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Abstract

The canonical covariant formalism (CCF) for the topologically mas-
sive theory in (2+1) dimensions is constructed. The theory is formulated
on the exterior algebra, then is naturally invariant under coordinates
transformations or diffeomorphisms. This model containing the Chern-
Simons terms is a higher derivative one, so in order to define canonical
momenta the Ostrogradski transformation is introduced. Starting from
the first order CCF, we find the second order canonical vierbein formal-
ism (CVF). The primary constraints obtained in the CCF are analyzed.
In the framework of the second order CVF the new constraints were
found. From the Hamiltonian density obtained in the CCF and by
making the space-time decomposition, the proper Hamiltonian in the
CVF is constructed. This is the correct Hamiltonian which generates
the time evolution of generic functional of fields and momenta.
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1 Introduction

Different quantum field theories in (2+1) dimensions have been investigated
with increasing interest in the last years. Several interesting problems are
present in the (2+1) dimensional planar physics [1]. Moreover, pure U(1)
and SU(N) Chern-Simons theories and topologically massive theory in (2+1)
dimensions were quantized by means of the Dirac formalism [2], and the con-
straint structure and the symmetry properties of the dynamical system were
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analyzed. The dynamical unitary and possible renormalizable topologically
massive three-dimensional gravity was also investigated [3]. The counting
power is established, and the theory is really 1-loop finite. This is an interest-
ing fact, however, renormalizability requires not only correct power counting,
but a concrete regularization to ensure that no anomalies appear.

In a previous work, the first-order forms of the complete nonlinear Einstein
plus Chern-Simons third-derivative-order action in both metric and dreibein
forms were studied.

The discovery of black holes by Bañados-Teitelboim-Zanelli (BTZ) [4] con-
siderably enhanced the interest in (2+1)-dimensional gravity models. However,
it is well known that general relativity in 2+1 dimensions does not have neither
propagating degrees of freedom nor Newtonian limit [5]. A physically inter-
esting modification of the (2+1)-dimensional general relativity that solves at
least some of these inconveniences is provided by the addition of the gravi-
tational Chern-Simons term to the usual Einstein-Hilbert term in the action.
This theory is usually called topologically massive gravity (TMG) [1].

The dynamical systems described in terms of higher derivatives have been
studied by several authors [6] and constitute an interesting problem of cur-
rent research in quantum field theory. Other motivation to consider this kind
of theories is due to the fact that by adding terms highly derived in the La-
grangian, they can be meant for regularizing ultraviolet divergences in the
quantum theory.

Therefore, the aim of the present paper is to study the topologically massive
(2+1) gravity theory from the group manifold point of view, by considering
a mathematical look in order to give the geometric picture for this model.
Since the theory is formulated on the exterior algebra, results naturally in-
variant under coordinates transformations or diffeomorphisms. In that sense,
the canonical exterior formalism is developed, with the intention of facilitating
a future quantification of the theory in the canonical framework, due to the
direct connection that this formalism has with the Dirac brackets, providing
an advantage with respect to other formalisms.

We construct the first and second order formalism and we give the con-
straints in this framework. In special, the second order Hamiltonian formalism
will be non trivial because the resulting Lagrangian density contains second
time derivatives. In the cases of non higher derivative terms [7] this is solved
by means of a partial integration. Due to the presence of the Lorentz-Chern-
Simons form, in a second order formalism it is not possible to obtain an action
with only first time derivatives on dreibeins. To eliminate the higher time
derivatives a convenient trick is to consider the Ostrogradski transformation
[8, 9, 10] in order to introduce canonical momenta. The problem of the presence
of odd-derivative order, i.e Chern-Simons terms in D = 3 was also analyzed in
Ref.[11].
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The CCF plays an important role, because of its more simple owing to
their compact structure. In particular, the CCF can be used as an interesting
formal mechanism to derive and analyze the set of the constraints. All the
properties and general demonstrations of the formalism have validity in our
particular model. On the other hand, the CCF does not define a standard
mechanical system in the sense that it is not proper Hamiltonian theory as
it is in the case of the CVF, which propagates data defined on an initial
surface Σ. The first question is that in the construction of the CCF, the
form brackets are introduced and they must be related to the usual Poisson
brackets defined in the CVF. Besides, it must be pointed out that the CCF
takes the exterior derivative as a form-observable and it does not have direct
analogue in the CVF. Thus, in the CCF the first class dynamical quantity
defined as the Hamiltonian density, is not the Hamiltonian which generates
the time evolution of generic functionals of fields and momenta. In practice,
the CVF can be recovered from the CCF by taking into this last formalism
some field equations of motion as constraints.

On the other hand, the second order formalism is unavoidable in the quan-
tization framework.

The paper is organized as follows. In section 2, we construct the first order
canonical covariant formalism (CCF) starting from the Lagrangian describing a
topologically massive (2+1) gravity. The set of primary constraints is analyzed,
and the Hamiltonian of the system is found. In section 3 we perform the
space-time decomposition to obtain the proper Hamiltonian, generator of time
evolution of generic functionals. In section 4, we leave the first order formalism
with the purpose of constructing the second order one, and we study the new
set of constraints obtained from the second order Lagrangian containing higher
derivative terms. Also in this case, the Hamiltonian as generator of time
evolution of generic functional is given. Finally, some properties of the Dirac
brackets are considered.

2 First-order canonical covariant formalism

In the first order geometrical formalism the dynamics is described by the 1-
form fields μA ≡

(
V a, ωab

)
, where the compound index A ≡ (a, ab) takes values

in the vector range a and in the tensor ab. The fields V a, ωab are the dreibein
and Lorentz spin connection, respectively. The 2-forms dμA play the role of
velocities in the CCF. The curvature 2-forms corresponding to the above fields
are called RA ≡

(
Ra, Rab

)
, and they are written as:

Ra = dV a + ωab ∧ Vb (1)
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Rab = dωab + ωac ∧ ω b
c (2)

The Lagrangian density 3-form is:

L = Rab ∧ V cεabc + dωab ∧ ωab −
2

3
ωab ∧ ω c

b ∧ ωca (3)

where the gravitational Chern-Simons term is added to the usual Einstein-
Hilbert term. The higher derivative (Chern-Simons) is viewed as the “kinetic”
term, and the Einstein-Hilbert term play the role of the “mass” term.

An equivalent Lagrangian density is:

L = dV a ∧ ωbcεabc + dωab ∧ ωab −
2

3
ωab ∧ ω c

b ∧ ωca + ωad ∧ ω b
d ∧ V cεabc (4)

that differs of eq. (3) in a total derivative. The canonical momenta (1-forms)
πA conjugate to the 1-forms field variables μA obtained by functional variation
of the Lagrangian density (4) with respect to the 2-forms velocities dμA are
given by:

πA =
∂L

∂ (dμA)
(5)

Therefore:
πa = ωbcεabc (6)

πab = ωab (7)

The set of primary constraints can be obtained from the Lagrangian density
and they are the relationship between the field and momentum variables not
depending on the velocities:

Φa = πa − ωbcεabc ≈ 0 (8)

Φab = πab − ωab ≈ 0 (9)

where the symbol ≈ implies weakly zero.
Moreover, it is necessary to define a suitable operation involving forms,

capable of replacing the role of the classical Poisson brackets, with the help of
which the Hamiltonian equation of motion may be written. Thus the symbol
( , ) is the form brackets operation introduced in Ref. [12]. Such form-brackets
must be related to the Poisson brackets defined in CVF. As it was shown
in [12] the Poisson brackets yields more information than the form brackets.
Moreover, the Poisson brackets can be related to the form-brackets by means
of an integral relationship.
It can be shown, by straightforward calculation from equations (8) and (9),
that the primary constraints are all second class since:

(Φa , Φbc) �= 0 (10)
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Starting from the Lagrangian (4) the canonical Hamiltonian can be defined:

Hcan = dμA ∧ πA − L = −ωad ∧ ω b
d ∧ V cεabc +

2

3
ωab ∧ ω c

b ∧ ωca (11)

Therefore, according to [13], the total Hamiltonian can be defined as follows:

HT = Hcan + ΛA ∧ ΦA

= −ωad ∧ ω b
d ∧ V cεabc +

2

3
ωab ∧ ω c

b ∧ ωca

+Λa ∧
(
πa − ωbcεabc

)
+ Λab ∧ (πab − ωab) (12)

where ΛA =
(
Λa , Λab

)
are the Lagrange multipliers.

Now, it is necessary to introduce the fundamental equation of motion in the
formalism, in analogy to classical mechanics the following equation involving
the form-bracket is introduced:

dA = (A , HT ) + ∂A (13)

where A = A(μ , π) is a generic polynomial in the canonical variables μA and
πA. The operator ∂ [12, 14] acts nontrivially on external fields only. Therefore,
for the canonical variables:

∂μA = ∂πA = 0 (14)

and also for the constraints:
∂ΦA = 0 (15)

Considering the equation (13) we can write the following Hamiltonian equa-
tions

dμA =
(
μA , HT

)
(16)

and taking into account the expression (12) for HT , by straightforward calcu-
lation we find the following general results:

ΛA = dμA (17)

It is also necessary to prove whether there are secondary constraints in the
theory. For this purpose, we must impose the consistency condition on the
primary constraints. We must use (13) for ΦA and impose the condition:

dΦA = (ΦA , HT ) ≈ 0 (18)

where (15) was used.
Computing explicitly the form-bracket appearing in (18), we arrive to the

general equation:

dΦA = − [equation of motion] +
(
ΦA , ΛB

)
∧ ΦB (19)
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As (ΦA,Λ
B) ∧ ΦB is a weakly zero term, (19) implies the lack of secondary

constraints in the CCF. Moreover, the Eq. (19) guarantees that the Hamilto-
nian defined in (12) is a first class dynamical quantity. On the other hand, by
using (18) and after some lengthy algebraic manipulations, we find:

dΦa = −Rbcεabc +
(
Φa , ΛA

)
∧ ΦA (20)

dΦab = −2Rab −Rcεabc +
(
Φab , ΛA

)
∧ ΦA (21)

These results and properties can be obtained from the CCF in a general
form [12].

3 Space-time decomposition

To obtain the proper Hamiltonian H̃ of the theory, generator of time evolution
of generic functionals, we must consider the 1-form gauge fields μA written
in the holonomic basis μA = μA

ν dx
ν , ν = 0, 1, 2 and A = a, ab. The (2+1)

decomposition is given by considering fields and forms defined on a spacelike
x0 = t = t0 two dimensional surface Σ [15]. Thus, the proper Hamiltonian H̃
is defined by: ∫

HT =
∫
dx0 ∧ H̃ (22)

where the 2-form H̃ can be written:

H̃ =
∫
μA

0 HA(x) d3x =
∫ [

La
0 Ha(x) +

1

2
ωab

0 Hab(x)
]
d3x (23)

where μA
0 are the temporal components of the 1-form fields μA. We assume that

the primary constraints (8) and (9) in the CCF remain at least weakly zero in
the canonical component formalism [12, 14]. On the other hand, in an usual
canonical component formalism, the components π0

A of the momenta vanish
and define primary constraints [7]. In the CCF these vanishing components
do not even appear among the components of the momenta. The choice of
the time variable determines which components vanish. Consequently, when
in the CCF the forms are restricted to a t = x0 = constant surface, the time
components of the momenta do not appear. Therefore, we put π0

A = 0 in
the primary constraints and RA

0i = 0 (i = 1, 2). Considering the restriction of
(8) and (9) to the surface Σ and according to what was assumed above, the
following prescription is made:

Φa |Σ= ψa ≈ 0 (24)

and
Φab |Σ= ψab = 0 (25)
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Then, the explicit expressions for H̃(x) = HA(x)d2x are:

Ha(x) = −Rbcεabc − ω b
a ∧ ψb ≈ 0 (26)

Hab(x) = − 4Rab − 2Rcεabc + (ψa ∧ Vb − ψb ∧ Va) ≈ 0 (27)

where the antisymmetric and weakly zero quantities

Mab d
3x ≡ ψa ∧ Vb − ψb ∧ Va ≈ 0 (28)

appear directly as primary constraints because they are functionals of the
constraints ψA, which are the restriction to Σ of the primary constraint ΦA,
and they are the generators of the local Lorentz group of the theory. Note
that, in the context of this formalism, the appearance of the generators Mab is
absolutely natural. By computing the form brackets between the constraints
(26) and (27) we find:(

H̃A , H̃B

)
= CD

ABH̃D +WAB (μ, ψ) (29)

where WAB are weakly zero 2-forms, functionals of the primary second-class
constraints ψA. The equation (29) is very important because it shows that the
quantities defined in (26) and (27) are first class constraints in the Dirac sense.
So, we conclude that the proper Hamiltonian H̃ defined in (23) can be written
as a linear combination of the set HA of first class constraints, corresponding
to invariances of the theory under local gauge transformations, which are the
two degrees of freedom of this theory.

4 Second-order Hamiltonian formalism

The higher-derivative character of the theory do not allow go over to the second
order formalism directly from the CCF. This is due to the presence of second
time derivatives. As it was mentioned above, we consider all the forms written
in the holonomic basis. In particular, the dreibein is V a =3 La

μdx
μ, where we

use Greek indices μ, ν, ... = 0, 1, 2 for space time tensors (world indices) and
Latin indices i, j, ... = 1, 2 to label spatial components only. We also consider
the 3-dimensional metric tensor (3)gμν split according to [14]; where Ni and
N⊥ are respectively the shift and lapse functions. The dreibein components
split according to:

3La0 = naN
⊥ +N iLai

3Lai = 2Lai = Lai

3Li
a = 2Li

a +

(
N i

N⊥

)
na LaiL

i
b = ηab + nanb (30)

na = −N⊥ 3L0
a
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The second order formalism is obtained by considering the following equa-
tion of motion (strongly equal to zero constraint on curvature)

Ra (V ) = 0 (31)

From the equation (1) it can be obtained:

ωμab(V ) =
1

2
Lν

a (∂μLνb − ∂νLμb) − 1

2
Lν

b (∂μLνa − ∂νLμa)

−1

2
Lρ

aL
σ
b (∂ρLσc − ∂σLρc)L

c
μ (32)

Using the constraint (31), after some algebraic manipulations, it is possible
to write in components the Lagrangian density as follows:

L = g1/2 εμνρ
(
∂μL

a
ν ω

bc
ρ εabc + ωad

μ ωνd
bLc

ρ εabc

+ ∂μω
ab
ν ωρab − 2/3ωab

μ ωνb
c ωρca

)
(33)

where the spin connection appearing in (33) is ωab
μ = ωab

μ (V ) the spin connec-
tion of the simple gravity. Thus, in a second-order formalism, the Lagrangian
density only depends on the field 3Laμ, once the equation (32) is used to
eliminate ωab

μ as independent dynamical variables. Now, starting from the La-
grangian density (33), we are able to construct the second-order Hamiltonian
formalism. We note that the third term of the Lagrangian density (33) con-
tains second time derivatives on the dreibein components 3Laμ and because
of the form of the Lorentz-Chern-Simons expression it is not possible to elim-
inate it by partial integration. Consequently, in the framework of the Dirac
formalism we are in the presence of a constrained Hamiltonian system with
a singular higher-order Lagrangian. Therefore, we consider the Ostrogradski
transformation to introduce canonical momenta in this higher derivative the-
ory [8, 9, 10]. Following the steps given in those papers, we are going to apply
the same ideas to construct the canonical formalism in our case. As in the
usual constrained Hamiltonian systems, the steps to follow are as mentioned
below:

1. From the Lagrangian formalism the primary constraints are computed
and hence the total Hamiltonian can be written.

2. Next, we must look for the secondary constraints by imposing consistency
on the primary ones.

3. Analyzing the complete set of constraints, the first-class which corre-
spond to gauge invariance of the system must be determined. Finally,
the Dirac brackets are defined from the Poisson brackets, and the second-
class constraints are eliminated by taking them strongly equal to zero.
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We start by defining the following independent dynamical field variables:

3Laμ =
(

3La0,
3 Lai

)
; 3Lai = naN

⊥ +N iLai

Baμ = ∂0
3Laμ (34)

The Ostrogradski transformation introduces respectively the following canon-
ical momenta:

(1)

Πμ
c =

∂L
∂

·
L

c

μ

− ∂ν
∂L

∂
(
∂ν

·
L

c

μ

) (35)

(2)

Πμ
c =

∂L
∂
(
∂0

·
L

c

μ

) (36)

Using these definitions one can go from the Lagrangian to the Hamiltonian
description of this higher-derivative constrained system. By computation the
canonical conjugate momenta (35) and (36) can be found:

(1)

Π0
d = ∂i

(
ω0

jl L
l
d

)
+ ∂i

(
1

N⊥

)
N⊥ω0

jl L
l
d −Bia ω

a
jd

−Lib B
b
k L

k
a ω

a
jd − LibB

b
k

Nk

N⊥na ω
a
jd + ∂k

(
Lid ω

k0
j

)
(37)

(2)

Π0
d = 0 (38)

(2)

Πi
d = −N⊥ g1/2

(
εikωj0

k + εjkωi0
k

)
Ljd (39)

The relationship between field and momentum independent of the velocities
gives rise to the following primary constraints:

(1)

Φ0
d =

(1)

Π0
d − ∂i

(
ω0

jl L
l
d

)
− ∂i

(
1

N⊥

)
N⊥ω0

jl L
l
d +Bia ω

a
jd

+Lib B
b
k L

k
a ω

a
jd + Lib B

b
k

Nk

N⊥na ω
a
jd − ∂k

(
Lid ω

k0
j

)
(40)

(2)

Φ0
d =

(2)

Π0
d= 0 (41)

(2)

Φi
d =

(2)

Πi
d +N⊥ g1/2

(
εikωj0

k + εjkωi0
k

)
Ljd (42)

In the computation, the expression of the spin connection ωab
μ as functional

of the dreibein was used. The remaining momenta which depend on the ve-

locities is
(1)

Πi
d.
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By means of these momenta, the canonical Hamiltonian remains defined
by:

Hcan = Ba
μ

(1)

Πμ
a +

·
Ba

μ

(2)

Πμ
a −L (43)

where was replaced 3L̇a
μ by Ba

μ. We note that the canonical Hamiltonian is

formed by eliminating only the velocity Ḃa
μ. The field Ba

μ cannot be eliminated
from the formalism when we treat with higher derivative Lagrangians [10].
Once the Lagrangian (33) is used and the velocity Ḃa

μ is eliminated, the final
expression for Hcan is:

Hcan = Ba
μ

(1)

Πμ
a +N⊥ g1/2 εij{[(Bic − ∂iL0c) ε

abc

+
(
2ωb

0dLjc − ωb
id L0c

)
εabc

+B0a
(
∂iL

b
0 − Bb

i

)
+Bka

(
∂iL

b
k − ∂kL

b
i

)
+Lkb ∂kB

a
i + L0aLkbLic ∂kB

c
0

−
(
B0aLkbLic + L0aBkbLic + L0aLkbBic

)
(Bc

k − ∂kL
c
0)]ωjab

+∂iL
a
j ω

bc
0 εabc + ωab

0 ∂iωjab − ∂iω
ab
0 ωjab − 2ωab

0 ωc
ib ωjca} (44)

On the other hand, it is even possible to rewrite the equations (37)-(44) by
using explicitly the spacetime decomposition (30). So, the metricity conditions
on the d = 3 and on the two-dimensional surface Σ can be used. Therefore,
the well known relation between the components of the spin connection ωab

i in
d = 3 in terms of the components of the spin connection Ωab

i of the surface Σ
and the extrinsic curvature Kij can be obtained:

ωab
i = Ωab

i +
(
nbLaj − naLbj

)
Kij (45)

Consequently, the equations (37)-(44) can be written in terms of the quan-
tities 3La

i , Ωab
i , ωab

⊥ , N⊥, Ni and Kij. Finally, the total Hamiltonian generator
of time evolution of generic functionals is:

HT =
∫
d2xHT (46)

where:

H̃T = Hcan+
(1)

λc
0

(1)

Φ0
c +

(2)

λc
μ

(2)

Φμ
c (47)

The arbitrary Lagrange multipliers are evaluated by means of the Hamilton
equations Ȧ = [A ,HT ]PB. Now, from the stationary primary constraints,
one can successively define the secondary constraints according to the Dirac
algorithm: Ω(k)

c = [Ω(k−1)
c , HT ]PB. This algorithm must be continued until
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Ω(k)
c satisfies: Ω(k+1)

c = [Ω(k)
c , HT ]PB = Ca

cnΩ(n)
a . In our case, there is a set of

secondary constraints. In particular, by explicit computation we can find:

Ω1
c = ∂0

(2)

Φ0
c= [

(2)

Φ0
c , HT ]PB (48)

¿From now on, following the Dirac prescriptions, the procedure can be
continued for each one of the constraints.

Finally, some considerations about the Dirac brackets can be given. As we
have seen the number of second-class constraints in first order formalism is
two. It is well known that the second class constraints cannot be interpreted
as symmetry generators, hence they must be eliminated from the theory. This
is done by using the Dirac brackets which are obtained from the second class
constraints ΩΣ by means of the definition

[F,G]∗ = [F,G] − [F,ΩΣ]CΣΛ[ΩΛ, G] (49)

where CΣΛ[ΩΛ,Ωθ] = δΣ
θ .

The important properties of the Dirac brackets are:
i) If one of the functions F or G is first class, then:

[F,G]∗ = [F,G] (50)

In particular for the Hamiltonian H̃ we have:

[F, H̃]∗ = [F, H̃] (51)

This means that the same equations of motion are obtained by using the
Poisson or the Dirac brackets. Thus, the rate of change in time of any func-
tional F of the canonical variables is also given by:

Ḟ = [F, H̃]∗ (52)

ii) For any functional F of the canonical variables it is

[ΩΣ, F ] = 0 (53)

Therefore, we can set ΩΣ = 0 either before or after evaluating the Dirac
brackets.

To compute the Dirac brackets (49) we must first obtain the set ΩΣ of
second class constraints by considering the restriction to Σ of all the constraints
(8) and (9).

Thus, the set of second class constraints are given by:

ΩΣ(x) ≡ [Ω1(x) , Ω2(x)] ≡
⎛⎝χ∗

(1)

Φ0
d , χ

∗
(2)

Φμ
d

⎞⎠ (54)

In a forthcoming paper in which the supersymmetry is included, the Dirac
brackets will be explicitly evaluated and the canonical quantization will be
carried out.
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5 Conclusions

In this paper the Hamiltonian formalism for the topologically massive gravity
theory was constructed. The first and second order formalisms were performed
and the structure of constraints was analyzed. Moreover, for both formalisms,
the total Hamiltonian of the system as first class dynamical quantity was
found. Starting from the total Hamiltonian provided by the CCF containing
the set of the second class primary constraints, it was possible to arrive at the
Hamiltonian as a generator of the time evolution, in the CVF.

As it was shown, in the second order formalism the treatment of constraints
involves some subtleties which are present only in this kind of higher deriva-
tive Lagrangian theory. To analyze this singular higher-derivative system the
Ostrogradsky transformation is considered.

We will to point out some questions:

• As it was shown, the explicit covariance of the CCF in all their steps
makes possible to obtain equations of motions, constraints, and all the
dynamical quantities in a very simple and compact form. In addition,
as the formalism is based on the exterior algebra, it allows to ensure the
invariance under coordinates transformations or diffeomorphisms.

• The CCF does not define a standard mechanical system. The covariant
Hamiltonian provided by the CCF is not a proper one, because it does
not propagate initial data defined on the surface Σ, as it is the case of
the CVF.

• We have shown that both formalisms, the CCF and the CVF, can be
related. This relation is non-trivial and it is obtained by relating the
form brackets definition introduced in the CCF and the usual Poisson
brackets used in the CVF, by means of an integral relationship.

• In particular, starting from the CCF, the first class constraint associated
to the Lagrange multiplier ωab

0 naturally appears. It is not necessary
adding by hand terms to the Hamiltonian as it usually is done when the
starting point is the component formalism.

These theories with higher derivative terms can be meant for regularizing
ultraviolet divergences in the quantum theory. Likewise, this compels us to
reconsider the renormalizability problem in these models. A complete answer
about this question could be only given once the diagrammatic of the model
is done. This, and the inclusion of fermions in a supersymmetric model could
favor the mentioned renormalizability of the theory. This problem will be
analized in a forthcoming paper.
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