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Abstract

We shortly describe a complete solution of the linear-quadratic con-
trol problem on a finite interval with an additional linear term in the
objective function. An application on an innate immune response is
considered.
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1 Introduction

In this paper we consider a perturbed linear-quadratic control problem on a
finite interval. The only difference from the traditional LQ-control problem is
that the problem has an extra linear term in the cost function which makes it
time-dependent. The major motivation for this extension comes from [4] where
we consider applications of very efficient primal-dual interior-point algorithms
to the computational analysis of multi-criteria linear-quadratic control prob-
lems in minimax form. It turns out that the linear-quadratic control problem
on a finite interval with the linear term in the objective function can also be
applied in the optimal control of innate immune response which is considered
in [5].

1Corresponding: thanasak@chiangmai.ac.th. This paper is based upon work supported
by the National Research University Project under Thailand’s Office of the Higher Education
Commission.



328 T. Mouktonglang

2 A Model of Disease Dynamics

We consider a simple model for a pathogenic attack on an organism and the
organism’s immunological defense. This model is consider in [5]. For the states,
there are four components to the system [1].

x1 = concentration of a pathogen.
x2 = concentration of plasma cell which are carriers and producers of an-

tibodies.
x3 = concentration of antibodies which kill the pathogen.
x4 = relative characteristic of damaged organ. (0 is healthy.)

For the therapeutic control agents, we introduce the following.
u1 = pathogen killer.
u2 = plasma cell enhancer.
u3 = antibody enhancer.
u4 = organ healing factor.
The four scalar linear ordinary differential equations of the modified dy-

namic model are:
ẋ1 = a11x1 − a12x3 − b1u1

ẋ2 = a21x2 + b2u2

ẋ3 = a31x2 − a32x3 + b3u3

ẋ4 = a41x1 − a42x4 + b4u4

The aij and bi are constant. The equations can be rewritten in a vector
form,

ẋ = Ax(t) + Bu(t)

where the vector x(t) is called the state of the system and the vector u(t)
is called the control vector. The dynamic equations is solved over the time
interval (t0, tf ) with the assumed initial condition x(t0) = x0. The optimal
therapeutic protocol is to minimize a positive definite treatment cost function
J(x, u). The cost function penalizes large value of pathogen concentration,
poor organ health, the difference between the concentration of plasma cell
which are carriers and producers of antibodies at the non-steady state and
steady state (x2 − ω) and excessive application of the therapeutic agents over
the fixed time interval (0, tf).

J(x, u) =
1

2

∫ tf

0

q11x
2
1 + q22(x2 − ω)2 + q44x

2
4 + r11u

2
1 + r22u

2
2 + r33u

2
3 + r44u

2
4 dt

where ω is a steady state concentration of plasma cell which could be depended
on time.

The cost can also be rewritten in the following from
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J(x, u) =

∫ tf

0

[< x − Ω, Q(x − Ω) > + < U, RU >]dt → min, (1)

ẋ = Ax + Bu, x(0) = x0. (2)

Here, Q = [qij ], R = [rij ] and

Ω(t) = [0, ω(t), 0, 0]T ,

which is equivalence to

J(x, u) =

∫ tf

0

[< x,Qx > + < u, Ru >]+ < x,QΩ > dt → min, (3)

ẋ = Ax + Bu, x(0) = x0. (4)

This is problem is a version of LQ-control problem with a linear term on
a finite interval. In the next section, we give a full description of a solution to
the perturbed LQ control problem. See [2, 3] for details.

3 Solution to the Perturbed LQ Control Prob-

lem

Let X = Ln
2 [0, T ] × Ll

2[0, T ], where Ln
2 [0, T ] is the Hilbert space of square-

integrable functions on [0,T] with values in �n. Let A(t), B(t) be continuous
matrix valued functions on [0,T], where A(t) is n by n and B(t) is n by l
matrices. Consider Z ⊂ X

Z = {(x, u) ∈ X : x is absolutely continuous on [0,T],

ẋ(t) = A(t)x(t) + B(t)u(t), t ∈ [0, T ], x(0) = 0}.

Let, further

M

[
x
u

]
=

[
Qx
Ru

]
.
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Here Q(t) = QT (t) is a continuous matrix-valued function on [0, T ], R(t) =
RT (t) is also continuous matrix-valued function on [0, T ]. We also assume that
R(t) is positive definite for any t ∈ [0, T ].

Then the optimality condition of (3) is of the following form,

M [x, u]T + [Ω, 0]T =

[
Qx
Ru

]
+

[
Ω
0

]
∈ Z⊥, (5)

where

[
x
u

]
∈ Z + a,

[
Ω
0

]
∈ X.

By direct computation, we have

Z⊥ = {(ṗ + AT (t)p, BT (t)p) : p is absolutely continuous on [0,T],

ṗ ∈ Ln
2 [0, T ], p(T ) = 0}.

Hence,

Qx + Ω = −ṗ − AT p

and

Ru = −BT p

By following the standard control-theoretic methodology, we are looking
for p in the feedback form:

p = kx + ρ

α̇ = Ax + Bβ

ṗ = Kẋ + K̇x + ρ̇

K̇ + KA + AT K − KBR−1BT K + Q = 0, K(T ) = 0

We then solve the following vector differential equations to obtain ρ and x.

ρ̇ = (KBR−1BT − AT )ρ − Ω, ρ(T ) = 0

ẋ = Ax − BR−1BT Kx − BR−1BT ρ, x(0) = γ

Hence

u = −R−1BT (Kx + ρ)

Hence, we obtain

[
x
u

]
a solution to (3).
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Figure 1: Untreated Case

4 Numerical Results

The following data is applied to the numerical experiments. For the four scalar
linear ordinary differential equations of the modified dynamic model we use:

A =

⎡
⎢⎢⎣

1 0 −1 0
0 −1 0 0
0 1 −1 0
1 0 0 −1

⎤
⎥⎥⎦ , B =

⎡
⎢⎢⎣

−2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦

As for treatment cost J(u, x), we define Q and R as follows:

R = diag([1, 1, 1, 1]) and Q = diag([3, 2, 1, 1]).

For the concentration of plasma cell which are carriers and producers of an-
tibodies at the steady state (ω(t)), we assume to be periodic. Hence, we use
ω(t) = 3 sin(3t). We study the two cases which are classified by the initial
levels of concentration of pathogen. The natural responses of the system over
a period of 3 units time with no application of therapy (u = 0) are shown in
Figure 1. It is the case where the concentration of pathogen is minimal and
eventually the patient recover (x0 = [1, 2, 1, 2]T ). The other example is when
the concentration of pathogen is significant (x0 = [10, 2, 1, 5]T ). The numerical
results show that the microbial assault would be lethal. After apply therapy
to the system, the assault can be contained and organ health can be preserved
as shown in Figure 2.
Acknowledgement: We wish to thank the National Research University
Project under Thailand’s Office of the Higher Education Commission for fi-
nancial support.
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Figure 2: Treated case: before and after applying the optimal therapeutic
protocol
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