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Abstract

In this paper, we systematically find computational solutions to a

class of differential equation systems which exhibit nonlinear wave be-
havior. After discretizing the nonlinear partial differential equations,

we got nonlinear dynamical systems on a lattice. Using MATLAB, we
utilized both an ODE and Algorithm solver method to get explicit solu-

tions with soliton and shockwave behavior. Using a 64 particle model,
we plotted and animated our results in several forms, including a linear

lattice, a ring lattice (when appropriate) and phase plots. Furthermore,
our use of an algorithm solver yielded three-dimensional plots of shock-
wave evolution. Our calculations include the Fermi-Pasta-Ulam model,

the Toda Exponential Lattice, the Inviscid Burgers Equation and the
Hodgkin-Huxley Model. Using previously calculated lattices, we exper-

imented with controls and feedbacks, including the Sine-Gordon Equa-
tion and the Gabov-Shefter Rosales integro-differential equation. We

concluded our research with Split Domain calculations and the intro-
duction of a memory-less computation method.
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Keywords: soliton, shockwave, spikes, nonlinear waves, animation, com-
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1 Introduction

Nonlinear waves have long been an interest to scientists in a variety of disci-
plines. A multitude of applications have been employed, ranging from fluid
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dynamics [9] and plasma physics [10] to even neuroscience [2, 5, 6] and biology
[8]. It is with this same interest that we have chosen the topic of computa-
tional waves. Waves are omnipresent, from tsunamis in the ocean, to gamma
waves and sonic booms. In fact, there are currently several wave pulses propa-
gating through the neurons in our brain due to the firing of action potentials.
The methods and results of computational wave modeling may be adapted to
fit the specifics of another field. In this paper, we will numerically solve a
variety of nonlinear partial differential equations using two different numeri-
cal methods in MATLAB. The first is a built-in ordinary differential equation
solver, and the second is a scheme utilizing a forward difference in time and a
backward/centered difference in space. Our results include the calculations of
solitons and shockwaves solutions, as well as spike solutions of the Hodgkin-
Huxley equations from neuroscience. We will also employ controls on our
lattice and analyze the effects on wave propagation. We experiment with lin-
ear and nonlinear wave propagation on a split domain lattice. We conclude
the paper by devising a faster, memory-less computation method.

Calculations of the Fermi-Pasta-Ulam Model and Toda Lattice [11] com-
pose Section 2. We start by introducing the Fermi-Pasta-Ulam nonlinear model
[4] and simulating solitons on lattice including soliton collisions. The nonlinear
term has a variable exponent, and we solved our equation using both quadratic
and cubic nonlinearities. The Toda Lattice is introduced with a brief deriva-
tion. Due to its nonlinearity, we also witnessed soliton behavior in our results
of this equation.

In Section 3, we show our calculations of the Inviscid Burgers equation.
This equation produces shockwave solutions; since shocks are one of the main
interests of this paper, we utilized all of our known methods to further study
the evolution of shockwaves. We then plot the shockwave in phase space to
further analyze its behavior.

Section 4 contains our experimentation of controls on our lattices. We first
experimented with simple controls, such as setting a point’s position/velocity
to zero. We created a control of our own which we named the ’gate control’.
We moved on to feedback controls, starting with the Sine-Gordon equation
[13]. We then used the Gabov-Shefter-Rosales feedback [1] and a generalized
integral feedback, allowing for use of different kernels.

We calculated traveling spike solutions of the Hodgkin-Huxley equations
[5] in Section 5. This is an application of mathematical waves to neuroscience,
modeling the firing of a neuron as a voltage pulse traveling along an axon.

Split Domain problems are addressed in Section 6. In this section, we di-
vided a 3000 point lattice into two parts, one governed by the Linear Advection
Equation, and another governed by the second order wave equation (linear and
nonlinear). We witnessed the behavior changes as a wave transitioned from
one region into the other.
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We conclude our project in Section 7 by devising a Memory-Less compu-
tation method. In this method, the code plots the current point in time while
simultaneously solving for the next point in time. The array is then shifted,
deleting the unnecessary entries of the matrix. Here, the impact of a simula-
tion on the computer is greatly reduced, allowing for significantly faster and
larger simulations. The drawback, as the name suggests, is that this method
cannot remember any data before its current time step.

2 Fermi-Pasta-Ulam Nonlinear Model

In Studies of Nonlinear Waves by Fermi, Pasta and Ulam [4], they calculated
what are now known as ”solitons” [14] by solving a 64 point lattice governed by
a nonlinear differential equation. Solitons are ”self-reinforcing solitary waves”
that maintain their shape while traveling with a constant velocity. Consider
the second order wave equation with a general nonlinear term ζ(u):

∂2u

∂t2
=

∂2u

∂x2
+ ζ(u) (1)

When discretized in space with the centered difference, we get the following:

üi =
ui+1 − 2ui + ui−1

h2
+ ζi(ui) (2)

Note that in this paper, we will use the dot convention to represent total
derivatives:

u̇ =
du

dt

ü =
d2u

dt2

(3)

Fermi-Pasta-Ulam used the following equation in their calculations:

ζi(ui) = A[(ui+1 − ui)
p − (ui − ui−1)

p]

üi =
ui+1 − 2ui + ui−1

h2
+ A[(ui+1 − ui)

p − (ui − ui−1)
p]

(4)

Here, A and p are constants. We will use a 64 point lattice (n = 64) on
which we will solve our equation. We will let the domain be (0, 1); since x = ih,
the step size h = 1/64. We will next need to consider appropriate boundary
and initial conditions. We will use a Periodic Boundary Condition.
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Remark 1: Periodic Boundary Conditions

Unless otherwise specified, all succeeding examples in this paper will use peri-
odic boundary conditions. A periodic boundary means we set un+1 = u1 and
u0 = un; in effect, this causes any wave that reaches either end of the n point
model to reappear on the other end.

If we consider Eq. 4 at the boundaries i = 1 and i = n, the ODE’s are now
the following:

ü1 =
u2 − 2u1 + un

h2
+ A[(u2 − u1)

p − (u1 − un)
p]

ün =
u1 − 2un + un−1

h2
+ A[(u1 − un)

p − (un − un−1)
p]

(5)

Figure 1: Continuous Chain

Which thus sets up our n = 64 point model on a continuous chain. We now
define our initial conditions for the problem; let us first consider the quadratic
case (p = 2) with the following initial condition:

ui =

{

2 for i = 15, 16

0 otherwise

A = .3

(6)

If the nonlinear coefficient A is too high, the wave may blow up in finite
time. Finally, we may compile the above information into our ODE solver. For
most cases, we used the ode45 and ode113 commands in MATLAB to solve
our systems. Exceptions to this will be noted specifically for each case. If
using the MATLAB ode45/ode113 solvers, the program can only handle first
order derivatives, so we need to represent our second order time derivative as
a system of first derivatives:

u̇i = vi

v̇i =
ui+1 − 2ui + ui−1

h2
+ A[(ui+1 − ui)

p − (ui − ui−1)
p]

(7)

For computational simplicity, we will represent the above system in MAT-
LAB by couching both u and v into one vector U:

U = (u1, . . . , un, v1, . . . , vn) (8)
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After running the solver, we will get a following output: 1) a vector T,
whose elements are the times for which u is solved:

T =











t1
t2
t3
...











(9)

Y =











u1(t1) u2(t1) u3(t1) . . .
u1(t2) u2(t2) . . .

u1(t3)
...

...











(10)

We may plot our results in one of many ways. The first way is to plot u
against time for all 64 particles. This produces the following graph:

Figure 2: Plot of ui vs. time

The amplitude of the particles has a near constant amplitude. This is one
observation that may lead us to conclude that we are dealing with solitons. A
property of the soliton is that it keeps its shape and amplitude throughout its
propagation. Linear superposition of waves does not occur.

An animation is another useful way (and our main method) to plot our
results; for this type of plot, time cannot be an axis, as the animation will
run in real-time. If we imagine a chain of particles, our axis for the animation
must be its horizontal position on the chain vs. its vertical displacement from
the origin. We will therefore plot each particle with coordinates (i, ui). Since
ui is a function of time, we will fix our time, ’take a picture’ of the graph and
save it as a movie frame; by repeating this procedure for each point in time,
we can compile the frames into an animation. Our output will be a movie that
runs the animation in real-time; however this is impossible to show on a piece
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of paper. Instead we will create thumbnail indexes which show every several
frames as a picture, leaving the animation of the solution to the imagination
of the reader. Using the above concept, we will animate our solution, shown
below as a thumbnail index:

Figure 3: Thumbnail

We see that the disturbance of points u15 and u16 results in two large
waves rather than several small ones. We can see later when they collide (3rd

thumbnail) that these two waves are indeed solitons. Another property of the
soliton is that it will collide violently with other solitons but emerge with its
shape and direction (generally) unaffected.

A very interesting case to observe is a sinusoidal initial condition (for all
64 points):

ui(0) = sin(2π
i

64
) (11)

This time we will set our nonlinear coefficient a little higher: A=0.5.

Figure 4: Plot of ui vs. time

We can see that as time continues, the oscillations of the sine curve become
more exotic.
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Figure 5: Thumbnail

This animation takes a very long time to exhibit its exotic behavior (com-
pare the time axis length of Fig 4 to Fig 2). Therefore, in order to save space,
we have shown every several hundredth frame in our thumbnail. As a result,
the actual motion of the chain is difficult to follow; however, we can still ob-
serve the interesting shapes of the wave. The animation begins with standing
wave behavior, initially exhibiting no nonlinear activity. Soon, the standing
wave begins to warp in a clockwise direction, with an almost twisting behav-
ior. We can see in the thumbnails that as time continues, very interesting
oscillations result, including secondary instabilities within the chain.

If we instead set p = 3 (Eq. 4), we have a cubic nonlinear term, whose
behavior is very different from the quadratic version. We will use the following
initial conditions:

ui =

{

2 for i = 15, 16

0 otherwise

A = .4

(12)

Figure 6: Plot of ui vs. time

Unlike Figure 2, we do not see a constant amplitude throughout the sim-
ulation; we instead notice an oscillating behavior. Referring to the animation
clarifies the behavior of this graph:
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Figure 7: Thumbnail

Notice the interesting soliton behavior: the two pulses will stay above the
axis and propagate for a brief period of time. Then it will suddenly switch
to below the axis (highlighted by purple points) and propagate for a similar
period of time. These solitons are sometimes referred to as ’breathers.’

Remark 2: Ring Animations

Since we solved our ODE system using periodic boundary conditions, we may
also plot our points on a continuous circle instead of a straight line. We
will map each point (currently in Rectangular Coordinates) to a ring using
Cylindrical coordinates. To maintain geometric uniformity, we will split the
circle into n angles and place each point at its corresponding multiple of the
angle:

θ(i) =
2πi

n
Cartesian −→ Cylindrical

x = rcos(θ)

y = rsin(θ)

u = z

where r = radius

(13)

We map each point as follows:

(i, ui) −→ (rcos(θi), rsin(θi), zi) (14)

Where the index i runs from 1 to n.

As an example, we will show a solution to Eq. 4 animated on a ring. The
initial conditions are two neighboring points at a nonzero amplitude, while the
rest of the lattice is initially at zero.
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Figure 8: Ring Animation of Solution to Eq.4

The waves pass the boundary at u1 , u64 without any hindrance and con-
tinue to propagate along the chain. This graphically shows the observer the
topology of a periodic boundary condition.

2.1 Toda Exponential Lattice

This section solves what is known as an ”exponential lattice”: a system of
ODE’s with exponential terms (instead of linear). The Toda lattice is a model
for a 1-D nonlinear crystal modeled as a chain of particles. We will not give
a detailed derivation [11], but instead will give a quick introduction. The
equation of motion for this type of system is given as follows:

m
d2yi

dt2
= V ′(yi+1 − yi) − V ′(yi − yi−1) (15)

where yi is the displacement of each ith particle, and V is potential that
defines the interaction between neighboring points. For example, for a linear
lattice the potential V follows from Hooke’s Law:

V (yi) =
k

2
(yi)

2 (16)

The potential that Fermi-Pasta-Ulam used in their paper contains a non-
linear polynomial term:

V (yi) =
k

2
(yi)

2 + k
a

n
(yi)

n n = 3 or 4 (17)

For the following exponential lattice, Toda prescribed the potential function
as:

V (yi) =
a

b
e−byi + ayi + C1 (18)

Where a, b, and C1 are constants. Taking the derivative with respect to yi,
we get:
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V ′(yi) = −ae−byi + a (19)

We substitute this into our equation of motion:

m
d2yi

dt2
= a

(

e−b(yi−yi−1) − e−b(yi+1−yi)
)

(20)

We define ’mutual displacement’ [11] as a new generalized coordinate as
follows:

ui = yi − yi−1 (21)

We subtract the term md2yi−1

dt2
to write our equations of motion in terms of

ui :

(

m
d2yi

dt2
− m

d2yi−1

dt2

)

= a(e−b(yi−yi−1) − e−b(yi+1−yi))

− a(e−b(yi−1−yi−2) − e−b(yi−yi−1)) (22)

Substituting Eq 21:

m
d2ui

dt2
= a

(

2e−bui − e−bui−1 − e−bui+1
)

(23)

We will set a = m and b = 1 to receive our final equation:

d2ui

dt2
= 2e−ui − e−ui+1 − e−ui−1 (24)

Which we will refer to as the Toda Exponential Lattice.
If we expand Eq. 24 into a Taylor Series, we get the following terms:

d2ui

dt2
=

n
∑

k=1

(−1)k−1

k!

(

uk
i+1 − 2uk

i + uk
i−1

)

(25)

We see that the first term of our Taylor Series (k = 1) is the discrete,
linear second order wave equation (Consider Eq. 4 where A = 0). Therefore,
the Toda Lattice is simply the linear wave equation plus many higher order
nonlinear terms. Similar to the Fermi-Pasta-Ulam nonlinear term, the nonlin-
earities within the exponential terms can produce solitons. In fact, there are
explicit soliton solutions for the Toda Lattice; however it is beyond the range
of this paper. For the Toda Lattice, we found computational errors with peri-
odic boundary conditions; therefore, we have instead placed fixed boundaries.
Consider the following initial condition:
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u11(0) = u14(0) = u51(0) = u54(0) = 2

u12(0) = u13(0) = u52(0) = u53(0) = −2
(26)

Figure 9: Thumbnail

Notice the soliton collision at points u32 and u33 (3rd thumbnail); similar
to Fig 3, the solitons emerge generally unchanged. The Toda Lattice does
not show significant nonlinear behavior for small disturbances, but for larger
initial conditions, a very characteristic soliton shape can be seen evolving.

3 Inviscid Burgers Equation

The Inviscid Burgers equation is a first order PDE but is very different from
the previous equations in that it produces shock solutions.

∂u

∂t
= −u ·

∂u

∂x
(27)

We must take care in many ways as to how we discretize Eq. 27; otherwise, we
may have an unstable scheme. The use of any difference (backward, forward or
centered) will be unstable at zero. Therefore we must instead rewrite our PDE
to allow a point to access a zero value. If we rewrite Eq. 27 as a Conservation
of Mass Law, we eliminate the instability at zero.

∂u

∂t
= −

∂

∂x

(

1

2
u2

)

(28)

We will use both the ODE and the algorithm solver methods to further
study the behavior of shockwaves.

3.1 ODE Solver and Examples

Using Eq. 28 as our PDE, we may now apply differences to create a new, more
stable scheme [7]. To maintain stability, the scheme must employ backwards
differences for positive ui and forwards differences for negative ui.
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u̇i =
−1

2
(u2

i − u2
i−1) for ui ≥ 0

u̇i =
−1

2
(u2

i+1 − u2
i ) for ui < 0

(29)

Consider the following block initial condition:

ui =

{

2 for 16 ≤ i ≤ 18

0 otherwise
(30)

Before we display our results, we will explain how to analyze the anima-
tions. Consider the Inviscid Burgers Equation as follows:

∂u

∂t
+ u

∂u

∂x
= 0 (31)

We will try to find a characteristic curve s in the x − t plane along which we
can integrate.

Figure 10: Characteristic

We then write the derivative of u with respect to s:

∂u

∂s
=

∂u

∂t

dt

ds
+

∂u

∂x

dx

ds
(32)

Referring to the above figure, the slope of the curve s is dt
dx

. Compare this
to Eq.31 and we find that:

∂u

∂s
= 0

dt

ds
= 1

dx

ds
= u

(33)

Thus the slope of the characteristic is dt
dx

= 1
u
. Considering the initial condi-

tion prescribed in Eq. 30, the slope from points 1 to 15 and 49 to 64 is infinity,
and points 16 to 48 is 1

2
.Therefore we can display the following slope field for

our initial condition:
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Figure 11: Slope Field of Eq.29 and Eq.30

We see two types of interactions occurring between the two slopes. At the
interaction on the left, we see that the lines do not intersect when the slopes
change; this is known as an expansion fan. However for the interaction on
the right, we see that the lines intersect; this is known as a shock. We may
therefore generalize where an expansion fan or shock will occur:

if uleft > uright ; forms a shock
if uleft < uright ; forms an expansion fan

Figure 12: Plot of ui vs. time
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Figure 13: Thumbnail

We can see that the analysis of Fig. 11 holds for the evolution of the shock-
wave in this figure. In the first thumbnail, the discontinuity on the left formed
an expansion fan and the discontinuity on the right formed a shockwave.

In the case that we have multiple discontinuities in our initial condition
(i.e. multiple shocks), the greater discontinuity will dominate. This means
that as the shocks evolve, the lesser shocks will merge into the greater shock.
As an example, let us consider the following initial condition:

ui =



















0 if 1 ≤ i ≤ 16

1 if 17 ≤ i ≤ 32

2 if 33 ≤ i ≤ 48

3 if 49 ≤ i ≤ 64

(34)

Figure 14: Plot of ui vs. time
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Figure 15: Thumbnail

This initial condition at first produces four superimposed shockwaves of
ascending amplitude. We notice that the shock evolving from the larger dis-
continuity eventually dominates the smaller shockwaves.

3.2 Algorithm Solver and Examples

We will introduce and use the algorithm method to further study the evolution
of shockwaves. Recall in our animations, time was not an axis because the
animations ran in real-time. However for the algorithm solver, we discretize in
both time and space. This will yield a three-dimensional plot with coordinates
(t, x, u).

We will use the forward difference for the j direction and the backwards
differences for the i direction (as specified in Eq. 29).

∂u

∂t
= −

∂

∂x

(

1

2
u2

)

(35)

uj+1
i − uj

i

k
=

−1

2
·
(uj

i )
2 − (uj

i−1)
2

h
(36)

Solving for uj+1
i :

uj+1
i = uj

i − r ·

(

−1

2
((uj

i )
2 − (uj

i−1)
2)

)

where r =
k

h
(37)

Note: to maintain scheme stability, r cannot exceed .5 . The following
pseudo-code instructs us how to use the algorithm solver:

1. Create a ’M ’ by ’N ’ blank matrix ’u’ of zeros.
-Set up dimensions of the matrix
-Set up step sizes (h, k, r)

2. Set up boundary conditions

3. Set up initial conditions
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4. Apply algorithm to u
-Take care as to how the algorithm is applied: fix j, run i, then move to
the next step in j.

5. Plot u as a surface.

The following figure is a graphical representation of Eq. 37.

Figure 16: Algorithm Grid

This figure shows us that, using Eq. 37, knowledge of the blue points allows
us to solve for the value of the red point.

We will use a Dirichlet boundary, where the endpoints are equal to zero
for all time. By referring to Fig. 16, we can see that we will have problems
on the left boundary (i.e. when uj

i is on the first column, uj
i−1 is accessing

a nonexistent point.). We will also run into problems at the top boundary;
however this is a superficial issue. We would only need to access the top
boundary if we needed values above the top row, and this is not the case.
Therefore, we may simply run our code up to the second-to-top row. Since
our wave travels to the right, we may adopt a similar solution to for the left
boundary and only run the code starting from the second column (i = 2). We
will set our initial condition to be the following:

u1
i =

{

2 if 10 ≤ i ≤ 20

0 otherwise
(38)

Remembering that the point u1
1 is at the bottom left corner, we may run

a nested double ’for loop’ to find all the values of u. For our first plot, we will
first make our step sizes relatively large (i.e. low resolution) and set N = 200
and M = 64, where N is the number of rows and M is the number of columns.
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Figure 17: Low Resolution Plot

Notice that the shock had propagated and hit the right boundary; however,
there is a simple fix for this problem. A key strength of the algorithm method is
that increasing either the time or space interval does not necessarily increase
the coding complexity. All we need to do is increase the x direction of our
matrix u, and the shock will take much longer to reach the boundary. For the
next figure, both the x and t dimensions have been increased, allowing for a
longer evolution of the shock without boundary issues (N = 2000, M = 400).
Also, the step size of both directions have been decreased to create an image
with a much higher resolution.

Figure 18: High Resolution Plot

(Note: color scheme changes have no relevance with data.)

In this figure, we can see in much clearer detail how the discontinuity
evolves into the sharp shockwave shape that we witnessed in our animations.
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Figure 19: Greater Discontinuity Dominates

For this figure, our initial condition was three blocks of decreasing magni-
tude. Similar to the results shown in Fig. 14, we can see that as time continues,
the smaller shocks merge into the larger shock.

3.3 Phase Plot

Since our animations concern 64 particles following harmonic motion, it is
relevant to study the equilibrium points of the system. A phase plot is used
for exactly this purpose, and is set up by plotting u against du

dt
. Let us consider

a block attached to a spring with no damping. Given a displacement and an
initial velocity, the block will oscillate indefinitely. Below is a phase plot this
system:

Figure 20: Simple Harmonic Motion Phase Plot

As we stated earlier, the system is oscillating indefinitely without approach-
ing the equilibrium at the origin (denoted by a star.) If we now consider the
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same system with moderate damping, the system will eventually approach its
equilibrium at (0, 0).

Figure 21: Damped Harmonic Motion

All phase plots spiral clockwise by convention. We define a phase diagram
with an inward traveling spiral (such as the above figure) as a stable equilib-
rium; likewise, we will define outward spirals and saddle points as unstable
equilibria. The figure below shows a phase plot of the first Inviscid Burgers
example:

Figure 22: Phase Plot of Fig.12

If we individually analyze the 64 distinct graphs for each point, we can
deduce that the thick set of lines that range from (0.1, ε) to (2, ε) is the phase
space representation of the expansion, while the set of arcs below is the shock.
The straight, diagonal lines that seem to be outliers represent the points at the
initial discontinuities that immediately jump to form the expansion fan/shock.
As the shock passes, we see the phase lines converging upon a nontrivial equi-
librium at (1, 0) i.e. at position u = 1 with zero velocity.
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4 Controls

To conclude our project, we experimented with the effects of controls on our
lattices. Starting with simple controls, we applied a variety of controls to a
second order wave equation lattice. We later progressed to a study of feedback
controls; we explored the effects of the Sine-Gordon equation on the second
order wave lattice as well as the Gabov-Shefter-Rosales feedback on the Inviscid
Burgers Equation.

4.1 Simple Controls

An easy control to apply is to directly affect the motion of a particle, either
by giving a constant value or a defined function of time. The first control we
will apply is setting a particles position to zero. This is similar to a Dirichlet
Boundary; all waves will hit the ’frozen’ point and bounce back, and no waves
will propagate past the frozen point. We will apply these simple controls to a
linear second order wave equation lattice.

For our first example, we will set the following conditions:

Initial Condition: u32(0) = 1 others = 0

Control: u34(t) = 0 ∀t
(39)

Figure 23: Thumbnail

As expected, we only see wave propagation on the left side, while the
34th point blocks waves to the right. Notice that the 33rd point is at an
equilibrium above the axis instead of at zero. This is a phenomenon seen with
fixed boundaries.

If we now freeze two points instead of one, we can house the wave within
the range of the two frozen points. We will keep our initial condition, but we
will change our control to the following:

u25(t) = 0 ∀t

u39(t) = 0 ∀t
(40)
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Figure 24: Thumbnail

Now, waves cannot pass point u25 or u39; in effect, we can interpret this
case to be analogous to reducing the number of points in the lattice.

Instead of setting the position of a particle equal to zero for all time, we
can instead set its velocity equal to zero. We will set the following conditions:

Initial Condition: ui(0) = sin(2π
i

64
)

Control: u̇16(t) = u̇48(t) = 0 ∀t
(41)

Figure 25: Thumbnail

Notice that, unlike Fig. 23 and Fig. 24, freezing the velocity of a point
does not create a behavior similar to a fixed boundary. Instead we notice that
we have a rubber band effect; the neighboring points keep a sort of tension
between themselves and the controlled points. This is analogous to imposing
a Neumann Boundary at the above said points.

We will next introduce a control that is more abstract than the previous
examples. We will first designate two points on the chain: one as a ’monitor’
and another as a ’gate’. Using these points and a simple if-then condition,
we may set up a sort of wave filter which we will call a ’gate control.’ For
example, consider the following arguments:

if umonitor > C0

then ugate = 0;
where C0 is a constant.
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In the above arguments, we have established that if the value of the moni-
tor point exceeds a given value, the gate point will ’shut’. In effect, this will
block any large waves from crossing the gate point. We will designate the
following points as an example:

umonitor = u29

ugate = u27

C0 = .25

(42)

In order to receive accurate results, we need to change our ODE solver to
ode23s. This solver has a much smaller time step and can deal with a logical if-

then statement in the differential equation. Using ode113/ode45 will produce
choppy animations as the solver attempts to refine its time-step beyond its
capabilities.

Figure 26: Thumbnail

As another example, we will now use two gates:

umonitor1 = u29

umonitor2 = u35

ugate1 = u27

ugate2 = u37

C0 = .25

(43)

We see that waves above an amplitude of .25 are blocked on both sides
by the gates. To change the behavior of our gate, we can change the logical
argument to ’greater than’, ’(not) equal to’, etc. Also, using other operators,
such as absolute value or mean value, can produce more interesting gates.

4.2 Feedback Controls

In this final section, we will briefly show two types of feedback of forces to
observe their effects on dynamics. We will first introduce the Sine-Gordon
Equation [13]:

∂2u

∂t2
=

∂2u

∂x2
+ sin(u) (44)
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We see that the above equation can be regarded as Eq. 1 with ζ(u) equal
to a sinusoidal feedback force. To see the effect of the feedback, we will use
the following initial condition:

for 20 ≤ i ≤ 44

ui(0) = sin(2π
i− 20

24
)

(45)

Figure 27: Thumbnail

Interestingly, the feedback force prevents lateral propagation of the wave.
Throughout the animation, the feedback keeps it contained within the vicinity
of its original location.

The Sine-Gordon equation yields very interesting results with a step as an
initial condition:

for 20 ≤ i ≤ 44

ui(0) = 1
(46)

Figure 28: Thumbnail

Again, we see the feedback contains the wave within its initial region and
exhibits behavior similar to a cosine standing wave. For our second feedback,
we will first introduce the Gabov-Shefter-Rosales Equation [1]:

∂u

∂t
= −

∂

∂x
(
1

2
u2) +

∫ 2π

0

sin(x − y)u(y)dy (47)

Note that the above equation is the Inviscid Burgers equation with an
integral feedback. In order to discretize the above PDE, we must approximate
the integral using a sum; we will use the trapezoid rule:

where y is a dummy variable used for our integration.
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∫ 2π

0

sin(x − y)u(y)dy =
h

2
[u1sin(h(i− 1)) + unsin(h(i− n))

+

n
∑

j=2

2ujsin(h(i− j))] (48)

To make sure our integral limits are correct we must set up our step size as
follows:

h =
2π

I
(49)

where I is an integer.
To prevent the wave from blowing up in finite time, we needed to set some

conditions. We will first multiply a constant in front of the integral:

A

∫ 2π

0

sin(x− y)u(y)dy = A
h

2
[u1sin(h(i− 1)) + unsin(h(i− n))

+

n
∑

j=2

2ujsin(h(i− j))] (50)

Recall that the direction of our difference must be switched if the value
of ui is negative. Therefore, to avoid this instability, we will shift the resting
equilibrium of our points to two. We have set the following initial conditions
and constants:

ui =

{

4 if 20 ≤ i ≤ 44

2 otherwise

A = .15

h =
2π

64

(51)

Figure 29: Thumbnail

Interestingly, after a long period of time, the wave will sustain a constant
shape. Below is the figure at frame 1500:
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Figure 30: Frame 1500

After an extended period of time, however, the shape will become unstable
and collapse, producing another smaller shockwave. This wave dissipates to
zero and no further behavior is seen.

We will generalize Eq. 47 so we can use many functions inside the feedback
integral:

∂u

∂t
= −

∂

∂x
(
1

2
u2) +

∫ T

0

G(x − y)u(y)dy (52)

u̇i =
−1

2
(u2

i−u2
i−1)+

h

2
[u1G(h(i−1))+unG(h(i−n))+

n
∑

j=2

2ujG(h(i − j))] (53)

We will call the function G our kernel. This time, we will try out two new,
additional conditions: first, we will only apply the feedback to points 10 to 20,
and second, we will use different kernels. Let us define the exponential kernel
as follows:

G = −e−A·h(i−j)2 (54)

We will use the following initial and feedback conditions:

ui =

{

4 if 20 ≤ i ≤ 44

2 otherwise

A = .5

h = .1

(55)
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Figure 31: Thumbnail

The feedback affects points 10 through 20 by depressing the amplitude as
highlighted in the second thumbnail. The shape is generally sustained through-
out the propagation of the shockwave.

For our final example, we will keep our initial condition and use an absolute
value kernel:

G = −A|h(i− j)|

A = .05

h = 1

(56)

Figure 32: Thumbnail

As seen in the previous figure, points 10 through 20 are depressed by the
feedback force and sustain their shape even through the passing of a shockwave.

5 Hodgkin-Huxley Model

The Hodgkin-Huxley Model was created in 1952 to simulate the firing of elec-
tric pulses along a neuron due to a phenomenon called action potentials [5].
The model was created by representing a neuron as an electric circuit. Us-
ing the fundamental laws of circuit analysis, they arrived at a system of four
nonlinear partial differential equations.

Cm

∂V

∂t
=

a′

2pi

∂2V

∂x2
+ ḡkn

4(Vk − V ) + ḡNam
3h(VNa − V ) + gl(Vl − V ) + I0(t)

where Cm, a′, pi , ḡk, ḡNa, gl, Vk, VNa, Vl are constants
(57)
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∂n

∂t
=

(

−.01(V + 50)

e−.1(V +50) − 1

)

(1 − n) −
(

.125e.125(V +60)
)

n (58)

∂m

∂t
= −.1

(

V + 35

e−.1(V +35) − 1

)

(1 − m) −
(

4e
−(V +60)

18

)

m (59)

∂h

∂t
=

(

0.07e−.05(V +60)
)

(1 − h) −

(

1

1 + e−.1(V +30)

)

h (60)

The neuron is thought to operate using ion channels within the cellular
membrane. These channels are analogous to time and voltage dependent,
nonlinear resistors in an electric circuit. So, each variable in the above four
equations represents an electric component of the circuit. The voltage is rep-
resented by V , while n, m, and h are related to the behavior of the nonlinear
resistors. The time dependent function I0(t) is called the injection current and
is similar to a initial condition on the neuron. The neuron has voltage sensi-
tive ion gates that open and close in respect to the voltage across the neuron.
When a certain voltage threshold is exceeded, a voltage spike is formed within
the membrane and travels along the axon. This process is called an action
potential and is what the Hodgkin-Huxley model strives to simulate. Since all
four PDE’s need to be solved simultaneously, it will be unnecessarily complex
if we use the ODE solver. Instead, we are going to use the algorithm solver
(see section 3.2) for all four variables.

5.1 Plots

Most of the constants and conditions on this problem are experimentally de-
termined; the initial conditions for V , n, m, and h are all zero. The injection
current I0(t) is some nonzero value (with the correct units, usually 19.0) for a
small fixed period of time. Assuming that the wave travels from left to right,
the left boundary is clamped/closed (Dirichlet Boundary) and the right bound-
ary is either open (Absorbing Boundary) or closed (Dirichlet). For simplicity,
we will close both ends of the axon. We are calculating on a 150 point lattice,
iterating over 6000 points in time. As stated above, we will let I0 be 19.0 on
the first 30 points for 300 iterations in time. The final 50 spatial points are
not shown in the below graph because they show no significant activity in this
simulation.
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Figure 33: Voltage Plot of Action Potential

We notice that at first, as the current is injected, the voltage in points 1 to
30 steadily increases. Once a certain voltage is reached, the height drops and
transfers a wave traveling to the right. Since this wave arises from a nonlinear
PDE, and the wave sustains its shape throughout its propagation, we could
conclude that this spike is a soliton. However, it can be shown that a wave
collision between two action potentials using the Hodgkin Huxley model causes
total cancellation of the waves. As we previously mentioned, a property of a
soliton collision is that each soliton emerges generally unaffected. Therefore we
can conclude that this equation does not produce solitons, but simply traveling
waves with a constant shape.

Figure 34: Thumbnail of Action Potential

6 Split Domain Wave Calculations

We set up a n-point lattice with a split domain to observe the behavior of
waves that transition between regions governed by different equations. Points
1 to k (for k relatively small) is governed by the linear advection equation
ut = ux and points k + 1 to n are governed by the second order wave equation
utt = uxx. Periodic boundaries were employed.
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Figure 35: Diagram of Split Domain Lattice

The linear advection equation can be rewritten in the factored form:

∂u

∂t
−

∂u

∂x
= 0 (61)

(

∂

∂t
−

∂

∂x

)

u = 0 (62)

Similarly, the second order wave equation can be rewritten as:

∂2u

∂t2
−

∂2u

∂x2
= 0 (63)

(

∂

∂t
−

∂

∂x

) (

∂

∂t
+

∂

∂x

)

u = 0 (64)

Since the
(

∂
∂t
− ∂

∂x

)

operator is present in both equations, the interface
should allow waves to pass from one region to another.

6.1 Linear Case

The above experiment was constructed on a 3000 point lattice, using k =
200. We began a wave in the linear advection equation region and watched it
propagate into the second order equation region.

Figure 36: Thumbnail

As expected, the wave shape was preserved as it propagated across the
lattice. However, although we used a very small step size ratio, error can
be seen building up at the tail. This could be eliminated using higher order
methods.
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6.2 Nonlinear Case

We repeated the above trial, this time using adding the quadratic Fermi-Pasta-
Ulam nonlinear term to the second order wave equation, seen in Section 2.

d2ui

dt2
=

ui+1 − 2ui + ui−1

h2
+ A[(ui+1 − ui)

2 − (ui − ui−1)
2] (65)

We used the same initial conditions, boundary conditions, and lattice sizes
from the linear case above. However instead of preserving the wave, the non-
linear region heavily distorted it, breaking it into many shock-like solitons.

Figure 37: A=0.005 (relatively small)

Unlike Fig. 3, the solitons formed here are not symmetric peaks, but sharp
plateaus/shockwaves. As the wave continues to propagate, the shocks continue
to split farther apart. The Inviscid Burgers equation has the property that
shocks of higher amplitudes travel with faster wave speeds. However, it would
appear that the opposite is occurring here; the shock with the lowest amplitude
is traveling faster than any other part of the compounded wave. One can
confirm that these waves are solitons using a simple collision test; the wave
formed above will travel through other solitons unchanged.

We do observe heavy error at the tail of the wave; the use of a high order
Runge-Kutta ODE solver in MATLAB slightly reduces the tail error, but the
splitting shockwave behavior is identical.

It is difficult to determine whether the shock behavior is due to error build-
ing up or if this is the true solution to this case of the split domain problem.
Since we do not have an analytical solution of the Fermi-Pasta-Ulam equation,
we do not have anything to compare this to. We repeated this with a much
higher nonlinear term coefficient to observe the effect.

Figure 38: A=0.017 (relatively large)
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This time, the wave split into more shocks (four instead of two). The error
at the tail was even larger. The increased nonlinearity presented an interesting
result but did not help decipher the behavior any further.

7 Memory-Less Computation Method

When solving and animating a system of differential equations, a matrix is
usually used to store the coordinates of each point for every point in time.
After the matrix is completed, plotting methods are used to animate the data.
However, accessing and saving such a large matrix over many iterations is
computationally intensive, making big simulations impractical on a personal
computer. Also, one must wait until the entire calculation is complete before
visualizing the result.

To improve on this, we can instead plot the current time step while si-
multaneously calculating the next time step, thus solving the system ”on-the
fly”. If we use a matrix of the same size as prescribed in the original method,
this would effectively increase the computational load. So to make this new
method feasible, we must reduce the size of the matrix considerably.

Suppose that we are solving a second order wave equation problem on a n
point lattice over T points in time. Then, we would usually set up a [nX T ]
matrix which we would solve by iterating over each point in time. But the
second order wave equation only requires the knowledge of the previous and
current time step in order to solve the next step. Therefore, the maximum
number of time steps ever concurrently accessed is three. We can take advan-
tage of this to animate the result as it is being solved. We employ two initial
conditions at two neighboring, distinct points in time, t0 and t1 . Let Zi = the
solution of the system at the point i.

1. We will create two matrices, u and v, of size [nX 3] and set the first and
second columns of u to be the initial conditions of the problem. The
matrix v is currently all zeros.

u =









Z1(t1)(Initial Condition) Z1(t2)(Initial Condition) 0
Z2(t1)(Initial Condition) Z2(t2)(Initial Condition) 0
Z3(t1)(Initial Condition) Z3(t2)(Initial Condition) 0

. . . . . . . . .









(66)

2. With the knowledge of the first and second columns, we solve for the
values of the third column of u using finite differences.
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u =









Z1(t1)(IC) Z1(t2)(IC) Z1(t3)
Z2(t1)(IC) Z2(t2)(IC) Z2(t3)
Z3(t1)(IC) Z3(t2)(IC) Z3(t3)

. . . . . . . . .









and v =









0 0 0
0 0 0
0 0 0

. . . . . . . . .









(67)

3. Now we plot the third column of u and copy the values of u to v with
a one column backward translation. Reset the values of u to zero. Now
we solve v for its third column, which is the fourth step in time.

u =









0 0 0
0 0 0
0 0 0

. . . . . . . . .









and v =









Z1(t2)(IC) Z1(t3) Z1(t4)
Z2(t2)(IC) Z2(t3) Z2(t4)
Z3(t2)(IC) Z3(t3) Z3(t4)

. . . . . . . . .









(68)

4. We repeat step three for matrix v; plot the third column of v and copy
the values of v to u with a one column translation, allowing us to solve
for the fifth time step. Reset the values of v to zero.

u =









Z1(t3) Z1(t4) Z1(t5)
Z2(t3) Z2(t4) Z2(t5)
Z3(t3) Z3(t4) Z3(t5)
. . . . . . . . .









and v =









0 0 0
0 0 0
0 0 0

. . . . . . . . .









(69)

5. Continue to solve by alternating u and v; since there is no matrix being
permanently stored, we can iterate this loop and simulate indefinitely.

In summary, we are calculating the next time step as we simultaneously
plot the current time step by alternating our solution matrix between two [n x
3] matrices. This method could be easily adapted for higher spatial dimension
problems.

There are many positive aspects of this ”on-the-fly” computing method.
There is a greatly increased computation speed and capacity due to the de-
creased virtual memory allocation. Due to the use of smaller matrices, there
is also a much faster visualization speed. Finally, we do not have to wait for
the entire simulation to complete before visualizing the result. We can there-
fore stop a simulation that either blows up or does not produce the desired
result without loss of time. There is, however, a drawback to this method:
this simulation is memory-less and remembers no further than the last three
time steps. This means that we cannot numerically analyze the simulation
as a whole, only visually observe the result; saving the animation would be
difficult and impractical. A way to fix this is to continually save the data in a
large matrix as the simulation is running; however, this would heavily reduce
computation speed.
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Conclusion

In this project, we found results that display interesting features of nonlinear
dynamical systems. Many insights were gained into the behavior of solitons
and shockwaves, as well as into an application of nonlinear waves in neuro-
science. Our experiments with control techniques brought forth intriguing
outcomes as well. We would like to further pursue other physiological applica-
tions of this topic, such as nonlinear wave activity in the cardiovascular system.
Furthermore, we wish to conduct more studies with higher order methods, es-
pecially in the split domain calculations, to discover the reasons behind our
unusual results. Lastly, in the future we seek to perform calculations of the
KdV and shallow water equations and simulations concerning breaking waves
in the ocean.
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