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Effects of Nonlinearity in Quantum Mechanics

Example of Bose-Einstein Condensation
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Abstract

The physics of Bose-Einstein condensation can be described by the
nonlinear Gross-Pitaevskii equation. We study the ground state energy
of the condensates induced by an external perturbation at the trapping
frequency applied. This equation and some of the physics behind it is
investigated here. It is put in a form so that the nonlinear term in the
equation is treated as a perturbation. Using first order perturbation
theory, corrections to the unperturbed energy are calculated in one-
dimension, three-dimensions and the spherically symmetric case.
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1. Introduction

There has been much work done related to nonlinear generalizations of

quantum mechanics and devising experimental tests of theories governed by
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such equations [1]. The nonlinear Schrödinger equation frequently appears

in such generalizations [2]. It is shown here that, given a suitable physical

situation, as in the case of Bose-Einstein condensation studied here, a nonlinear

type Schrödinger equation can play a significant role [3]. The study of Bose-

Einstein condensation has been given renewed impetus due to the experimental

realization of this effect, and the need to understand the dynamics of these

condensates [4-6]. From the theoretical side, many interesting results have

been obtained using the Gross-Pitaevskii equation

i�
∂Ψ

∂t
= [− �

2

2m
∇2 + Vext +

4π�
2aN

m
|Ψ|2]Ψ, (1)

with the normalization condition∫
|Ψ(r, t)|2 dr = 1.

Equation (1) describes the order parameter Ψ, also referred to as the con-

densate wave function, of N condensed bosons of mass m. These interact by

means of a contact potential described by the scattering length a, and con-

fined by an external potential Vext. The approximation that all bosons are in

the condensed phase is inherent in (1). However, comparison of experimental

and theoretical results indicate that the essential physics is described by (1).

Thus far it has appeared in the study of the formation of vortices, and the

interference between condensates.

In this case, let us treat the case in which the Bose-Einstein condensate is

in a well or trap which is described by a harmonic potential

Vext(X, Y, Z) =
1

2
m(ω2

xX
2 + ω2

yY
2 + ω2

zZ
2), (2)

which has an anisotropic form. The idea in this work is to consider the non-

linear term in (1) as a perturbative term with the first two terms acting as the

unperturbed part. The unperturbed wavefunctions and energies are known

and can be written down. Using these wavefunctions, it is possible to calcu-

late corrections to the energy of a given level by applying first, second and

third order perturbation theory with the nonlinear term from (1) acting as the

perturbation. Since Ψ is not known explicitly, we simply replace it with one

of the unperturbed functions and evaluate the matrix elements based on that.

Let us introduce some basic notation and begin by rescaling (1) in the three

spatial dimensions (X, Y, Z) and in time by means of the relations

X = (
�

mωx

)1/2x, Y = (
�

mωy

)1/2y, Z = (
�

mωz

)1/2z, t =
τ

ωz

. (3)
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We also introduce a new wave function Ψ defined as

Ψ(t, X, Y, Z) = Aψ(τ, x, y, z), (4)

and to enforce the normalization condition∫
R3

|Ψ(t, X, Y, Z)|2 dXdY dZ = 1, (5)

the constant A is chosen to be

A = (
m

�
)3/4(ωxωyωz)

1/4. (6)

The Gross-Pitaevskii equation therefore becomes

i
∂ψ

∂τ
= [

ωx

ωz

(−1

2
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x +
x2

2
) +

ωy

ωz

(−1

2
∇2

y +
y2

2
) + (−1

2
∇2

z +
z2

2
) + λ|ψ|2]ψ,

where

λ = 4πaN(
m

�

ωxωy

ωz
)1/2 =

4πaN

a0
, a0 = (

�ωz

mωxωy
)1/2. (8)

In the following, we will replace τ by t for simplicity. A typical set of

parameters which are relevant for a 87Rb experiment are given as follows :

m = 1.44 × 10−25 kg, ωx = ωy = ωz = 20π rad/s, a = 5.1 × 10−9 m, N =

10−2−106 and � = 1.05×10−34 J s. The weak interaction regime is considered

to occur when 4πaN << a0, or λ is small for perturbative calculations to be

valid. In this case,

a0 = (
�

ωm
)1/2 = (

1.05 × 10−34Js

20π 1.44 × 10−25Kg
)1/2 = 0.3407 × 10−5m.

Therefore, if we insert typical parameters, we find that λ
.
= 1.881, and here

we consider the case in which the scattering length for 87Rb atoms is positive.

These conditions are similar to the experimental ones in [7]

Consider the one-dimensional case in which the equation simplifies to

i
∂ψ

∂t
(t, x) = (−1

2

∂2

∂x2
+
x2

2
)ψ(t, x) + λ|ψ(t, x)|2ψ(t, x), (9)

and suppose we take the time dependence in ψ to have the form

ψ(t, x) = e−iEntφn(x). (10)

After collecting terms, equation (9) takes the form

d2φn

dx2
− (En +

1

2
x2)φn + λ|φn|2φn = 0. (11)
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The idea is to apply first order perturbation theory with the nonlinear term

acting as the perturbation and the unperturbed Hamiltonian wavefunctions

which are solutions to the equation

∂2φn

∂x2
− (En +

1

2
x2)φn = 0, (12)

which can be written as

φn(x) = (2nn!
√
π)−1/2Hn(x) exp[−1

2
x2], (13)

such that the unperturbed energies are given by

E(0)
n = n+

1

2
, n = 0, 1, 2, · · · . (14)

Here the constants have been chosen in (6) such that A = 1 and λ = 1 in (11).

2. Perturbative Evaluation of Matrix Elements.

Let φn and E
(0)
n be the wavefunction and energy of the unperturbed Hamil-

tonian and H ′ the perturbation to H which in this case is the nonlinear term

λ|Ψ|2Ψ, where Ψ is the exact wavefunction. Since the exact wavefunction is

not really known, it is necessary to use an approximation for it in computing

matrix elements which involve the perturbation term. In first order pertur-

bation theory, which is time independent, the energy and wavefunction are

modified according to

En = E(0)
n +H ′

nn, (15)

and

ψn = φn +
∑
m�=n

H ′
mn

E
(0)
n − E

(0)
m

φm. (16)

The matrix elements H ′
mn are given by

H ′
mn =

∫
φ∗

mH
′φn d

3x. (17)

To compute the matrix elements, the corrected wavefunctions ψn given here

can be used. However, since these also depend on H ′
mn, we will simply take

H ′ to be given by λ|φn|2, where the φn are the known unperturbed functions.

The matrix elements H ′
mn are given in one-dimension by

H ′
mn = λ

∫ ∞

−∞
φ∗

m|φs|2φn dx (18)
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using this prescription. The first, second and third order corrections due to

the perturbation H ′ are given in Table 1 for s = 0, 1, 2, 3, 4 .

For the three dimensional case, we return to the equation in the form (17),

which can be written in the form

i
∂Ψ

∂t
(t, x, y, z)

= [
ωx

ωz

H0(x)+
ωy

ωz

H0(y)+H0(z)]Ψ(t, x, y, z)+λ|Ψ(t, x, y, z)|2Ψ(t, x, y, z), (19)

where

H0(x) = −1

2

∂2

∂x2
+

1

2
x2, H0(y) = −1

2

∂2

∂y2
+

1

2
y2, H0(z) = −1

2

∂2

∂z2
+

1

2
z2.

(20)

A general wavefunction can be expanded over the basis of functions which are

products of unperturbed one-dimensional functions as in (13)

(φnx(x)φny(y)φnz(z))0≤nx≤Nx,0≤ny≤Ny ,0≤nz≤Nz .

From (19) and (21), the unperturbed energy values are then given by

Enxnynz =
ωx

ωz

(nx +
1

2
) +

ωy

ωz

(ny +
1

2
) + (nz +

1

2
). (21)

The first order corrections are again given by (15)-(16) and the matrix ele-

ments are calculated from (17) by integrating over three space now. For the

perturbation term H ′, it is taken to have the form λ|φ̃(x, y, z)|2 where

φ̃nxnynz(x, y, z) = φnx(x)φny(y)φnz(z).

The matrix elements are given by a form analogous to (18), but integration

over three dimensions

H ′ =

∫ ∫ ∫
φ̃nxnynz |φ̃abc|2φ̃n′

xn′
yn′

z
dx dy dz. (22)

Some diagonal matrix elements for the three-dimensional case are given in

Table 2.

3. Bose Einstein Condensate in Spherical Traps.

Spherical symmetry will be assumed to calculate the matrix elements by

solving the linearized Gross-Pitaevskii equation. An external perturbation of

the trapping potential is applied to calculate the energy shift for the ground

state of the condensate. A spherically symmetric trap is considered. In this
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case, the spectrum of excitations is easily calculated when an external pertur-

bation of the trapping frequency is applied. In this section, we study a weakly

interacting Bose-condensed 87Rb gas confined in an external potential Vext at

temperature T = 0. The time dependent Gross-Pitaevskii equation (GPE)

is based on certain approximations. Comparison between experimental and

theoretical results has revealed that the solution of the GPE contains essential

physics related to Bose-Einstein condensation phenomena.

With a change of variables in the nonlinear Schrödinger equation (1) using,

−1

2
(∇2

x + ∇2
y + ∇2

z) = − 1

2r2

∂

∂r
(r2 ∂

∂r
), (23)

the GPE (1) can be written in a spherically symmetric form as a function of

a radial and time coordinate as

i
∂Ψ

∂t
= [− 1

2r2

∂

∂r
(r2 ∂

∂r
) +

r2

2
+ λ|Ψ|2]Ψ. (24)

All the physical parameters are absorbed in the parameter λ = 4πaN/a0,

where N represents the total number of atoms, a is the scattering length and

a0 = (�/mω)1/2. The form of the trap has been taken into account in the

potential Vext, which is chosen in the form of an isotropic harmonic oscillator

potential Vext(r) = 1/2mω2
0r

2, as discussed in [8]. The choice of spherical trap

greatly reduces the numerical effort and permits the reduction of the NLSE

into one-dimensional form as discussed already, and the details are provided

next.

In the case of spherical symmetry, we have ωx = ωy = ωz, and the Hamilto-

nian inherits spherical symmetry. If the initial condition Ψ0 = Ψ(0, r) has the

same symmetry property, then the wave function Ψ(t, r) is spherically sym-

metric for any t > 0. Let us introduce a function χ(t, r) related to Ψ(t, r) as

follows

Ψ(t, r) =
1√
2πr

χ(t, r), r > 0.

Substituting this form for Ψ(t, r) into (24), the GPE simplifies to

i
∂χ

∂t
= −1

2
χ′′ +

r2

2
χ +

λ

2πr2
|χ|2χ.

This shows that χ satisfies the one-dimensional nonlinear Schrödinger equation

i
∂χ

∂t
= H0χ+

λ

2πr2
|χ|2χ, (25)
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where

H0 = −1

2

d2

dr2
+
r2

2
. (26)

Equation (25) can be written in the form

i
∂χ

∂t
= (H0 +H ′)χ, (27)

where the term

H ′ =
λ

2πr2
|χ|2 (28)

is considered to be a perturbation of the spherically symmetric equation

i
∂χ

∂t
= H0χ, (29)

where H0 is given by (26). Time independent solutions of the spherically

symmetric harmonic oscillator will be developed. Let us first write χn(t, r) in

separated form

χn(t, r) = e−iεtv(r). (30)

Substituting (30) into (29) gives the equation

H0v(r) = εv(r). (31)

It is clear that the functions v(r) are of the form

v(r) = e−r2/2Hn(r) (32)

and will satisfy (31), where

H ′′
n(r) − 2rHn(r) + (2ε− 1)Hn(r) = 0, (33)

which implies that Hn(r) are Hermite polynomials. The energy correction due

to the perturbation H ′ is given by

Δε =< χ|v(r)
2

2πr2
|χ >=< χ|H ′|χ > . (34)

Some specific values for Δε are presented in Table 3.

4. The Second and Third Order Corrections.

The second and third order perturbative corrections to the energy are given

by the formulas

E(2) =
∑
m�=n

| < n|H ′|m > |2
E

(0)
n −E

(0)
m

, (35)
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and

E(3) =
∑
m�=n

∑
m′ �=n

< n|H ′|m′ >< m′|H ′|m >< m|H ′|n >
(E

(0)
n − E

(0)
m′ )(E

(0)
n − E

(0)
m )

,

and H ′ stands for the nonlinear term in the Schrödinger equation in either the

one or three-dimensional cases. In Tables 1 and 2, the second and third order

contributions to the energy are given underneath the first order corrections,

and the total energy is tabulated at the bottom of each set of numbers. One of

the harmonic oscillator functions is taken for the |Ψ|2 term in the perturbation.

5. Results and Discussion.

It can be seen from the calculated values in Tables 1-3 that the magnitude

of these corrections in second and third order supports the use of first order

perturbation theory. It has been shown that applying perturbation theory to

this model is straightforward as far as a calculational technique is concerned

and produces an accurate approximation to the energy eigenvalues order by

order for the case in which individual ground state functions are used to model

the nonlinear term in the Schrödinger equation (1). By third order, it is found

that the corrections are well below the initial first order corrections and can be

even as small as 10−6 or 10−7 in some cases. This is well below the accuracy of

the numbers quoted in the tables at large. It also suggests we can conjecture

that the procedure is giving a converging perturbation series in these cases.

This approach extends usual perturbation theory to the highly nonlinear case

in which the perturbation term is dependent on the unknown wavefunction

itself.
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Table 1. First, second and third order contributions to energy and total

energy ET correction for the nonlinear perturbation in Eq. (18). Contributions

which only have nonzero digits to the right of the four given are presented as

zero.

k = 0 k = 1 k = 2 k = 3

s = 0 0.3989 0.1995 0.1496 0.1247

−0.0110 −0.0089 0.0025 0.0011

0.0010 0.0007 0.0020 0.0007

ET 0.3888 0.1913 0.1541 0.1265

s = 1 0.1995 0.2992 0.1745 0.1374

−0.0058 −0.0032 −0.0011 −0.0017

0.0004 0.0001 0.0002 0.0005

ET 0.1941 0.2961 0.1736 0.1362

s = 2 0.1496 0.1745 0.2556 0.1589

−0.0016 −0.0049 −0.0015 0.0008

0.0000 0.0003 0.0000 0.0001

ET 0.1480 0.1699 0.2541 0.1598

s = 3 0.1247 0.1371 0.1589 0.2291

−0.0007 −0.0015 −0.0043 −0.0009

0.0000 0.0000 0.0003 0.0000

ET 0.1240 0.1356 0.1549 0.2282

s = 4 0.1091 0.1169 0.1282 0.1479

−0.0004 −0.0007 −0.0014 −0.0038

0.0000 0.0000 0.0000 0.0002

ET 0.1087 0.1162 0.1268 0.1443
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Table 2. Matrix elements of H ′ pertaining to the matrix elements for the

three-dimensional case given in (22).

nx ny nz abc n′
x n

′
y n

′
z H ′

000 000 000 0.06349

100 000 100 0.03174

‘

110 000 110 0.01587

110 100 110 0.02381

110 200 110 0.01388

200 100 200 0.02777
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Table 3. First, second, third order energies and total energy ET correction

for the nonlinear perturbation of equation (34). Odd harmonic oscillator func-

tions are used to calculate the energy corrections due to the perturbation H ′

and the normalization constant A = 1 and perturbation parameter λ = 1.

k = 1 k = 3 k = 5 k = 7

s = 1 0.06349 0.03968 0.03125 0.02660

−0.00090 0.00011 0.00009 0.00007

0.00002 0.00002 0.00001 0.00000

ET 0.06261 0.03981 0.03135 0.02667

s = 3 0.03968 0.04068 0.03144 0.02667

−0.00087 −0.00027 0.00007 0.00010

0.00002 0.00000 0.00000 0.00000

ET 0.03883 0.04041 0.03151 0.02677

s = 5 0.03199 0.03144 0.03199 0.02679

−0.00064 −0.00044 −0.00015 0.00005

0.00001 0.00000 0.00000 0.00000

ET 0.03136 0.03100 0.03184 0.02684

s = 7 0.02660 0.02667 0.02679 0.02716

−0.00051 −0.00039 −0.00026 −0.00009

0.00001 0.00000 0.00000 0.00000

ET 0.02610 0.02628 0.02653 0.02707

s = 9 0.02355 0.02358 0.02364 0.02373

−0.00041 −0.00033 −0.00026 −0.00017

0.00000 0.00000 0.00000 0.00000

ET 0.02314 0.02325 0.02338 0.02356
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