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Abstract

Recently, Sarhan and Zaindin (2008) introduced a generalization of
the Weibull distribution and named it as modified Weibull distribution.
In this paper, we deal with the problem of estimating the parameters
of this distribution based on Type II censored data. The maximum
likelihood and least square techniques are used. For illustrative purpose,
the results obtained are applied on sets of real data. Also, simulation is
used to study the properties of the estimators derived.
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1 Introduction

The exponential, Rayleigh, linear failure rate and Weibull distributions are
the most commonly used distributions in reliability and life testing, Lawless
(2003). These distributions have several desirable properties and nice physical
interpretations. Unfortunately the exponential distribution only has constant
failure rate and the Rayleigh distribution has increasing failure rate. The lin-
ear failure rate distribution generalizes both these distributions which may
have non-increasing hazard function also. Also, the Weibull distribution gen-
eralizes exponential and Rayleigh distributions. It may have an increasing or
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decreasing failure rate. For the case when it has an increasing failure rate, its
failure rate function starts from the origin. This property limits its applica-
tion in practice. The modified Weibull distribution introduced by Sarhan and
Zaindin (2008) generalizes all the above mentioned distributions. It can be
used to describe several reliability models. It has three parameters, two scale
and one shape parameters. They used MWD(α, β, γ) to denote the modified
Weibull distribution with three parameters α, β, γ.

The traditional Weibull distribution with two parameters β and γ, denoted
as WD(β, γ), has the following cdf:

FW (x; β, γ) = 1 − exp {−βxγ} , x ≥ 0, β, γ > 0. (1.1)

It is very well known that WD(β, γ) generalized exponential distribution (when
γ = 1) and Rayleigh distribution (when γ = 2).

The traditional linear failure rate distribution with two parameters α and
β, denoted as LFRD(α, β), has the following cdf, Bain (1974):

FL(x; α, β) = 1 − exp
{−αx − β x2

}
, x ≥ 0, (1.2)

where α, β ≥ 0 such that α + β > 0. Also, the LFRD(α, β) generalizes expo-
nential distribution (when β = 0) and Rayleigh distribution (when α = 0).

The cdf of MWD(α, β, γ) takes the following form

F (x; α, β, γ) = 1 − exp {−αx − β xγ} , x ≥ 0, (1.3)

here γ > 0, α, β ≥ 0 such that α + β > 0.
This distribution generalizes the following distributions: (1) ED(α) when

β = 0; (2) RD(β) when α = 0, γ = 2; (3) LFRD(α, β) when γ = 2; and (4)
WD(β, γ) when α = 0.

The main objective of this article is to estimate the three unknown param-
eters of the MWD(α, β, γ). We use the maximum likelihood and least squares
procedures to derive such estimates. The estimators are obtained by using
the data of type II censoring testing without replacement. Also the asymp-
totic confidence intervals of the parameters are discussed. Further, we study
whether this distribution fits a set of real data better than other distributions.
Two criteria are used for this purpose. These are the Kolmogorov-Smirnov
test statistic and the likelihood ratio test statistic. Monte Carlo simulation
technique is used to study the performance of the estimators obtained. For
this purpose, we used the mathematical program Matlab 7.

The rest of this paper is organized as follows. Some properties of the
MWD(α, β, γ) are presented in Section 2. Section 3 gives the parameter es-
timations using both maximum likelihood and least squares techniques. We
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apply the theoretical results discussed here on sets of real data in section 4.
Simulation study is provided in section 4. Finally, section 5 concludes the
paper.

2 The MWD

The survival function of the MWD(α, β, γ) takes the following form

S(x) = exp {−αx − β xγ} , x ≥ 0, (2.4)

here γ > 0, α, β ≥ 0 such that α + β > 0.
The pdf of the MWD(α, β, γ) is

f(x; α, β, γ) = (α + β γ xγ−1) exp {−αx − β xγ} , x ≥ 0, (2.5)

Figure 1 shows some patterns of the pdf of MWD(α, β, γ), which may have a
single mode or no mode at all.
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Figure 1. Different patterns of the probability density function.

The hazard rate function of MWD(α, β, γ) is

h(x; α, β, γ) = α + β γ xγ−1. (2.6)

It is easy to verify that the hazard rate function is either constant if γ = 1 or
increasing if γ > 1 or decreasing if γ < 1.

Figure 2 shows different patterns of the hazard rate function.
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Figure 2. Different patterns of the hazard rate function.

3 Parameters Estimation

In this section, we use the maximum likelihood and least squares procedures to
derive point estimates of the unknown parameters of the MWD(α, β, γ). Also,
we will derive the asymptotic interval estimates of the parameters.

Henceforth we shall consider the data of type II censoring without replace-
ment. In such type of data, it is assumed that n identical items are put on
the life test. The testing process is terminated at the time of rth item failure.
The number of observations r is decided before the data are collected. Assume
the r times to failures are x1 < x2 < . . . < xr. Let x denote the information
obtained from the life testing. It means the number of all items to be tested n,
the number of failed items r, and their times to failure x1, x2, . . . , xr. That is,
x = {n, r; x1, x2, . . . , xr}. It is assumed also that the life time of each item
follows the MWD(α, β, γ) with pdf given by (2.5).

3.1 The Maximum Likelihood Estimators

In this subsection, we use the maximum likelihood procedure to derive the
point and interval estimates of the parameters.

3.1.1 Point Estimators

The likelihood function of x is, see Lawless (1982),

L(x) =
n!

(n − r)!
{S(xr; α, β, γ)}(n−r)

{
r∏

i=1

f(xi; α, β, γ)

}
. (3.1)
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Substituting (2.5) and (2.4) into (3.1), we get

L =
n!

(n − r)!

r∏
i=1

(
α + βγxγ−1

i

)
exp {−αT1(1) − βT1(γ)} (3.2)

where T1(γ) = (n − r)xγ
r +

∑r
i xγ

i .

The log-likelihood, denoted L(x), is

L(x) = C +
r∑

i=1

ln
(
α + βγxγ−1

i

) − αT1(1) − βT1(γ). (3.3)

where C is a constant and it is given by C = ln n! − ln(n − r)!.

Calculating the first partial derivatives of L with respect to α, β, γ and equating
each to zero, we get the likelihood equations as in the following system of
nonlinear equations of α, β, γ.

0 =

r∑
i=1

1

α + βγxγ−1
i

− T1(1) , (3.4)

0 =
r∑

i=1

γxγ−1
i

α + βγxγ−1
i

− T1(γ) , (3.5)

0 = β

r∑
i=1

xγ−1
i (1 + γ ln(xi))

α + βγxγ−1
i

− β T ′
1(γ) , (3.6)

where T ′
1(γ) = (n − r)xγ

r ln(xr) +
∑r

i xγ
i ln(xi).

To find out the maximum likelihood estimators of α, β, γ, we have to solve
the above system of nonlinear equations (3.4)-(3.6) with respect to α, β, γ. As
it seems, this system has no closed form solution in α, β, γ. Then we have
to use a numerical technique method, such as Newton-Raphson method, to
obtain the solution.

3.1.2 Asymptotic Confidence Bounds

The approximate confidence intervals of the parameters based on the asymp-
totic distributions of the MLE of the parameters α, β, γ are derived in this
subsection. For the observed information matrix for α, β, γ, we find the sec-
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ond partial derivatives of L as

∂2L
∂α2

= −A11 =

r∑
i=1

1(
α + βγxγ−1

i

)2 ,

∂2L
∂α∂β

= −A12 =

r∑
i=1

γxγ−1
i(

α + βγxγ−1
i

)2 ,

∂2L
∂α∂γ

= −A13 =
r∑

i=1

(1 + γ ln(xi))x
γ−1
i(

α + βγxγ−1
i

)2 ,

∂2L
∂β2

= −A22 =
r∑

i=1

γ2x
2(γ−1)
i(

α + βγxγ−1
i

)2 ,

∂2L
∂β∂γ

= −A23 = α
r∑

i=1

(1 + γ ln(xi))x
γ−1
i(

α + βγxγ−1
i

)2 + T ′
1(γ) ,

∂2L
∂γ2

= −A33 = αβ

r∑
i=1

xγ−1
i (αγ ln2(xi) + 2α ln(xi) − βxγ−1

i )

(α + βγi(γ−1))2
+ β T ′′

1 (γ) ,

where T ′′
1 (γ) = (n − r)xγ

i ln2(xi) +
∑r

i xγ
i ln2(xi).

Then the observed information matrix is given by

I =

⎛
⎝ I11 I12 I13

I21 I22 I23

I31 I32 I33

⎞
⎠ =

⎛
⎝ A11 A12 A13

A12 A22 A23

A13 A23 A33

⎞
⎠ ,

so that the variance-covariance matrix may be approximated as

V =

⎛
⎝ V11 V12 V13

V21 V22 V23

V31 V32 V33

⎞
⎠ =

⎛
⎝ A11 A12 A13

A12 A22 A23

A13 A23 A33

⎞
⎠

−1

.

It is known that the asymptotic distribution of the MLE
(
α̂, β̂, γ̂

)
is given by,

see Miller (1981),

⎛
⎝ α̂

β̂
γ̂

⎞
⎠

∼ N

⎡
⎣
⎛
⎝ α

β
γ

⎞
⎠ ,

⎛
⎝ V11 V12 V13

V21 V22 V23

V31 V32 V33

⎞
⎠

⎤
⎦ . (3.7)

Since V involves the parameters α, β, γ, we replace the parameters by the
corresponding MLE’s in order to obtain an estimate of V, which is denoted
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by

V̂ =

⎛
⎝ Â11 Â12 Â13

Â12 Â22 Â23

Â13 Â23 Â33

⎞
⎠

−1

.

where Âij = Aij when (α̂, β̂, γ̂) replaces (α, β, γ).
By using (3.7), approximate 100(1 − θ)% confidence intervals for α, β, γ are
determined, respectively, as

α̂ ± zθ/2

√
V̂11 , β̂ ± zθ/2

√
V̂22 , and γ̂ ± zθ/2

√
V̂33 , (3.8)

where zθ is the upper θ−th percentile of the standard normal distribution.

3.2 The least squares procedure

In this section, we shall derive the least square estimators (LSEs) of the three
parameters α, β, γ. Given the observed lifetimes x1 < x2 < . . . < xr in a certain
censored sample from the MWD(α, β, γ). Then the least square estimates of
the parameters α, β, γ, denoted α̂R, β̂R, γ̂R respectively, can be obtained by
minimizing the following quantity with respect to α, β, γ

Q =
r∑

i=1

{yi − α xi − β xγ
i }2 , (3.9)

where yi = − ln Se(xi) and Ŝe(xi) is the empirical estimate of S(x) at the
observation xi, i = 1, 2, . . . , m, given by Se(xi) = i−0.5

r
.

That is, to get α̂R, β̂R, γ̂R, we have to solve the following system of non-
linear equations with respect to α, β, γ.

0 =
r∑

i=1

yixi − α
r∑

i=1

x2
i − β

r∑
i=1

xγ+1
i , (3.10)

0 =

r∑
i=1

yix
γ
i − α

r∑
i=1

xγ+1
i − β

r∑
i=1

x2γ
i , (3.11)

0 =
r∑

i=1

yix
γ
i ln(xi) − α

r∑
i=1

xγ+1
i ln(xi) − β

r∑
i=1

x2γ
i ln(xi) . (3.12)

From the first two equations (3.10) and (3.11) we get

α̂R =

∑r
i=1 yix

γ
i

∑r
i=1 x2

i −
∑r

i=1 xγ+1
i

∑r
i=1 yixi∑r

i=1 x2γ
i

∑r
i=1 x2

i −
(∑r

i=1 xγ+1
i

)2 , (3.13)

β̂R =

∑r
i=1 yixi

∑r
i=1 x2γ

i − ∑r
i=1 xγ+1

i

∑r
i=1 yix

γ
i∑r

i=1 x2γ
i

∑r
i=1 x2

i −
(∑r

i=1 xγ+1
i

)2 . (3.14)
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Substituting (3.13) and (3.14) into (3.12) we get a non-linear equation in γ.
Solving the obtained non-linear equation with respect to γ we get γ̂R. As it
seems, such non-linear equation has no closed form solution in γ. So, we have
to use a numerical technique, such as Newton Raphson or bisection method,
to solve it.

4 Numerical study and simulation

In this section we present practical applications of the theoretical results dis-
cussed in the preceding sections with two examples. One example involves a
large sample and the other with a small sample.

4.1 Example 1

This example is from McCool (1974) giving the fatigue life in hours of ten
bearing of a certain type. These data are as follows:

152.7, 172.0, 172.5, 173.3, 193.0, 204.7, 216.5, 234.9, 262.6, 422.6

In this case, if we assume a Type-II censored sample of size r = 8, we
obtain the maximum likelihood estimates of the parameters of the following
distributions: (1) ED(α), (2) RD(β), (3) LFRD(α, β), (4) WE(α, β), and (5)
MWD(α, β, γ). Also, we compared these distributions to fit the data. For
comparison purpose, we use: (1) the likelihood ratio test statistics and the
corresponding p-value, and (2) the mean square of the difference between the
empirical cdf and fitted cdf, say MSD, using each model. Not that MSD is
computed by the following relation

MSD =
1

m

m∑
i=1

(
F̂i − FEi

)2

,

where F̂i and FEi are the empirical and the estimated cdf computed at xi. The
estimated cdf is computed by replacing the parameters of the model adopted
with their the MLE. Table 1, gives the results obtained.

Table 1: The results for example 1.
Dist. Parameter estimates L Λ p-value MSD
ED 2.0213×10−3 -52.129 16.376 2.780×10−4 0.04021
RD 3.958×10−5 -47.195 6.508 0.039 0.02306
LFRD 1.686×10−3, 1.087×10−5 -52.456 17.03 3.679×10−5 0.02881
WD 7.921×10−5, 1.739 -48.137 8.391 3.770×10−3 0.02698
MWD 1.000×10−7, 6.535×10−9, 3.494 -43.941 - - 0.00821

The results shown in Table 1 imply that the MWD(1.000 × 10−7, 6.535 ×
10−9, 3.494) fits the given data better than all other distributions tested above.
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4.2 Example 2.

In this example, we give a simulation using Monte Carlo method. This simu-
lation is provided in order to study the properties of the estimators obtained
using the methods used. Also, we need to investigate the influence of the val-
ues of n and r on the accuracy of the estimators. Further, we will compare
the MLE and LSE of the parameters. The following scheme has been followed
in the study

1. Determine the values of the parameters α, β and γ.

2. Specifying the tested and failed items n and r, respectively.

3. Generating a type II censored data from the MWD(α, β, γ).

4. Using the generated data obtained in step 3, calculate the MLE and LSE
of the parameters α, β and γ.

5. Repeat steps 3 and 4 N times.

6. Compute the mean squared error associated with each estimate of the
vector of parameters p = (α, β, γ) according to the following formula

RMSEφ =

∑N
i=1 (p̂i − p)2

N
,

where φ denotes either MLE of LSE of the vector p computed using the
random sample generated in the repetition number i, i = 1, · · · , N .

7. The above steps are made when p = (α, β, γ) = (2, 1.5, 1.3), (2.5, 2.5, 1.3)
and (4, 1.5, 1.3).

8. Repeat the entire process when r = 3, 4, . . . , 10, at fixed n = 10

Table 2 summarizes the root mean squared errors associated with the estima-
tors of p = (α, β, γ).

Table 2. The RMSE’s associated with the estimators of p = (α, β, γ).

p = (2, 1.5, 1.3) p = (2.5, 2.5, 1.3) p = (4, 1.5, 1.3)
r LS ML LS ML LS ML
3 4.212 17.221 5.121 15.831 6.610 14.534
4 2.860 2.338 2.918 3.598 4.720 4.243
5 2.581 2.096 2.498 2.860 3.972 4.060
6 1.792 2.023 2.301 2.763 3.334 4.007
7 1.111 1.946 1.588 2.618 2.893 3.976
8 1.089 1.930 1.791 2.580 2.151 3.953
9 0.983 1.900 1.076 2.520 2.064 3.945
10 0.917 1.889 1.143 2.010 1.317 3.035
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Based on the results summarized on table 2, we could conclude that: the
RMSEL is greater than RMSEM for each investigated r, and both of them are
monotonically decreasing with r. From the above analysis, one can conclude
that the maximum likelihood method provides better estimators than the least
square method for the case studied in this paper.

5 Conclusion

In this paper we discussed the parameter estimation of the MWD(α, β, γ)
based on Type-II censored data. The maximum likelihood and least square
techniques have been used. The MWD(α, β, γ) is tested against different dis-
tributions using a set of real data. Based on the two criteria (the values of
the log-likelihood function and average K-S test statistics), we found that the
MWD(α, β, γ) fits the data better than those compared distributions. Further,
simulation studies are used to investigate the properties of the estimators ob-
tained and to compare the methods used. Further work can be done in this
area such as, the Bayes technique can be used to estimate the parameters of
MWD(α, β, γ).
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