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Abstract 
 
The multidimensional knapsack problem is defined as an optimization 
problem that is NP-hard combinatorial. The multidimensional knapsack 
problems have large applications, which include many applicable problems 
from different area, like cargo loading, cutting stock, bin-packing, financial 
and other management, etc. This paper reviews some researches published 
in the literature. The concentrate is on the different proposed algorithms as 
well as exact algorithms, and heuristic or metaheuristic algorithms. 
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1. Introduction 
 
   The goal of a Multidimensional Knapsack Problem (MKP) is to boost the 
sum of values of the items to be chosen from some specified set by means of 
taking multiple-resource restraints into consideration. This problem has 
been widely studied over many decades due to both theoretical interests and 
its broad applications in several engineering fields, operations research, and 
the management and computer sciences. Basically, the MKP can be 
formulated as follows [1]: 
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where  n = number of objects;  
           m = number of knapsacks; 
          ijw = consumption of resource i for object j;  
           ic  = capacity of the ith knapsack;  
          jp = profit associated with object j; and 
          jx  = decision variable with object j. 
 
 
   Many different kinds of knapsack problems are found in the literature, 
including multi-objective, multi-dimensional, multiple-choice, and bounded 
problems, to mention some. The classical knapsack problem attempts to 
choose subset from an infinite set of items which boosts a linear function of 
the selected items contingent upon one inequality restraint. The 0-1 
knapsack problem, wherein variables are confined to binary ones, is a 
special MKP case where m = 1 and it can be resolved by pseudo-polynomial 
time function. The MKP expands the classical knapsack problem to m 
restraints. For example, if m=2, the MKP becomes a bi-dimensional 
problem. On the other hand, the multiple-choice 0-1 knapsack problem 
partitions the item set into subsets and the solution must then encircle one 
item exactly in each subset. The bounded multiple-choice 0-1 knapsack 
problem however imposes further limitations so as to limit the number of 
items which can be chosen from any subset.  
   The MKP is one of the most famous optimization problems due to that 
many sophisticated optimization problems can be resolved or converted via 
a succession of knapsack-type sub-problems by means of a number of 
relaxation methods. For instance, the binary knapsack problem is employed 
as a sub-problem to resolve the generalized assignment and the vehicle 
routing problems. As an additional example, the set-covering problems 
which are broadly practiced in scheduling crew and flights can be re-
structured as MKP by techniques of variable complementing. Accordingly, 
the knapsack problem is drawing a lot of theoretical interests and is usually 
utilized as benchmark problem for the purpose of comparing or validating 
solution methods in the area of combinatorial optimization. Elaborate 
literature on the MKP and its relations to different problems are published 
elsewhere ([2], Martello and Troth [3], Pisinger [4], Chu and Beasley [5], 
[6]). 
 
 
2. Solution Algorithms to the Knapsack Problem  
 
   From a computational perspective, many approaches have been suggested 
to solve the MKPs and the different proposed algorithms can be broadly 
grouped into two classes; (i) exact algorithms, and (ii) heuristic or 
metaheuristic algorithms. 
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2.1 Exact Algorithms 
 
   Exact techniques for approaching the MKP evolved many decades earlier 
and encompassed the Lagrangian methods and surrogate relaxation 
techniques, special enumeration techniques and reduction schemes, and the 
branch-and-bound method.  
   The surrogate strategy presented by Glover [7] substituted the original 
restraints by one surrogate restraint. Greenberg and Pierskalla [8] posited 
the first principal handling of surrogate restraints in the setting of general 
mathematical programming and his research was succeeded by the works of 
Glover [9, 10] and Dyer [11]. Martello and Toth [12] reported that 
experiments using algorithm-solving approach unwire non-correlated and 
that weakly associated instances amounted to more than 100,000 variables. 
Freville [13] argued that albeit further effort is needed to compute the 
bounds, the methods of surrogate relaxation more beneficial in resolving the 
MKP than the methods which use the Lagrangean relaxation due to that the 
latter framework is not suitable for handling the homogeneous and simple 
MKP structure. 
    Balas [14] and Geoffrion [15] built implicit enumeration techniques to 
resolve the 0–1 linear programs, and Lemke and Spielberg [16] and Breu 
and Burdet [17] examined the computational potency of different optimizing 
0–1 encodes on the basis of these methods. Capability of these implicit, 
enumeration-based, branch-and-bound techniques in resolving MKP 
instances persisted somewhat limited. Furthermore, these techniques did not 
compete with other, more important approaches.  
   Shih [18, 19] presented the first linear programming-based, branch-and-
bound technique by use of the particular MKP structure and found a top 
bound through resolving m single-restrained knapsack problems. He 
documented computational experiments of a group of 30 uncorrelated and 
randomly-generated problems having up to five knapsack restraints and 
ninety parameters. He illustrated that the time needed to solve the enhanced 
Balas [14] algorithm can be lowered in this manner. Gavish and Pirkul [2] 
reached to the conclusion that the major imperfections of Shih’s method 
[19] included its extreme space requirements as well as its inability to 
resolve problems of tight resource restraints. They proposed a branch-and-
bound routine for MKP enclosing new rough algorithms for gaining 
surrogate rules and bounds for decreasing the size of the problem. 
Furthermore, they demonstrated that their approach was significantly faster 
than Shih’s [19] through examining with problems having sizes up to seven 
constraints and 80 variables. Employing LP relaxation of surrogate dual to 
escape solving 0–1 knapsack problems and to lower solution time, they 
achieved competent results without enhancing the LP bound. 
    Freville and Plateau [20] investigated utilization of integer surrogate 
relaxation to solve the bi-dimensional case by formulating an competent 
pre-processing stage which can be ended with an enumerative stage if due. 
Computational experiments with correlated and randomly generated  
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instances amounting to 750 variables showed that the method is as good as 
that of Gavish and Pirkul [2] and that it is capable of furnishing a 
competitive replacement for the LP-based strategies.  
   Several other particular approaches have attempted to solve the 
particular/distinctive structures of the MKP. For example, Sahni [21] 
suggested approximation algorithms for the 0-1 knapsack problem. Plateau 
and Roucairol [22] utilized parallelization of tree search algorithm which 
encircled a search for initial achievable solution, a reduction of size on the 
basis of the additivity of the decreased costs, and use of a terminal branch-
and-bound technique. Freville and Plateau [23] formulated distinct methods 
for the bi-dimensional 0–1 knapsack problem and these methods proved to 
be capable of finding the optimum dual solution within an infinite number 
of iterations, independent of the variable numbers practically. 
   Many other methods handled the case of highly associated instances 
which continued to be very difficult to resolve, and proved to be able to 
solve, effectively, big problems of such types and of other hard classes.                          
Prominent examples of these methods encompass upper bounds gained 
through addition of valid inequalities to the cardinality of optimum solution 
restraint [24]).  
   Schilling [25] offered asymptotic investigation of MK, and calculated the 
value of the asymptotic objective function where the capacity of the 
knapsack was equivalent to one and the profit and resource parameters were 
distributed in a uniform manner over the unit interval. Szkatula [26] 
generalized the research by not confining the knapsack capacities to one. 
Fontanari [27] ran a statistical examination of the MKP and explored 
reliance of the objective function on the number of capacity restraints and 
on knapsack capacities.  
    Albeit different algorithms were formulated to furnish good upper and 
lower bounds; because of NP perfection, the exact approaches are based 
mostly on a type of branch and bound and commercial solvers like CPLEX, 
XPRESS, LINDO, and  OSL only can resolve instances of medium and 
small sizes optimally. Therefore, for solving MKPs instances of large size, 
several metaheuristic and heuristics techniques have been developed like 
rough algorithm, multi-stage algorithms, tabu search, simulated annealing, 
scatter search, and GAs.  
 
2.2 Heuristic Algorithms 
 
   Senju and Toyoda [28] suggested a twofold heuristic for the MKPs 
starting with appointing ones to each and every variable and assigning zero 
to one to the values of these variables simultaneously in accordance with 
growing ratios till the requirements of feasibility are fulfilled. On the 
contrary, Kochenberger et al. [29], Toyoda [30], Loulou and Michaelides 
[31] developed a number of methods for the MKP starting from the origin 
and assigning ones to the values of the parameters in accordance with 
declining ratios until the point when addition of additional variables will 
violate the constraints.  
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   Hillier [32] presented multi-stage algorithms and internal routes for the 
MKP which concentrated on the simplex made up of the optimum solution 
of the LP and its nearby farthest points as a starting point of line search. The 
first stage identifies a route which leads from the optimum solution of LP to 
other adjacent solution pertaining to the integer viable region. Afterwards, 
the algorithm traverses this route to determine a better possible integer 
solution in the second stage. And in the eventual step, local search is carried 
out in an attempt to enhance the present possible solution by modifying one 
variable or more at the same time. 
   By utilizing MKPs moderate size instances, Zanakis [33] demonstrated 
that Hillier’s [32] algorithm was more precise than the fundamental 
primal/dual greedy algorithms. A procedure of the most widely-known LP-
based ones for identifying rough solutions to the popular linear 0–1 
problems is the so-called “Pivot and Complement” method which was 
originally established by Balas and Martin [34]. They recommended a rough 
algorithm for the MKP to solve the core problem, which is a knapsack 
problem determined on a small sub-set of existing items, so that there will 
be a high possibility of discovering a global optimum in the core, 
demonstrating that the probability for the heuristic to discover the optimum 
solution grows with instance size. The protocol starts with resolving the LP 
relaxation using a standard bounded variable simplex method and proceeds 
by implementing a series of pivots intending to put the bounded parameters 
to the basis at the minimum cost. A complementing stage tries next to 
enhance the 0–1 solution gained in pivoting. Moreover, favourable results 
have too been achieved for pure 0–1 linear programs using combinations of 
tabu search and a pivot-and-complement heuristic.  
   Freville and Plateau [6] suggested an effective pre-MKP processing 
algorithm assigning sharp low and high limits to the optimal value by 
lowering the continuous possible set and by removing variables and 
constraints. Magazine and Oguz (1984)  integrated the Senju and Toyoda’s 
binary algorithm using a Lagrangean relaxation approach allowing for 
fixing the values of parameters to their values allotted in the whole optimum 
solutions. Later, their research was expanded by Volgenant and Zoon 
(1990). Freville and Plateau [35] concentrated on Lagrangean and surrogate 
relaxations. They suggested three approaches to solutions using accelerated 
fixing (many variables fixed simultaneously), noising method and strongly 
determined variables, and surrogate constraints.  
   Pirkul (1987) built a more plain general technique for solving the MKP 
containing a descent method for determining the surrogate restraints. They 
then evidenced that this greedy method was in general more rapid than the 
pivot-and-complement heuristic and that it produced solutions were that had 
been comparable, in terms of the quality of the achieved solution, to 
instances amounting to 20 constraints and 200 variables. 
   Lee and Guignard [36] suggested a multi-stage technique for solving the 
MKP tuned with few variables that rule the trade-off between time of 
computation and quality of solution, whose values were user-defined. They 
documented that time enhancements to time of computation and quality of  
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solution by numerical outcomes for 48 test problems having 6-500 
parameters and 5–20 constraints.  
   Hanafi and Freville [37] developed a simple multi-stage algorithm for the 
MKP incorporating several heuristic principles like noising, threshold 
accepting, simulated annealing, and greedy in a flexible way. Beginning 
with a group of random possible solutions, the first phase conducted many 
local search operations and then an extra phase, founded on reiterated 
greedy steps attempted to enhance the present possible solution. Balas et al. 
[38] introduced a complex local search in the neighbourhood of the integer 
of fractional LP-solution intended to resolve pure 0–1 problems.  
   Martello and Toth [39] established an efficient algorithm for problems of 
large sizes on the basis of the using a greedy algorithm to solve large 
knapsack problems. It is capable of solving the core problem and achieving 
an optimal solution by branch-and-bound, hence gaining an appreciably 
good low bound.  
   Plateau et al. [40] tested a multi-stage procedure by use of metaheuristics 
and interior point techniques where the first stage embraces a hybrid search 
that employs an interior point technique to produce fractional germ points, a 
local search to retrieve feasibility, and a cut generator to population 
diversify of the starting possible solutions. On the other hand, the second 
stage performs a constant number of route re-linking trials between groups 
of solution pairs chosen from the starting population. They were able to 
solve MKP and compared their findings with those of the Chu and Beasley 
[5] genetic algorithm. In conclusion, the results of the former study 
exhibited encouraging prospects for the application of interior point 
techniques as guides to fostered/improved route re-linking, and scattered or 
local search operations approaches.  
   Balev et al. [41] suggested a heuristic using dynamic programming in a 
relevant manner to obtain a possible solution by progressive enhancements 
to the LP-rounding solution, and examined its performance on all standard 
sets found in the literature. Their heuristic was found to be remarkably fast 
and powerful in comparison with the best tabu search methods.  
   Frieze and Clarke [42] recommended a polynomial approximation method 
on the foundations of using a dual simplex algorithm for linear 
programming and tested the asymptotic characteristics of a specific random 
model. [43] offered a group algorithms of the generalized greedy type 
wherein items are selected on the basis of their profit declining ratios and 
weighted sums of their resource coefficients.  
   Fox and Scudder [44] suggested a heuristic founded on a start setting all 
variable values to zero (one) and progressively selecting variables to be set 
to one (zero). They presented the computational outputs for randomly 
produced MKP test problems comprising up to 100 constraints and 
variables. 
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2.3 Metaheuristic Algorithms 
 
   The most common metaheuristics so far are the, Genetic Algorithm (GA), 
Greedy Randomized Adaptive Search Procedure (GRASP), Neural 
Networks (NN), Threshold Accepting Algorithms (TAA), and the Simulated 
Annealing (SA), and Tabu Search (TS).  
   Drexel [45] established a SA technique and suggested a particular two-
exchange random move which preserves the viability of all the solutions 
produced in the process. Dueck and Scheuer [46] argued that the 
deterministic version of SA, known as threshold accepting, produced a bit 
better results than those produced by the 1988 approach of Drexel [45] for 
the MKPs.  
   Dammeyer and Voss [47]  presented a TS to solve the MKPs by using a 
dynamic release of TS known as the Reverse Elimination Method wherein 
feasibility is preserved during the process by means of a multivariate 
DROP/ADD move. Battiti and Tecchiolli [48] tested a tabu list dynamic 
management, known as Reactive Tabu Search, and obtained performance 
satisfactory well enough with the MKPs.  
   Lokketangen and Glover [49] founded a straightforward method by letting 
TS depend on a standard bounded parameter simplex technique as sub-
routine. They investigated employment of the tunnelling effect and 
introduced strategic oscillation method which interchanges between 
destructive and constructive stages of TS and directs the search to parameter 
depths at both sides of the boundary of the feasible solution. By doing so, 
they were able to achieve computational outcomes of high quality over 
many large MKPs problems amounting to 25 constraints and 500 variables.  
Hanafi and Freville [50] developed a TS method that integrates generalized 
greedy algorithms with strategic oscillation lead by surrogate information 
restraints and the condition of the search. They obtained outputs rival with 
the ones formerly obtained by Glover and Kochenberger [51].  
   In terms of sizes of the solved problems, Vasquez and Vimont [52] gained 
the solutions of the best quality for benchmark problems drawn from the 
related literature. Yet, the time spent in computations was quite high as far 
as resolving very big instances is concerned. Dammeyer and Voss [47] 
suggested a TS  heuristic on the foundations of inverse elimination and 
reported results of computations for 57 standard MKP test problems derived 
from the literature and they were able to find the optimum solutions for 41 
out of these.  
    Lokketangen and Glover [53] recommended a TS heuristic intended for 
solving universal zero-one, mixed-integer programming problems. They 
examined tested the proposed technique on some standard MKP problems 
found in the literature and gained optimum solutions for 94.74 % of them. 
   Evolutionary algorithms comprise one of the important streamlets of 
metaheuristics. Michalewicz [54] suggested a GA which adapts the penalty 
function method to the knapsack problem. Chu and Beasley [5] furnished 
the most comprehensive covering of GAs for MKPs. They recommended 
the earliest successful application of GA’s by confining the GA to only  
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searching the possible search sphere. They furnished an overview and 
account of the GA, the MKP, and a group of 270 test problems which had 
been afterwards made available through the internet. Their algorithm 
encircles heuristic operator that affirms attainment of feasible offspring 
solutions. They held comparisons between the performances of branch-and-
bound algorithm and GA and discovered that the performance of GA was 
somewhat appreciable. Using huge set of problems randomly produced, they 
reported that the GA heuristic was able to achieve solutions of high-quality 
for problems of varying features within short calculation time.  
   Raidl [55] established an enhanced GA by presenting a heuristic repair 
operator founded on initial variable values of the relaxed LP solution; a 
local enhancement operator founded on the LP-relaxed MKP solution, and a 
pre-optimized starting population. They examined the performance of the 
enhanced GA and compared it with the test set of the Chu and Beasley [5]. 
Eventually they reached to the conclusion that, in the larger part of time, the 
former operator converged remarkably faster to somewhat better solutions.  
   Jalali and Lee [56] proposed a fuzzy genetic algorithm with new crossover 
operators and probability selection technique based on the population diversity 
for solving MKPs. Jalali [57] introduced GA based on some new mutation 
operators for solving 0/1 knapsack problems. In another study,  Jalali [58] 
introduced a new technique for controlling the mutation rate based on 
diversity of the population and fuzzy tools in GA and used this technique for 
solving MKPs. 
 
 
4. Conclusion 
 
   In this paper we have given a comprehensive survey of the most popular 
algorithms that they have been used for solving multidimensional knapsack 
problems. The exact algorithm, heuristic and metaheuristic algorithms are 
presented as main category discussion and details of each algorithm are 
given. 
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