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Abstract

In this paper, the stationary solutions to the modified nonlinear
Schrödinger’s equation will be obtained in presence of perturbation
terms. This describes the solitons in α-helix proteins. The Lie sym-
metry approach will be used to carry out the analysis.

Mathematics Subject Classification: 78A60, 35Q51, 35Q55, 37K10

1 INTRODUCTION

The nonlinear Schrödinger’s equation (NLSE) plays a very important role in

various areas of Physical, Biological and Engineering Sciences [1-10]. In partic-

ular, it appears in Nonlinear Optics, Fluid Dynamics, Nuclear Physics, Plasma
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Physics and many others. In this paper, the focus is going to be on the appli-

cation of the NLSE in Biological Sciences where it is studied in the context of

Davydov solitons in α-helix proteins. Solitons are observed in α-helix proteins

[2, 3, 6-8]. In NLSE, the solitons are the outcome of a delicate balance between

dispersion and nonlinearity.

The stationary solutions to the perturbed NLSE will be obtained in this pa-

per. There are various methods that have been developed lately to carry out

the integration of the NLSE and various other nonlinear evolution equations.

Some of these well known methods are Adomian decomposition method, He’s

variational iteration method, He’s semi-inverse variational principle, exponen-

tial function method and many more. These methods have turned out to be

a blessing in this area of research. In this paper, however, the method of Lie

symmetry, also known as Lie group analysis will be used to carry out the in-

tegration of the perturbed NLSE that governs the study of α-helix proteins

[6].

2 MATHEMATICAL ANALYSIS

The dimensionless form of the NLSE that is going to be studied in this paper

is given by [2, 3]

iqt + aqxx + b |q|2 q = 0. (1)

In equation (1), the dependent variable q represents the vibrational coordinate

of the amide-I vibrations. The second term is a dispersion term representing

the dipole-dipole coupling and arises from the effective mass of the exciton

while the third term is nonlinear term representing coupling to hydrogen bonds.

2.1 PERTURBATION TERMS

The perturbed NLSE that is going to be studied in this paper is given by [2,

3]

iqt + aqxx + b |q|2 q = kq2
xq

∗. (2)

Thus, (2) represents the dynamics of α-helix proteins with internal molecular

excitations and their interactions with the nearest and next-nearest neighbors
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as well as nonlinear couplings between molecular excitations and interactions.

In this paper, a stationary solution to (2) will be obtained. This solution form

is taken to be

q(x, t) = φ(x)eiλt. (3)

On substituting the form (3) in (2), equation (2) reduces to the ordinary

differential equation

λφ + aφ′′ + bφ3 = k (φ′)2
φ. (4)

Equation (4) has a single Lie point symmetry, namely X = ∂/∂x which is

also known as translation symmetry. This symmetry will be used to integrate

equation (4) once. It can be easily seen that the two invariants are

u = φ (5)

and

v = φ′. (6)

Treating u as the independent variable and v as the dependent variable, (4)

can be rewritten as

dv

du
=

(
ku

a

)
v −

{
λu + bu3

a

}
1

v
. (7)

This is the well-known Bernoulli equation, which on integration yields

v2 =

(
dφ

dx

)2

=
λ

k
+

ab

k2

(
kφ2

a
+ 1

)
+ c1e

kφ2

a , (8)

where c1 is an arbitrary constant of integration. Now, (8) can be integrated

once more to yield

x + c2 =
∫

dφ[
λ
k

+ ab
k2

(
ks2

a
+ 1

)
+ c1e

ks2

a

] 1
2

, (9)

where c2 is the second constant of integration. If c1 = 0, (9) integrates to

x + c2 =

√
k

b
ln
[
bkφ +

√
bk (bkφ2 + ab + λk)

]
. (10)

which gives the stationary solution to (2) although it is an implicit solution.
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3 CONCLUSIONS

In this paper, the stationary solution to the NLSE is calculated in presence of

perturbation term. The Lie symmetry method is used to carry out the analysis

of the equation. The stationary solution can be used for further analysis for

studying the Biological phenomena in proteins. Those results will be reported

in future.
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