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Abstract 
 

Suppose ∑ is the alphabet set and S is the set of strings with equal length over 
alphabet ∑. The closest substring problem seeks for a substring over ∑ that 
minimizes the maximum hamming distance with other substrings in S. The closest 
substring problem is NP-complete. This problem has particular importance in  
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computational biology and coding theory. In this paper we present an algorithm 
based on ant colony system. The proposed algorithm can solve closest substring 
problem with reasonable time complexity. Experimental results have shown the 
correctness of algorithm. At the end, a comparison with one genetic algorithm is 
also given. 
  
Keywords: Closest substring, Ant colony system, Meta heuristic 
 
 
1 Introduction 
 
   The closest substring problem was introduced in [1]. This problem (CSSP) has 
been extensively studied in computational biology [2, 3, 4, 5, 6, 7, 8, 9] and 
coding theory [10]. This problem finds application in PCR prime design [1, 11, 12, 
13, 14], genetic probe design [1], motif finding [1] and antisense drug design [1, 
15].  In all these applications, a common task is to design a new DNA or protein 
sequence that is very similar to each given sequence. 
The closest substring problem and other related problems are NP-complete [10, 
16]. Since it is unlikely that there can ever be efficient polynomial time exact 
algorithms solving the closest substring problem, Researchers have developed 
approximation algorithms, fixed-parameter algorithms and evolutionary 
algorithms for solving the closest substring problem.  
Approximation algorithms present polynomial time sub-optimal solutions for 
NP-Complete problems [17]. Although approximation algorithms give provable 
run time bounds, they sacrifice the quality of solution. A polynomial time 
approximation scheme (PTAS) achieves ratio 1 + ε  in polynomial time for any 
fixed ε > 0. Despite of its hardness, polynomial-time approximation scheme 
presents a natural and efficient way with approximation ratio (1)4

3 o+ [1]. In [16] 

a non-trivial approximation algorithm with ratio better than 2 with ratio 2
2

2 1
−

∑ +

is 

introduced. Ma [18] proved that there is a PTAS for closest substring problem 
which runs in a polynomial time for any fixed positive r and ε . The PTAS 
proposed in [2] has a very high computational complexity and is not practical 
even for moderate values of the error bound. A PTAS is proposed in [24] which 

has 
2 1

( log )

( )
O

O mn
ε

ε

−

time complexity. Using a fixed-parameter algorithm, a PTAS is 

presented in [19] which solves the problem in 
2( )( )OO mn ε −

time complexity. In [20] 
is proved that unless the Exponential Time Hypothesis fails, the CSSP problem 

has no polynomial time approximation schemes of running time 
1( )1( )

O
f n ε

ε for 

any function f.  
Fixed Parameter Tractable (FPT) is a branch of computational complexity theory 
in computer science that focuses on classifying computational problems according  
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to their inherent difficulty with respect to multiple parameters of the input. The 
theory is aimed at practically solving a large number of computational problems 
that are theoretically intractable. Fixed parameter algorithms find optimal 
solutions with time complexity ( ). cf k n for a constant c and any function f [6]. 
Here k is a parameter naturally associated to the input instance. It has been shown 
that in the case of unbounded alphabet the closest substring problem is W[1]-hard 

[22, 23]. In [3] an algorithm with running time 2 2
(log 2) log (1)

d dd ON+ +Σ is given, where 
N is the total length of input strings. Later this complexity is improved to 

2log 1( )( )
dO dO n m

⎡ ⎤+⎢ ⎥Σ [19]. That is the 2logd factor at the exponent of 2(log 2)dd +Σ is 
removed. 
None of the methods above do not work with large scale instances of problems. 
So researchers introduced evolutionary algorithms. H.Mauch [25] proposed a 
genetic algorithm in which solves the problem in suitable running time. 
In this paper we present a metaheuristic algorithm that finds closest substring 
using ant colony system. Metaheuristics are a class of methods commonly applied 
to suboptimally solve computationally intractable combinatorial optimization 
problems. In proposed algorithm, every ant indicates a solution. This algorithm 
finds the closest substring based on the remaining pheromone in each path. The 
proposed algorithm solves CSSP in optimal time and suitable accuracy. 
The paper is organized as follows. Section 2 gives a mathematic description of the 
closest substring problem and has a short look on ant colony system. The 
algorithm is introduced in section 3. Section 4 provides an overview of results on 
a set of standard test problems and comparisons of proposed algorithm with 
genetic algorithm proposed in [25]. At last Section 5 is dedicated to the discussion 
of the main characteristics of our algorithm. 
 
 
2 Preliminaries 
 
2.1 Formulation of CSSP  
 
Suppose Σ  is a finite symbol set and | |Σ is its cardinality. 
Definition: Let 1 2, , ..., nx x x x=  and 1 2, , ..., ny y y y=  be two strings with length n 
over Σ . The hamming distance ( , )Hd x y  between x and y is defined as : 

1

1
( , ) ( , ), ( , )

0

n

H i i
i

x y
d x y x y x y

x y
ε ε

=

≠⎧
= =⎨ =⎩
∑  (2.1.1) 

It can be interpreted as the number of mismatches between two strings. 
The formal definition of CSSP is as follows: 
Given: A set 1 2{ , , ..., }nS s s s=  of strings over a finite symbol set Σ , such that 

{1, 2, ..., }i n= , is L≤ , 0 d L≤ ≤ and 0 l L≤ ≤ . 
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Objective: lt ∈Σ  is the closest substring, such that max min{ ( , )}

l ii
it ss S

z d s t
∈

=
>

is 

minimum.  
 
2.2 Ant Colony System 
 
Ant colony system (ACS) is inspired by the forgoing behavior of ant colonies 
concerning in particular how they can find shortest paths between food source and 
their colony. In real world, ants (initially) wander randomly and return to their 
colony after finding food while leaving down pheromone trails. If other ants find 
such a path, they are likely not to keep traveling at random, but instead they 
follow the trail, returning and reinforcing it if they eventually find food. Over 
time, however, the pheromone starts to evaporate, then a shortest path gets 
marched over faster and thus the pheromone density remains high. 
As the amount of pheromone trail is increasing, more ants will traverse that path. 
Thus the pheromone evaporates in long paths and more ants will be absorbed to 
the shortest path. 
Ant colony system was initially introduced by Marco Dorigo in collaboration with 
Alberto Colorni and Vittrio Maniezzo [26]. They used ACS in order to solve the 
traveling salesman problem (TSP). the whole idea is shown in fig 1.  

 
 
 
 
 
Consider Fig. 1A: Ants arrive at a decision point in which they have to decide 
whether to turn left or right. Since they have no clue about which is the best 
choice, they choose randomly. It can be expected that, on average, half of the ants 
decide to turn left and the other half to turn right. This happens both to ants 
moving from left to right (those whose name begins with an L) and to those 
moving from right to left (name begins with a R). Figs. 1B and 1C show what  

Fig. 1. How real ants find a shortest path. A) Ants arrive at a decision point. B) Some ants choose the upper path 
and some the lower path. The choice is random. C) Since ants move at approximately constant speed, the ants 
which choose the lower, shorter, path reach the opposite decision point faster than those which choose the upper, 
longer, path. D) Pheromone accumulates at a higher rate on the shorter path. The number of dashed lines is 
approximately proportional to the amount of pheromone deposited by ants. 
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happens in the immediately following instants, supposing all ants walk at 
approximately the same speed. The number of dashed lines is roughly 
proportional to the amount of pheromone that the ants have deposited on the 
ground. Since the lower path is shorter than the upper one, more ants will visit it 
on average, and therefore pheromone accumulates faster. After a short transitory 
period the difference in the amount of pheromone on the two paths is sufficiently 
large so as to influence the decision of new ants coming into the system (this is 
shown by Fig. 1D). From now on, new ants will prefer in probability to choose the 
lower path, since at the decision point they perceive a greater amount of 
pheromone on the lower path. This in turn increases, with a positive feedback 
effect, the number of ants choosing the lower, and shorter, path. Very soon all ants 
will be using the shorter path. 
The ant colony system works as follows: At first the equal amount of pheromone 
is associated to each path. The virtual ant k which is located in node r, selects the 
node j by the following probability function: 

( ) 0arg max {[ ( , )].[ ( , )] }
ku j r r u r u q q

s
otherwise

βτ η

ρ
∈⎧ ≤⎪= ⎨

⎪⎩
 (2.2.1) 

Where q is a random number uniformly distinguished in [0..1], q0 is a parameter 
in which 00 1q≤ ≤ , ( , )r uτ  is the amount of pheromone in the path between 
nodes r and u, and ( , )r uη  is an inverse function of distance between r and u. β is 
the parameter which determines the relative importance of pheromone in the path 
and the length of the path. S is a random variable which is selected according to 
the probability distribution that mentioned bellow: 

( )

[ ( , )].[ ( , )] ( )
[ ( , )].[ ( , )]

0
k

k
u j rk

r s r s s j r
r u r up

otherwise

β

β

τ η
τ η∈

⎧
∈⎪= ⎨

⎪
⎩

 (2.2.2) 

Where ( )kj r  is the set of nodes that remain to be visited by ant K positioned in 
city r.  ( , )kp r s  gives the probability with which ant K in city r chooses to move 
to node s. In a few number of choices, action criterion is equal to the probability 
function P. In other situations, transition takes place between nodes connected by 
short edges and with a large amount of pheromone. The parameter q0 determines 
the relative importance of exploitation versus exploration. 

While building a solution, ants visits edges and decay their pheromone level by 
applying the local update rule: 

( , ) (1 ). ( , ) . ( , )r s r s r sτ α τ ρ τ= − + Δ  (2.2.3) 
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Where ( , )r sτ  denotes the pheromone level of the edge between nodes r and s. 
ρ is a parameter related to the evaporation time for pheromone. 
After one tour is finished, the global update is performed. In ACS only the 
globally best ant is allowed to deposit pheromone. The amount of pheromone that 
the best ant deposited on each path is the inverse function of tour length. Shortest 
path will have most pheromone: 

( , ) (1 ). ( , ) . ( , )r s r s r sτ α τ α τ= − + Δ  (2.2.4) 

Where α is the pheromone decay parameter ( 0 1α≤ ≤ ) and ( , )r sτΔ is the inverse 
of length of the globally best tour from the beginning of trail. 
 

3. Proposed algorithm 
 
The genetic algorithm presented in [25] for solving the closest substring problem 
has some limitations, which consists of first generation number and strings length. 
By increasing these factors, the quality of answer decreases. There by, final result 
is closely dependent on choosing the first generation. 
The algorithm that we propose is based on ant colony system. We name this 
algorithm Ant-CSSP. In this algorithm every ant produces a solution according to 
formula (2.2.1). As mentioned in fig 3, at first a number of ants are initialized to 
find the solution. Then by using heuristic function the matrix H will be initialized, 
in which the number of rows indicate the number of alphabet Σ . I is indicative of 
the index of alphabet letters inΣ . Number of columns indicates the length of 
substring l. In matrix, the hij is equal to the frequency of i-th letter in the j-th index 
of all substrings in all input sequences. It means that we divide the input 
sequences in length-l subsequences and then we count the number of each letter in 
each position of subsequences and complete the matrix (fig 2). 
 

 

 
 
 
 
 
 
 
Now we normalize the heuristic matrix by dividing each hij to the sum of j-th column. In 
fact, the heuristic function finds the frequency of every letter in every position of input 
substrings. Each ant starts from the first node and chooses one of the alphabet letters as a  

∑= {A, B, C, D}, | | 4Σ = , l=3 

S= {ABCBD, BCABA, ADBAB} 
  

A 

B 

C 

D 

1  2  3   1 

 3 2 3

3  4  4   

2  1  1   

1  1  0   

Fig 2. Example of matrix H 
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next node, randomly. Then according to (2.2.1), the probability of each path will be 
computed. Then based on the probability associated to each path, one of the alphabet 
letters will be selected. Later on, after one ant passed one complete tour, local updating is 
started. In this stage, ( , )r sη  is computed using 1/1-dr,s, in which dr,s is the sum of 
hamming distances. After every ant passes the entire path, the global update operation 
will be done by the best ant. Otherwise the algorithm starts to find the closest string, 
again from the beginning. 
α indicates degree of the ant’s willingness to choose a path. β indicates the willingness to 
heuristically choose a path. q0 shows the probability of choosing the best letter. 
Evaporation on the edges is controlled by ρ . Path is ( , )r sτ  which is indicative of j-th 
position’s in the solution for i-th letter ofΣ . Ant’s population is shown by AntNo. 
 

 
 
 
 
 
 
 
 
 
 
 

 

 

  

 

4. Experimental results 
 
In this section we study the proposed algorithm on set of data. At first we find the optimal 
parameters by changing the parameters and then we compare our algorithm results with 
Genetic algorithm [25]. Codes are written in C# programming language and have been 
executed on Pentium IV computer, Intel 2.5GH processor and 3GB main memory. 
At first a set of data containing 1000 strings with similar length 10, is generated. Here the 
substring length is equal to 3.These sequences are generated randomly. The hamming 
distance of closest substring with others is achieved. This operation is done 20 times for 
each variation in parameters.  
 

The Ant-CSSP algorithm 
1: initialize Ant system parameter α, β, q0, t0, ρ, path, AntNo. 
2: calculate Heuristic 
3: while (satisfy termination criterion) 
4:   for each Ant in Ants 
5:    \\ Construct solution according to the Ant system formula 
6:            for each i, where 0 ≤ i ≤ L, do 
7:               for each letter, where 0 ≤ letter ≤ Alphabet Number, do 
8:                      ( , ) ( , )

i
p i letter i letterα βτ τ= ∗  

9:                      Choose one Alphabet according to the allocated pi, the letter which has 
more probability than others will be randomly chosen. 

10:              end for 
11:           end for 
12:         \\ Local update 
13:          

0
( , ) (1 ).( , )i letter i letter tτ ρ ρ= − +  

14:   end for 
15: Calculate Hamming Distance for solution 
16: find the best answer 
17: end while 
18: end. 
  

Fig 3. The Ant-CSSP Algorithm
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Fig 4 shows the result of changing in evaporation parameter ρ . By increasing the 
evaporation amount, the hamming distance of the closest substring with other substrings 
increases. As the ρ  decreases, the probability that one ant chooses a path with more 
pheromone will increase. The optimal ρ is 0.7. 

 

By increasing the β, the hamming distance with other subsequences is decreased (fig 5). 
This reduction is due to correctness of heuristic function and it means that explorative 
information has positive effect on ant’s decision for choosing the next symbol. 

 

After acquiring the optimal parameters, we have tested our algorithms with the 
genetic one using the azotated compounds alphabet { , , , }A C G T∑ =  of the 
fundamental components of nucleic acids. Both algorithms are executed 20 times 
on input set. We considered a number of input strings {25,50,75,100}n ∈ and 
string length {10, 20,30, 40,50,100}m ∈ .  

Size(m) GA-CSSP Ant-CSSP 
HD Time HD Time 

10 25 215 21 114 
20 58 18540 52.3 16985 
30 103 28341 97 26722 
40 141 35126 135.05 31789 
50 186 52890 177.9 49799 
100 443 11275 428.75 106578

Fig 4. Variation of ρ  in proposed algorithm 

Fig 5. Variation of beta in proposed algorithm 

Table 1. Results of both algorithms when the number of input strings is 25 
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For each length, we computed total hamming distance (HD) found in the 20 runs 
and the average of the running time in milliseconds over the 20 runs (Time). In 
each test, the substring length is 1/3 length of the input string. 
 

Size(m) GA-CSSP Ant-CSSP 
HD Time HD Time 

10 50 42 48 37 
20 116 5448 112 3490 
30 221 19401 213 17183
40 300 27522 289 20193
50 380 34156 367 27790
100 897 50606 892 34890

 
 
As shown in tables 1, 2, 3 and 4, by increasing the length of input strings, 
proposed algorithm works better. 
 

Size(m) GA-CSSP Ant-CSSP 
HD Time HD Time 

10 75 300 70 227 
20 180 2156 174 1699 
30 331 12781 328 9510 
40 447 43719 442 38557
50 569 45000 561 44892
100 1349 72813 1344 69291

 
 
Experimental results show that the Ant-CSSP always outperforms the genetic 
algorithm both in terms of solution quality and efficiency. The quality of 
Ant-CSSP algorithm results is much better than the genetic one.  

Size(m) GA-CSSP Ant-CSSP 
HD Time HD Time 

10 97 400 94 374 
20 237 13654 230 9355 
30 448 31056 440 29610
40 702 37563 606 35244
50 772 41351 768 38432
100 1803 99045 1795 96411

 
 
As shown in all these figures, the Ant-CSSP algorithm operates well enough in 
programs with large number of strings. And this is due to the formula which is 
used for local and global updating. 

Table 2. Results of both algorithms when the number of input strings is 50 

Table 3. Results of both algorithms when the number of input strings is 75 

Table 4. Results of both algorithms when the number of input strings is 100 



188                                                F. Bahredar et al 
 

5. Conclusion 
 
The closest substring problem and other related problems are NP-complete. In this 
paper a new method for finding the closest substring based on the ant colony 
system is presented. This algorithm can produce an optimal solution in suitable 
time. In the end, the results of executing the proposed algorithm are compared 
with Genetic algorithm. The experimental results indicate that the proposed 
algorithm has better performance than the Genetic one. Also it shows that by 
increasing the number of n and alphabet, our algorithm has considerably better 
results. 
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