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Abstract

In this paper we consider an approach to solve the farthest string
problem. This approach is based on constructing logical models for the
problem.
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Algorithms on sequences of symbols are extensively used in bioinformatics
(see e.g. [1] – [3]). In this paper we consider the farthest string problem (FS).
It should be noted that this problem has many applications in bioinformatics
[4]. Also, FS can be used in some other areas (see e.g. [5]). The problem is
NP-complete for strings over any alphabet Σ with |Σ| ≥ 2 [6].

Recently, encoding hard problems as instances of SAT (see e.g. [7] – [11])
and solving them with very efficient satisfiability algorithms (see e.g. [12],
[13]) has caused considerable interest. In this paper, we consider an approach
to solve FS. This approach is based on constructing logical models for the
problem.

Let δ(X,S) be the Hamming distance. The decision version of FS can be
formulated as following.

The farthest string problem (FS):
Instance: Given a set M of strings of length n over an alphabet Σ, a

positive integer D.
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Question: Is there a string X of length n over Σ such that δ(X,S) ≥ D
for any S in M?

Let M = {S1, S2, . . . , Sp}. We use S[i] to denote the ith letter in string S.
Let Σ = {a1, a2, . . . , am}. Let

ϕ[1] = ∧1≤i≤p ∧1≤j≤n ∨1≤k≤mx[i, j, k],

ϕ[2] = ∧1≤i≤p ∧1≤j≤n ∧1≤k[1]<k[2]≤m(¬x[i, j, k[1]] ∨ ¬x[i, j, k[2]]),

ϕ[3] = ∧1≤i≤p ∧1≤j≤n ∧1≤k≤m,Si[j]=ak
x[i, j, k],

ϕ[4] = ∧1≤i≤p ∧1≤j≤n ∧1≤k≤m,Si[j] �=ak
¬x[i, j, k],

ψ[1] = ∧1≤j≤n ∨1≤k≤m y[j, k],

ψ[2] = ∧1≤j≤n ∧1≤k[1]<k[2]≤m (¬y[j, k[1]] ∨ ¬y[j, k[2]]),

ρ[1] = ∧1≤i≤p ∧1≤s≤D ∨1≤j≤nz[i, s, j],

ρ[2] = ∧1≤i≤p ∧1≤s≤D ∧1≤j[1]<j[2]≤n(¬z[i, s, j[1]] ∨ ¬z[i, s, j[2]]),

ρ[3] = ∧1≤i≤p ∧1≤s≤D ∧1≤j≤n ∧1≤k≤m (¬z[i, s, j] ∨ ¬x[i, j, k] ∨ ¬y[j, k]),
ξ = (∧4

i=1ϕ[i]) ∧ (∧2
j=1ψ[j]) ∧ (∧3

k=1ρ[k]).

It is clear that ξ is a CNF. It is easy to check that ξ gives us an explicit
reduction from FS to SAT. By direct verification we can check that

α ⇔ (α ∨ β1 ∨ β2) ∧
(α ∨ ¬β1 ∨ β2) ∧
(α ∨ β1 ∨ ¬β2) ∧
(α ∨ ¬β1 ∨ ¬β2), (1)

∨l
j=1αj ⇔ (α1 ∨ α2 ∨ β1) ∧

(∧l−4
i=1(¬βi ∨ αi+2 ∨ βi+1)) ∧

(¬βl−3 ∨ αl−1 ∨ αl), (2)

α1 ∨ α2 ⇔ (α1 ∨ α2 ∨ β) ∧
(α1 ∨ α2 ∨ ¬β), (3)

∨4
j=1αj ⇔ (α1 ∨ α2 ∨ β1) ∧

(¬β1 ∨ α3 ∨ α4) (4)

where l > 4. Using relations (1) – (4) we can easily obtain an explicit trans-
formation ξ into ζ such that ξ ⇔ ζ and ζ is a 3-CNF. It is clear that ζ gives
us an explicit reduction from FS to 3SAT.

We consider 3SAT solvers from [12], [13]. We have created a generator
of natural instances for FS. Also, we have created a generator of algebraic
instances for FS. Note that algorithmic problems of algebra have been studied
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time OA1 (NT) OA1 (AT) OA2 (NT) OA2 (AT)

average 16.2 min 14.8 min 19.8 min 18.3 min
maximum 2.1 h 1.9 h 52.4 min 59.1 min
best 2.4 min 11 sec 4 sec 2 sec

Table 1: Experimental results for reduction to 3SAT where OA1 (NT) is
OA from [12] for natural instances, OA1 (AT) is OA from [12] for algebraic
instances, OA2 (NT) is OA from [13] for natural instances, OA2 (AT) is OA
from [13] for algebraic instances.

intensively in the last decades (see e.g. [14] – [20]). In particular, avoidance of
words plays an important role in solving such problems (see e.g. [21] – [32]).
It is easy to see that FS can be used for generation of avoidable words. Our
generator of algebraic instances creates instances for generation of avoidable
words. We have used heterogeneous cluster for our computational experiments.
Each test was runned on a cluster of at least 100 nodes. Selected experimental
results are given in Table 1.
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