

2C ′
2 + C21 + C22)

}
. (22)

This means that the missing label operator Φ is contained in the quadratic
term, and therefore disappears when taking the limit (15). We have there-
fore proven that the set {C2, C3, C4, C

′
2, C

′
3, C

′
4, C21} is sufficient to completely

solve the missing label problem for the Wigner supermultiplet, and that these
operators arise from the intrinsic structure of the reduction chain considered.

3 Conclusions

It has been pointed out that in order to solve the Wigner supermultiplet
model, it is not necessary to compute su(2) × su(2) scalars in the envelop-
ing algebra of su(4). This method, although effective in applications, does
not take into account the properties of the immersion of su(2) × su(2) into
su(4), more specifically the contraction determined by it. It is more natu-
ral to think that the information needed to solve the labelling problem must
be obtainable in some manner from the reduction chain su(2) × su(2) ⊂
su(4). As expected, the needed additional missing label operators are de-
termined by the Casimir operators of su(4), the subalgebra su(2) × su(2)
and the contraction g = (su(2) × su(2))−→⊕D1⊗D19L1 induced by the non-
canonical embedding. Although the procedure does not provide all m = 4
available operators, it provides the n = 2 necessary independent operators
from (4), and therefore allows to solve the state labelling problem completely.
Moreover, it follows from (19) that the second pair of commuting operators
{SiSjQiαQjα, QiαQiβTαTβ} correspond to the first two terms of (19), and
coincide with those considered in [12].5 This means that we could get a
complete set of solutions for system of PDEs (6)-(7) by completing the set
of seven invariants {C2, C3, C4, C

′
2, C

′
3, C

′
4, C21} with either the two functions

{sisjqiαqjα, εijkεαβγsitαqjβqkγ} or {qiαqiβtαtβ , εijkεαβγsitαqjβqkγ}. Even if the
two latter sets do not correspond to invariants of the intervening Lie algebras,
they appear as terms in the found operators. However, these do not have a
precise meaning with respect to the three Lie algebras used.

5These operators were first determined in [8].
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It remains to decide which of the two inequivalent set of commuting miss-
ing label operators is physically more relevant. The set formed by {Ω, Φ} has
the advantage of being completely determined by the structure of the embed-
ding su(2) × su(2) ⊂ su(4), therefore being a natural choice, while the second
pair cannot be directly inferred from the reduction chain and the associated
Inönü-Wigner contraction. Further, the procedure developed here has an in-
teresting interpretation, namely, that the terms of a Casimir operator that get
lost during a contraction inherit a meaning as solutions of the corresponding
missing label problem. This also ensures commutativity. In some sense, the
labelling problem for different physically important groups can therefore be
completely solved by analyzing the contractions of the invariants, avoiding the
always cumbersome computations in the enveloping algebra. The procedure
can be generalized naturally to higher unitary algebras

The method has been tested successfully for other reduction chains used
in nuclear physics. In particular, the procedure offers an immediate solution
for the case of one missing label like the classical so(3) ⊂ su(3) or su(3) ⊂ G2

chains.
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