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Abstract

A probabilistic protocol to teleport a kind of N -qubit entangled state
is proposed. The protocol, in comparison with others’, is economical in
the sense that, for any N ≥ 2, only a single nonmaximally entangled
qubit-pair, i.e., the minimum nonlocal quantum resource, is used as
the quantum channel. An analytical expression for the total success
probability is derived which shows an explicit dependence on N .
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1. Introduction

Imagine a situation when someone called Alice is given a single unknown quan-

tum bit (qubit) state |ϕ〉 = x |0〉 + y |1〉 and she is asked to let only Bob, a

remote partner of her, get the state. Alice might try to learn the exact val-

ues of {x, y} and then sends those to Bob via a secure channel (say, by an

encrypted message). However, this is impossible since quantum information is

inaccessible: any attempt to identify |ϕ〉 will destroy it. Alternatively, Alice

might choose to physically send the qubit itself to Bob. Yet, this is not a good

idea either because the qubit during the transmission easily suffers a damage
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Le, Ba Dinh, Hanoi, Vietnam



490 Nguyen Ba An

due to interaction with the environment and, worse still, a third party could

capture it en route, etc.

In 1993 the posed problem was surprisingly solved by Bennett et al. [1]

by means of a quantum protocol called teleportation which exploits the dual

usage of both the usual classical communication channel and the special re-

source called quantum channel in terms of entangled states a priori shared

between Alice and Bob. Since teleportation is one of the main paradigms

in quantum information processing serving as an important ingredient in dis-

tributed quantum networks as well as an elementary operation in quantum

computers, there have been a good deal of papers devoted to it. One line of

intensive research is to find out ways to teleport multiqubit entangled states

between two parties [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] or within a multi-

party network [14, 15, 16, 17, 18, 19]. If maximally entangled states are served

as the quantum channel, one can achieve both unit fidelity and unit success

probability. However, in practice maximally entangled states are difficult to

be distributed among remote parties. Therefore, studying teleportation via

quantum channels in terms of nonmaximally entangled states has deserved a

special attention from a practical point of view [20, 21, 22, 23, 24, 25]. The

price to pay for employing nonmaximally entangled resources is that, although

the quantum state may be teleported intact, the success is only probabilistic.

In this work we propose an economical protocol using nonmaximally en-

tangled as the quantum channel to teleport an entangled state of N qubits

A1, A2, ...AN of the form

|ϕ〉A1A2...AN
= (x |00...0〉 + y |11...1〉)A1A2...AN

(1)

where no knowledge of x and y, except for the normalization condition |x|2 +

|y|2 = 1, is known. For clarity we consider the case of N = 2 in a separate sec-

tion, section 2. The generalized treatment of an arbitrary N ≥ 2 is presented

in section 3. Section 4 is the conclusion.

2. The N = 2 case

Since the N = 2 case was previously studied by several authors [4, 5, 6, 11, 12,

13, 17, 20, 21, 22], we would like to revisit this setting in this section to make

clear the important difference between our and others’ protocols. Suppose that

Alice is given a unknown entangled state |ϕ〉A1A2
of two qubits A1, A2,

|ϕ〉A1A2
= (x |00〉 + y |11〉)A1A2

, (2)

and she is asked to teleport that state to a remote partner Bob. Suggested by

the original idea of teleportation [1] we are aware of the fact that Alice’s task

could be accomplished if she a priori shares with Bob some appropriate, either
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maximally [4, 5, 6, 11, 12, 13, 17] or nonmaximally [20, 21, 22], entangled

resource. Concerning the quantum channel based on nonmaximally entangled

resources, in Ref. [20] two entangled qubit-pairs of the Einstein-Podolsky-

Rosen (EPR) kind [26]

|Φ〉A3B1
= (a |00〉 + b |11〉)A3B1

(3)

and

|Φ〉A4B2
= (c |00〉 + d |11〉)A4B2

, (4)

where qubits A3, A4 are with Alice and qubits B1, B2 with Bob, were used. Dif-

ferently from Ref. [20], the authors of Refs. [21] and [22] utilized a three-qubit

entangled state as the quantum channel. While Ref. [21] used a Greenberger-

Horne-Zeilinger (GHZ) kind state [27] of the form

|g〉A3B1B2
= (a |000〉 + b |111〉)A3B1B2

, (5)

Ref. [22] employed a W-kind state [28] of the form

|w〉A3B1B2
= (a |001〉 + b |010〉 + c |100〉)A3B1B2

. (6)

In Eqs. (5) and (6) qubit A3 (qubits B1, B2) are in Alice’s (Bob’s) possession.

As resources for building the quantum channel, i.e., the shared entangled

states, are expensive, the less the resource is consumed the better the protocol

is for any task of quantum information processing. In this sense, we now

propose an economical protocol to teleport the same state (2 ) by consuming

just a single entangled qubit-pair of the EPR kind, i.e., the cost of the quantum

channel is cheaper than in Refs. [20], [21] and [22] (in fact, it is the cheapest

possible). Note that the case of maximally entangled pair has been considered

recently in Refs. [11], [12] and [13], and here we extend it to the more practical

situation of nonmaximally entangled pair. For our convenience we use as the

quantum channel the following state

|Ψ〉A3B1
= (a |01〉 + b |10〉)A3B1

(7)

where the normalization coefficients a and b (a2 + b2 = 1) are known and as-

sumed to be real for simplicity. Also, without loss of generality, we suppose

that a2 > b2. Before presenting our protocol, let us introduce some necessary

notations. First, any single qubit X can be expanded in terms of two or-

thonormal eigenstates of a complete set of the two-dimensional Hilbert space.

Two such complete sets are {|i〉X} and {
∣∣∣̃i〉

X
} with i ∈ {0, 1}. The relations

between them are
|0〉X = a

∣∣∣0̃〉
X

+ b
∣∣∣1̃〉

X

|1〉X = b
∣∣∣0̃〉

X
− a

∣∣∣1̃〉
X

⎫⎬⎭ (8)
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and ∣∣∣0̃〉
X

= a |0〉X + b |1〉X∣∣∣1̃〉
X

= b |0〉X − a |1〉X

⎫⎬⎭ . (9)

Second, any two qubits X and Y can be expanded in terms of four orthonormal

eigenstates of a complete set of the four-dimensional Hilbert space. Two such

complete sets are {|ij〉XY } and {|Bij〉XY } with i, j ∈ {0, 1}. The states |Bij〉XY

are referred to as EPR states or Bell states. The relations between them are

|ij〉XY =
1√
2

(
|B0i⊕j〉 + (−1)i |B1i⊕j〉

)
XY

(10)

and

|Bij〉XY =
1√
2

(
|0j〉 + (−1)i |1j ⊕ 1〉

)
XY

, (11)

where ⊕ denotes an addition mod 2. In Eq. (11) i (j) specifies the phase

(parity) bit of the pair.

Our protocol for N = 2 goes as follows.

Step 1. Alice performs a Bell-state measurement jointly on qubits A2 and A3

with the outcome {i, j} if she finds |Bij〉A2A3
.

Step 2. Alice measures qubit A1 in the basis {
∣∣∣0̃〉

A1

,
∣∣∣1̃〉

A1

} with the outcome

k = 0 or k = 1 depending on whether
∣∣∣0̃〉

A1

or
∣∣∣1̃〉

A1

is found.

Step 3. Bob prepares an additional qubit B2 in state |0〉B2
and sends his qubit

B1 (served as the control qubit) and the additional qubit B2 (served as

the target qubit) through a controlled-NOT gate (CNOTB1B2) :

CNOTXY |p〉X |q〉Y = |p〉X |p ⊕ q〉Y with p, q ∈ {0, 1}.
Step 4. Alice publicly announces the total three-bit outcome {i, j, k} of her two

kinds of measurement described above. After hearing from Alice, Bob

should perform some proper action conditioned on {i, j, k} (to be speci-

fied below) to obtain an exact replica of Alice’s original state (2).

Let us now see in detail how the steps listed above work. With the use of
Eqs. (8) and (10) we can derive the total combined state |Θ〉A1A2A3B1B2

of the
five qubits A1, A2, A3, B1 and B2 after the CNOTB1B2 as

|Θ〉A1A2A3B1B2
= CNOTB1B2 |ϕ〉A1A2

|Ψ〉A3B1
|0〉B2

= |B01〉A2A3

∣∣∣0̃〉
A1

|Φ010〉B1B2
+ |B11〉A2A3

∣∣∣0̃〉
A1

|Φ110〉B1B2

+ |B10〉A2A3

∣∣∣1̃〉
A1

|Φ101〉B1B2
− |B00〉A2A3

∣∣∣1̃〉
A1

|Φ001〉B1B2

+ |B11〉A2A3

∣∣∣1̃〉
A1

|Φ111〉B1B2
+ |B01〉A2A3

∣∣∣1̃〉
A1

|Φ011〉B1B2

+ |B00〉A2A3

∣∣∣0̃〉
A1

|Φ000〉B1B2
− |B10〉A2A3

∣∣∣0̃〉
A1

|Φ100〉B1B2
(12)
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where

|Φ010〉B1B2
=

ab√
2

(x |00〉 + y |11〉)B1B2
, (13)

|Φ110〉B1B2
=

ab√
2

(x |00〉 − y |11〉)B1B2
, (14)

|Φ101〉B1B2
=

ab√
2

(y |00〉 + x |11〉)B1B2
, (15)

|Φ001〉B1B2
=

ab√
2

(y |00〉 − x |11〉)B1B2
, (16)

|Φ111〉B1B2
=

1√
2

(
b2x |00〉 + a2y |11〉

)
B1B2

, (17)

|Φ011〉B1B2
=

1√
2

(
b2x |00〉 − a2y |11〉

)
B1B2

, (18)

|Φ000〉B1B2
=

1√
2

(
b2y |00〉 + a2x |11〉

)
B1B2

, (19)

|Φ100〉B1B2
=

1√
2

(
b2y |00〉 − a2x |11〉

)
B1B2

. (20)

Clearly from Eqs. (12) and (20), if Alice obtains the outcome {i, j, k} =

{0, 1, 0}, with a probability p010 = a2b2/2, the state of Bob’s qubits B1, B2

collapses into (x |00〉+y |11〉)B1B2 , which is nothing else but an exact replica of

the desired state. Likewise, if Alice’s outcome is {i, j, k} = {1, 1, 0}, {1, 0, 1} or

{0, 0, 1}, the state of qubits B1, B2 collapses into (x |00〉−y |11〉)B1B2 , (y |00〉+
x |11〉)B1B2 or (y |00〉 − x |11〉)B1B2 , respectively, with the same probability as

that for {i, j, k} = {0, 1, 0}, i.e., p110 = p101 = p001 = p010 = a2b2/2. Bob now

has to perform respectively on B1 and B2 the operation u
(1)
B1B2

= IB2 ⊗ (σz)B1 ,

u
(2)
B1B2

= (σx)B2 ⊗ (σx)B1 or u
(3)
B1B2

= (σx)B2 ⊗ (iσy)B1 (I the identity operator

and σx,y,z the Pauli operators), to get them to be in the desired state.

Regarding the four rest Alice’s measurement outcomes, more complicated

action needs be done by Bob. Namely, if {i, j, k} = {1, 1, 1}, Bob’s qubits

B1, B2 are projected onto the state |Φ111〉B1B2
(unnormalized). In this case,

Bob prepares an ancilla B3 in state |0〉B3
, and applies on B1 and B3 a unitary

two-qubit operator VB1B3(b
2/a2), where VXY (ξ) is defined by

VXY (ξ) =

⎛⎜⎜⎜⎜⎝
1 0 0 0

0 ξ −√
1 − ξ2 0

0
√

1 − ξ2 ξ 0

0 0 0 1

⎞⎟⎟⎟⎟⎠ (21)
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in the basis {|00〉XY , |01〉XY , |10〉XY , |11〉XY }. Note that the operator VXY (ξ)

can be engineered by one controlled-ROTATION (CROT) sandwiched between

two CNOTs as follows

VXY (ξ) = CNOTXY CROTY X(ξ)CNOTXY (22)

where

CROTY X(ξ) = |p〉X |q〉Y = (Rq(ξ) |p〉X) |q〉Y (23)

with R0(ξ) ≡ I the identity operator and

R1(ξ) ≡ R(ξ) =

(
cos θ − sin θ

sin θ cos θ

)
(24)

with cos θ = ξ representing a formal rotation by an angle θ in the two-

dimensional Hilbert space. It is straightforward to verify that

VB1B3(b
2/a2) |Φ111〉B1B2

|0〉B3
=

b2

√
2

(x |00〉 + y |11〉)B1B2
|0〉B3

+

√
a4 − b4

2
y |01〉B1B2

|1〉B3
. (25)

Transparently, if Bob subsequently measures qubit B3 in the basis {|0〉B3
, |1〉B3

}
and finds it in state |1〉B3

, the teleportation fails, since B1 and B2 are pro-

jected onto a product state. Nevertheless, if Bob finds |0〉B3
, he readily gets

B1 and B2 in the desired state without doing anything more. The probability

of that successful event is p111 = b4/2. Likewise, if {i, j, k} = {0, 1, 1}, {0, 0, 0}
or {1, 0, 0}, the state of Bob’s qubits B1, B2 collapses into |Φ011〉B1

, |Φ000〉B1

or |Φ100〉B1
, respectively. Bob applies the same unitary operation VB1B3(b

2/a2)

on qubits B1 and B3 as in the case of {i, j, k} = {1, 1, 1}, but this time, after

finding |0〉B3
, he has to perform on B1 and B2 the operations u

(1)
B1B2

, u
(2)
B1B2

or u
(3)
B1B2

, respectively, to complete the task. The probability of each of those

successful events is the same as p111, i.e., p011 = p000 = p100 = p111 = b4/2.

Therefore, the success probability of the whole protocol is P =
∑1

i,j,k=0 pijk =

4(a2b2/2 + b4/2) = 2(a2 + b2)b2 = 2b2.

In this protocol, a three-bit classical information of Alice’s measurement

outcome to be sent to Bob is fine. However, as can be seen from above, the

application of VB1B3(b
2/a2) depends on the value of j ⊕ k. This observation

suggests a way to economize the classical communication cost (CCC) as follows.

For those events, when {i, j, k} = {0, 1, 0}, {1, 1, 0}, {1, 0, 1} or {0, 0, 1} (i.e.,

when j⊕k = 1), Alice can simply send Bob just two bits {i, j}. After receiving

such a two-bit message Bob knows that he does not need any ancilla and he
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is still able to proceed to a success basing on the two received bits. Only

in the cases of {i, j, k} = {1, 1, 1}, {0, 1, 1}, {0, 0, 0} or {1, 0, 0} (i.e., when

j ⊕ k = 0), Alice needs to send Bob a three-bit message {i, j, l} (note that

the value of the last bit l of the message is not important, just its presence

is). When Bob receives such a three-bit message, he knows that he needs an

additional ancilla B3 and a performance of VB1B3 followed by a von Neumann

measurement on qubit B3 to complete the task basing on the first two bits of

the three-bit message he has received. By doing so the average CCC reduces

from 3 to 2.5 bits per teleported state. Such a saving of CCC is worthy when

there arises a necessity of teleporting a large number of states (2).

3. The case of an arbitrary N

In this section we propose a generalized protocol to teleport an unknown N -

qubit state of the form (1) for an arbitrary N ≥ 2. As will be seen, the

procedure/result for N > 2 is quite different from that for N = 2. However,

we shall show that the task for N > 2 can still be accomplished by using the

same two-qubit nonmaximally entangled quantum channel (7) which in this

case is between qubits AN+1 and B1, i.e.,

|Ψ〉AN+1B1
= (a |01〉 + b |10〉)AN+1B1

(26)

of which qubit AN+1 is with Alice and qubit B1 is with Bob. By virtue of the

relation (10) the total system state |T 〉 = |ϕ〉A1...AN
|Ψ〉AN+1B1

can be rewritten

in the form

|T 〉 = |B00〉AN AN+1
|Ω00〉A1...AN−1B1

+ |B01〉ANAN+1
|Ω01〉A1...AN−1B1

+ |B10〉ANAN+1
|Ω10〉A1...AN−1B1

+ |B11〉AN AN+1
|Ω11〉A1...AN−1B1

(27)

where

|Ω00〉A1...AN−1B1
=

1√
2

(
ax |0...0〉A1...AN−1

|1〉B1
+ by |1...1〉A1...AN−1

|0〉B1

)
,

(28)

|Ω01〉A1...AN−1B1
=

1√
2

(
bx |0...0〉A1...AN−1

|0〉B1
+ ay |1...1〉A1...AN−1

|1〉B1

)
,

(29)

|Ω10〉A1...AN−1B1
=

1√
2

(
ax |0...0〉A1...AN−1

|1〉B1
− by |1...1〉A1...AN−1

|0〉B1

)
,

(30)
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|Ω11〉A1...AN−1B1
=

1√
2

(
bx |0...0〉A1...AN−1

|0〉B1
− ay |1...1〉A1...AN−1

|1〉B1

)
.

(31)

On the other hand, by virtue of the relation (8) we have

|0...0〉A1...AN−1
=

N−1∑
k=0

Ck

∣∣∣0̃; k
〉

A1...AN−1

, (32)

|1...1〉A1...AN−1
=

N−1∑
k=0

Dk

∣∣∣0̃; k
〉

A1...AN−1

(33)

with

Ck =

√√√√ (N − 1)!

k!(N − 1 − k)!
akbN−1−k, (34)

Dk =

√√√√ (N − 1)!

k!(N − 1 − k)!
bk(−a)N−1−k (35)

and
∣∣∣0̃; k

〉
A1...AN−1

being the completely symmetric normalized state of N − 1

qubits of which there are k qubits in state
∣∣∣0̃〉 and the rest N − 1 − k qubits

in state
∣∣∣1̃〉. For example,

∣∣∣0̃; 0〉
A1...AN−1

=
∣∣∣1̃, 1̃, ..., 1̃〉

A1...AN−1

,
∣∣∣0̃; 1

〉
A1...AN−1

=

(
∣∣∣0̃, 1̃, ..., 1̃〉+∣∣∣1̃, 0̃, ..., 1̃〉+...+

∣∣∣1̃, 1̃, ..., 0̃〉)A1...AN−1
/
√

N − 1, ...,
∣∣∣0̃; N − 1

〉
A1...AN−1

=
∣∣∣0̃, 0̃, ..., 0̃〉

A1...AN−1

. Substituting (32) and (33) into (31) and then into (27)

yields

|T 〉 =
|B00〉ANAN+1√

2

[
N−1∑
k=0

(
Dkby |0〉B1

+ Ckax |1〉B1

) ∣∣∣0̃; k
〉

A1...AN−1

]

+
|B01〉AN AN+1√

2

[
N−1∑
k=0

(
Ckbx |0〉B1

+ Dkay |1〉B1

) ∣∣∣0̃; k
〉

A1...AN−1

]

−|B10〉AN AN+1√
2

[
N−1∑
k=0

(
Dkby |0〉B1

− Ckax |1〉B1

) ∣∣∣0̃; k
〉

A1...AN−1

]

+
|B11〉AN AN+1√

2

[
N−1∑
k=0

(
Ckbx |0〉B1

− Dkay |1〉B1

) ∣∣∣0̃; k
〉

A1...AN−1

]
.(36)

Analyzing the structure of the expression (36) suggests the following pro-

tocol.

Step 1. First, Alice performs a Bell-state measurement jointly on qubits AN and

AN+1 with the outcome {i, j} if she finds |Bij〉ANAN+1
.
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Step 2. Then, Alice measures all qubits An, with n = 1, 2, . . . , N −1, each in its

own basis {
∣∣∣0̃〉

An
,
∣∣∣1̃〉

An
}, with the outcome k ∈ {0, 1, ..., N − 1}, where

k is the number of the qubits An which are found in state
∣∣∣0̃〉

An
(Note

the different meaning of k here and k in the previous section).

Step 3. Next, Bob locally prepares N−1 additional qubits Bn, with n = 2, 3, ..., N,

all in state |0〉Bn
, and applies the multiple CNOT gates CNOTB1BN

⊗
...⊗CNOTB1B3⊗CNOTB1B2 on the qubit-pairs {B1, B2}, {B1, B3}, ...,

{B1, Bn}.

Step 4. Finally, Alice publicly announces Bob her measurement outcome {i, j, k}
and Bob will perform some proper action conditioned on {i, j, k} (to be

specified below) to obtain an exact replica of Alice’s original multiqubit

entangled state (1).

To specify which proper actions Bob should follow in Step 4 after receiving

Alice’s outcome {i, j, k}, let us first establish the relations between the relevant

quantities entering Eq. (36). Making use of (34) and (35) we have

|Cka| < |Dkb| for 0 ≤ k ≤ N−4
2

|Cka| = |Dkb| for k = N−2
2

|Cka| > |Dkb| for N
2
≤ k ≤ N − 1

⎫⎪⎬⎪⎭ , (37)

|Ckb| < |Dka| for 0 ≤ k ≤ N−2
2

|Ckb| = |Dka| for k = N
2

|Ckb| > |Dka| for N+2
2

≤ k ≤ N − 1

⎫⎪⎬⎪⎭ (38)

for even N = 2, 4, 6, ..., and

|Cka| < |Dkb| for 0 ≤ k ≤ N−3
2

|Cka| > |Dkb| for N−1
2

≤ k ≤ N − 1

}
, (39)

|Ckb| < |Dka| for 0 ≤ k ≤ N−1
2

|Ckb| > |Dka| for N+1
2

≤ k ≤ N − 1

}
(40)

for odd N = 3, 5, 7, .... As the expression (36) indicates, there are four possible

situations of Alice’s outcome {i, j}.

(1) {i, j} = {0, 0}.

(1a) If N is even (odd) and 0 ≤ k ≤ N−4
2

(0 ≤ k ≤ N−3
2

), Bob pre-

pares an ancilla BN+1 in state |0〉BN+1
, performs on B1 and BN+1
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a unitary operator UB1BN+1
(Cka/Dkb), which in the basis {|00〉XY ,

|01〉XY , |10〉XY , |11〉XY }, is defined by

UXY (ξ) =

⎛⎜⎜⎜⎜⎝
ξ 0 0

√
1 − ξ2

0 1 0 0

0 0 1 0√
1 − ξ2 0 0 −ξ

⎞⎟⎟⎟⎟⎠ , (41)

followed by measuring BN+1 in the basis {|0〉BN+1
, |1〉BN+1

}. Note

that, different from VXY (ξ) in (21), here the operator UXY (ξ) can

be engineered by one CROT, two CNOTs and two NOTs as

UXY (ξ) = CNOTXY NOTY CROTY X(ξ)NOTY CNOTXY (42)

where CROT acts as in (23) but with

R(ξ) =

(
cos θ sin θ

sin θ − cos θ

)
(43)

and NOTY |p〉Y = |p ⊕ 1〉Y . As a result of the operator

UB1BN+1
(Cka/Dkb), Bob’s N + 1 qubits B1, B2, ..., BN+1 are trans-

formed to the state

Cka√
2

(
y |00...0〉B1B2...BN

+ x |11...1〉B1B2...BN

)
|0〉BN+1

+

√
D2

kb
2 − C2

ka
2

2
y |10...0〉B1B2...BN

|1〉BN+1
. (44)

The expression (44) implies that when Bob measures BN+1 and

finds |1〉BN+1
the teleportation fails. But, if Bob finds |0〉BN+1

,

with a probability of C2
ka2/2, he is left with the state (y |00...0〉 +

x |11...1〉)B1B2...BN
, which he can convert to the desired state (1) by

applying u
(2)
B1B2...BN

= ⊗N
n=1(σx)Bn on the qubits B1, B2, ..., BN .

(1b) If N is even and k = N−2
2

, Bob needs no ancillas and simply applies

u
(2)
B1B2...BN

on the qubits B1, B2, ..., BN to accomplish the task, with

a success probability of C2
(N−2)/2a

2/2 = D2
(N−2)/2b

2/2.

(1c) If N is even (odd) and N
2

≤ k ≤ N − 1 (N−1
2

≤ k ≤ N − 1),

Bob needs an ancilla BN+1 in state |0〉BN+1
, but this time he has to

perform on B1 and BN+1 the unitary operation VB1BN+1
(Dkb/Cka)

(see the definition (21)), followed by measuring BN+1. If Bob finds

BN+1 in state |0〉BN+1
, with a probability of D2

kb
2/2, he applies

u
(2)
B1B2...BN

on B1, B2, ..., BN to successfully complete the task.
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The total success probability for the case {i, j} = {0, 0} is therefore

P00(N) =

⎧⎨⎩
1
2

∑(N−2)/2
k=0 C2

ka
2 + 1

2

∑N−1
k=N/2 D2

kb
2 for N even

1
2

∑(N−3)/2
k=0 C2

ka2 + 1
2

∑N−1
k=(N−1)/2 D2

kb
2 for N odd

.

(45)

(2) {i, j} = {0, 1}.

(2a) If N is even (odd) and 0 ≤ k ≤ N−2
2

(0 ≤ k ≤ N−1
2

), Bob prepares

an ancilla BN+1 in state |0〉BN+1
, and performs on B1 and BN+1 the

unitary operation VB1BN+1
(Ckb/Dka), followed by measuring BN+1.

If he finds BN+1 in state |0〉BN+1
, with a probability of C2

kb2/2, he

readily gets B1, B2, ..., BN in the desired state.

(2b) If N is even and k = N
2
, Bob automatically obtains the desired

state without any ancillas. The probability of this successful event

is C2
N/2b

2/2 = D2
N/2a

2/2.

(2c) If N is even (odd) and N+2
2

≤ k ≤ N − 1 (N+1
2

≤ k ≤ N − 1),

Bob needs an ancilla BN+1 in state |0〉BN+1
, but this time he has to

perform on B1 and BN+1 the unitary operation UB1BN+1
(Dka/Ckb)

(see the definition (41)), followed by measuring BN+1. If he finds

BN+1 in state |0〉BN+1
, with a probability of D2

ka
2/2, the state of

his qubits B1, B2, ..., BN turns out to be nothing else but an exact

replica of (1).

The total success probability for the case {i, j} = {0, 1} is therefore

P01(N) =

⎧⎨⎩
1
2

∑(N−2)/2
k=0 C2

kb
2 + 1

2

∑N−1
k=N/2 D2

ka
2 for N even

1
2

∑(N−1)/2
k=0 C2

kb2 + 1
2

∑N−1
k=(N+1)/2 D2

ka
2 for N odd

.

(46)

(3) {i, j} = {1, 0}.

(3a) If N is even (odd) and 0 ≤ k ≤ N−4
2

(0 ≤ k ≤ N−3
2

), Bob prepares

an ancilla BN+1 in state |0〉BN+1
, performs on B1 and BN+1 the

unitary operation UB1BN+1
(Cka/Dkb), followed by measuring BN+1

to find it in state |0〉BN+1
, with a probability of C2

ka2/2, and then

applies u
(3)
B1B2...BN

= ⊗N
n=2(σx)Bn ⊗ (iσy)B1 on B1, B2, ..., BN to get

them to be in the desired state.

(3b) If N is even and k = N−2
2

, Bob needs no ancillas and simply applies

u
(3)
B1B2...BN

on B1, B2, ..., BN to accomplish the task, with a success

probability of C2
(N−2)/2a

2/2 = D2
(N−2)/2b

2/2.
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(3c) If N is even (odd) and N
2

≤ k ≤ N − 1 (N−1
2

≤ k ≤ N − 1),

Bob needs an ancilla BN+1 in state |0〉BN+1
, but this time he has to

perform on B1 and BN+1 the unitary operation VB1BN+1
(Dkb/Cka),

followed by measuring BN+1 to find it in state |0〉BN+1
, with a prob-

ability of D2
kb

2/2, and then applies u
(3)
B1B2...BN

on B1, B2, ..., BN to

complete the task.

Clearly, the total success probability for the case {i, j} = {1, 0} is the

same as that for {i, j} = {0, 0}, i.e., P10(N) = P00(N).

(4) {i, j} = {1, 1}.

(4a) If N is even (odd) and 0 ≤ k ≤ N−2
2

(0 ≤ k ≤ N−1
2

), Bob prepares

an ancilla BN+1 in state |0〉BN+1
, and performs on B1 and BN+1 the

unitary operation VB1BN+1
(Ckb/Dka), followed by measuring BN+1.

If he finds BN+1 in state |0〉BN+1
, with a probability of C2

kb2/2, he

applies on B1, B2, ..., BN the operator u
(1)
B1B2...BN

= ⊕N
n=2IBn⊗(σz)B1

to transform them to the desired state.

(4b) If N is even and k = N
2
, Bob needs no ancillas but needs to apply

u
(1)
B1B2...BN

on B1, B2, ..., BN to accomplish the task. The probability

of this event is C2
N/2b

2/2 = D2
N/2a

2/2.

(4c) If N is even (odd) and N+2
2

≤ k ≤ N − 1 (N+1
2

≤ k ≤ N − 1),

Bob needs an ancilla BN+1 in state |0〉BN+1
, but this time he has to

perform on B1 and BN+1 the unitary operation UB1BN+1
(Dka/Ckb),

followed by measuring BN+1. If he finds BN+1 in state |0〉BN+1
,

with a probability of D2
ka

2/2, he will get an exact replica of (1)

after operating u
(1)
B1B2...BN

on B1, B2, ..., BN .

Clearly, the total success probability for the case {i, j} = {1, 1} is the

same as that for {i, j} = {0, 1}, i.e., P11(N) = P01(N).

From the above detailed analysis, the overall success probability P (N) =∑1
i,j=0 Pij(N) is given by

P (N) =

⎧⎨⎩
∑(N−2)/2

k=0 C2
k +

∑N−1
k=N/2 D2

k for N even∑(N−3)/2
k=0 C2

k + 2b2C2
(N−1)/2 +

∑N−1
k=(N+1)/2 D2

k for N odd
.

(47)

In Eq. (47) the relation C2
(N−1)/2 = D2

(N−1)/2 for odd N was used. From Eq.

(47) we have explicitly

P (2) = 2b2, in accordance with the result in section 2,
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Figure 1: Downwards are the total success probabilities P (N) as a function

of b2 for N = 2, N = 3 (4), N = 5 (6), N = 7 (8), N = 9 (10), N = 11 (12),

N = 13 (14) and N = 15 (16).

P (3) = P (4) = 2(3 − 2b2)b4,

P (5) = P (6) = 2(10 − 15b2 + 6b4)b6,

P (7) = P (8) = 2(35 − 84b2 + 70b4 − 20b6)b8,

P (9) = P (10) = 2(126 − 420b2 + 540b4 − 315b6 + 70b8)b10,

... = ...

Figure 1 plots P (N) for some values of N as a function of b2 when b2 varies

from 0 to 1/2. As can be expected, for any N ≥ 2, P (N) approaches one

(zero) in the limit b2 → 1/2 (0), corresponding to the maximally entangled

(unentangled) quantum channel. But, for a nonmaximally entangled channel,

i.e., for a given value of b2 such that 0 < b2 < 1/2, the total success probability

P (N) depends strongly on N as is visual from Fig. 1.

In passing we would like to emphasize that the generalization from N = 2

to N > 2 is not trivial. As seen from above, the N = 2 case is recovered by

the generalized case in the situations (1b), (1c), (2a), (2b), (3b), (3c), (4a)

and (4b) in which only the transformation of the kind (21) may be needed.

However, the case of N > 2 may require use of transformations of both kinds

(21) and (41) since it also involves the situations (1a), (2c), (3a) and (4c).

Concerning the classical communication, in the generalized protocol it

would be fine if Alice sends Bob her measurement outcome in the form {i, j, k}
which guides Bob’s to carry out the correct actions. However, the averaged

CCC can be reduced as follows. When the case (1b), (2b), (3b) or (4b) occurs

Alice needs not reveal k, i.e., she can simply send Bob just a two-bit message
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in the form {i, j}. When Bob receives such a two-bit message he knows that

the ancilla BN+1 is not required and he is still able to unambiguously com-

plete the task basing on the two received bits. Only in the remaining cases

Alice needs to send Bob her measurement outcome in the full form {i, j, k}.
After receiving such a full form message, Bob knows that he needs the ancilla

BN+1 and a performance of either UB1BN+1
or VB1BN+1

depending on the case

to achieve the final goal.

4. Conclusion

We have proposed a protocol to teleport a kind of N -qubit entangled state

of the form (1) using minimum quantum resource by means of only a sin-

gle nonmaximally entangled qubit-pair as the quantum channel. For N = 2,

in comparison with Ref. [20], the advantage of our protocol is obvious since

the second entangled qubit-pair in Ref. [20] is superfluous. Our protocol

is also superior to those in Refs. [21] and [22] because generation and dis-

tribution of tripartite entanglement is more expensive than generation and

distribution of bipartite entanglement. For an arbitrary N > 2 the protocol

is more involved requiring use of both kinds of two-qubit transformations (21)

and (41) in general. We have analytically derived the total success probabil-

ity P (N) for any N ≥ 2 which turns out to depend on N. We have found

out that, for N = 2, P (2) = 2b2, as it should be in accordance with the re-

sult obtained separately in Section 2, and for N > 2, the following relation

P (2M +1) = P (2M +2) > P (2M ′ +1) = P (2M ′ +2), with M, M ′ = 1, 2, 3, ...

and M > M ′, holds. The clear difference from the case of maximally entan-

gled channel [13], in which P = 1 independent of N, is that here P ≤ 2b2 and

depends strongly on N. Concerning the cost of quantum channel resource, as

could be generally inferred from Refs. [20], [21] and [22], it would seem to be

N -dependent, i.e., for a given N, either N entangled qubit-pairs [20] or one

(N + 1)-qubit entangled state [21, 22] should be consumed. The worthy fea-

ture of our protocol is the use of only a single two-qubit entangled state as the

quantum channel independent of N. Thus, our protocol is the most economical

one regarding teleportation of the kind of N -qubit entangled state of the form

(1), because the cost of the nonlocal quantum resource is minimum.
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