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Abstract

In this paper we consider an approach to solve the problem of finding
monochromatic s-t paths in edge-colored graphs. This approach is based
on constructing logical models for the problem.
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Algorithmic problems extensively investigated in bioinformatics (see e.g.
[1] – [3]). In particular, there are a number of applications of different problems
of finding paths. In this paper we consider the problem of finding monochro-
matic s-t paths in edge-colored graphs.

A graph G = (V,E) is the set of nodes V connected by edges from the set
E. We assume that each edge of a graph has a color. All graphs considered are
finite and have no loops. If the number of colors is restricted by an integer c,
we speak about c-edge-colored graphs. In this paper, we consider only simple
paths. Two paths in a graph are said to be edge-disjoint if they do not share
any common edge.

The problem of finding monochromatic s-t paths in edge-colo-

red graphs (2MP):

Instance: A c-edge-colored graph G = (V,E) with c ≥ 2, s, t ∈ V .
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Question: Are there two node disjoint monochromatic s − t paths with
different colors in G?

Note that 2MP is NP-complete [4]. Encoding hard problems as Boolean
satisfiability and solving them with very efficient satisfiability algorithms has
recently caused considerable interest (see e.g. [5] – [9]). In this paper we
consider an approach to solve 2MP. This approach is based on constructing
logical models for the problem.

Let V = {v1, v2, . . . , vn}, Ek is the set of edges of kth color where 1 ≤ k ≤ c.
Let

ϕ[1] = ∨1≤j≤nx[1, j],

ϕ[2] = ∧1<i≤n ∧1<k≤n ¬x[i, k] ∨ ∨1≤j≤nx[i− 1, j],

ϕ[3] = ∧1≤i≤n ∧1≤j[1]<j[2]≤n (¬x[i, j[1]] ∨ ¬x[i, j[2]]),

ϕ[4] = ∧1≤j≤n ∧1≤i[1]<i[2]≤n (¬x[i[1], j] ∨ ¬x[i[2], j]),

ψ[1] = ∨1≤j≤nx[1, j],

ψ[2] = ∧1<i≤n ∧1<k≤n ¬x[i, k] ∨ ∨1≤j≤nx[i− 1, j],

ψ[3] = ∧1≤i≤n ∧1≤j[1]<j[2]≤n (¬x[i, j[1]] ∨ ¬x[i, j[2]]),

ψ[4] = ∧1≤j≤n ∧1≤i[1]<i[2]≤n (¬x[i[1], j] ∨ ¬x[i[2], j]),

δ[1] = ∧1≤i<n ∧1≤j[1]≤n,1≤j[2]≤n,(vj[1],vj[2])/∈E (¬x[i, j[1]] ∨ ¬x[i+ 1, j[2]]),

δ[2] = ∧1≤j[1]≤n,1≤j[2]≤n,(vj[1],vj[2])/∈E(¬x[n, j[1]] ∨ ¬x[1, j[2]]),

δ[3] = ∧1≤i<n ∧1≤j[1]≤n,1≤j[2]≤n,(vj[1],vj[2])/∈E (¬y[i, j[1]] ∨ ¬y[i+ 1, j[2]]),

δ[4] = ∧1≤j[1]≤n,1≤j[2]≤n,(vj[1],vj[2])/∈E(¬y[n, j[1]] ∨ ¬y[1, j[2]]),

ρ[1] = x[1, s] ∧ y[1, s] ∧ ∧1≤i≤n ∧1≤j≤n ∧1≤k≤n,k �=t(¬x[i, k] ∨ ¬y[j, k]),
ρ[2] = ∧1≤i<n ∧1≤j≤n ∧1≤k≤n(¬x[i, t] ∨ ¬y[j, t] ∨ ¬x[i+ 1, k]),

ρ[3] = ∧1≤i≤n ∧1≤j<n ∧1≤k≤n(¬x[i, t] ∨ ¬y[j, t] ∨ ¬y[j + 1, k]),

ε[1] = ∨1≤i≤cz[1, i],

ε[2] = ∧1≤i[1]<i[2]≤c(¬z[1, i[1]] ∨ ¬z[1, i[2]]),

ε[3] = ∨1≤i≤cz[2, i],

ε[4] = ∧1≤i[1]<i[2]≤c(¬z[2, i[1]] ∨ ¬z[2, i[2]]),

ε[5] = ∧1≤i[1]≤c ∧1≤i[2]≤c (¬z[1, i[1]] ∨ ¬z[2, i[2]]),

ε[6] = ∧1≤i<n ∧1≤j[1]≤n

1≤j[2]≤n

∧1≤k≤c

(vj[1] ,vj[2])/∈Ek

(¬z[1, k] ∨ ¬x[i, j[1]] ∨ ¬x[i+ 1, j[2]]),

ε[7] = ∧1≤j[1]≤n

1≤j[2]≤n

∧1≤k≤c

(vj[1],vj[2])/∈Ek

(¬z[1, k] ∨ ¬x[n, j[1]] ∨ ¬x[1, j[2]]),
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ε[8] = ∧1≤i<n ∧1≤j[1]≤n

1≤j[2]≤n

∧1≤k≤c

(vj[1],vj[2])/∈Ek

(¬z[2, k] ∨ ¬y[i, j[1]] ∨ ¬y[i+ 1, j[2]]),

ε[9] = ∧1≤j[1]≤n

1≤j[2]≤n

∧1≤k≤c

(vj[1] ,vj[2])/∈Ek

(¬z[2, k] ∨ ¬y[n, j[1]] ∨ ¬y[1, j[2]]),

ξ = (∧4
i=1ϕ[i]) ∧ (∧4

j=1ψ[j]) ∧ (∧4
a=1δ[a]) ∧ (∧9

b=1ε[b]) ∧ (∧3
k=1ρ[k]).

It is clear that ξ is a CNF. It is easy to check that ξ gives us an explicit
reduction from 2MP to SAT.

By direct verification we can check that

α ⇔ (α ∨ β1 ∨ β2) ∧
(α ∨ ¬β1 ∨ β2) ∧
(α ∨ β1 ∨ ¬β2) ∧
(α ∨ ¬β1 ∨ ¬β2), (1)

∨l
j=1αj ⇔ (α1 ∨ α2 ∨ β1) ∧

(∧l−4
i=1(¬βi ∨ αi+2 ∨ βi+1)) ∧

(¬βl−3 ∨ αl−1 ∨ αl), (2)

α1 ∨ α2 ⇔ (α1 ∨ α2 ∨ β) ∧
(α1 ∨ α2 ∨ ¬β), (3)

∨4
j=1αj ⇔ (α1 ∨ α2 ∨ β1) ∧

(¬β1 ∨ α3 ∨ α4) (4)

where l > 4. Using relations (1) – (4) we can easily obtain an explicit trans-
formation ξ into ζ such that ξ ⇔ ζ and ζ is a 3-CNF. It is clear that ζ gives
us an explicit reduction from 2MP to 3SAT.

In papers [10], [11] the authors considered some algorithms to solve logical
models. Our computational experiments have shown that these algorithms can
be used to solve the logical model for 2MP.
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