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Abstract

Exponential stabilizability of linear control systems with multiple
delays on states and controls is studied in this paper. Based on the
Lyapunov method, we establish new criteria that ensure the exponen-
tial stability of the closed-loop system with memoryless state feedback
control or instantaneous feedback control. The criteria are derived in
terms of linear matrix inequalities, which allows to compute simultane-
ously two bounds that characterize the exponential stability rate of the
solution. Our results are illustrated with numerical examples.
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1 Introduction

The stabilization problem of linear control systems with delays on state and
control has been an interesting and challenging problem in recent years (see
in [11]). Although many stabilizability criteria for linear systems only with
delays on control have been proposed, there are few stabilizability criteria for
linear systems with delays on state and control [2, 5, 8]. Moreover, the delayed
control part in these existing results are considered as a perturbation rather
than an effective control input. So, stabilizability criteria, where the delayed
control part is an effective control input, for linear systems with delays on state
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and control will be interesting results. To the best of our knowledge, there are
only two results like this [7, 12]. In this paper, inspired by the result in [10]
for exponential stability of linear systems with multiple delays, we proposed a
new exponential stabilizability criterion for linear control systems with multiple
delays on state and control.

{a‘c(t) = Aga(t) + oy Awa(t =)+ Boult) + XL Bt = 7))

z(t) =o(t), te[-70]

where z(t) € R" is the state, u(t) € R™ is the control Ay, By, k =1,2,...,m are
given matrices, 7, k = 1,2,...,m are delays satisfying 0 < 7, < 7 and initial

condition is ¢() € C([—7,0],R™).

By combining the Lyapunov-Krasovski stability theory and a parameter-
ized neutral model transformation, we have obtained a sufficient condition
for d-stabilizability of system (1.1) with a memoryless feedback control and a
sufficient condition for d-stabilizability of system

z(t) = Apz(t) + i Agz(t — 1) + Bou(t)

with an instantaneous feedback control term u(t) = Kz (t) + > | Kz (t — ;).

The following well-known lemmas are needed for main results

Lemma 1.1. Assume that S € R™"™ is a symmetric positive definite matriz.
Then for every @ € R™*™,

2(Qy, ) — (Sy,y) <(QS™'Qx,x), Vr,ycR".
Lemma 1.2. For any constant matriz M € R™" M = MT > 0, scalar

o > 0, vector function w : [0, 0] — R"™ such that the integrations concerned are
well defined, then

(/ng(s)ds>TM</0

2 Main Results

o

w(s)ds) < cr/og w’ (s)Muw(s)ds.

For matrices X, W, 1, Fso, F33, Fio, Fi3, Fo3, Yy, k = 1,2, ..., m, matrix Z and
real numbers a > 1,9 > 0, we denote

= {(5I+A0)X+X(6I+AO)T+BOZ+ZTB(?+Y,€+Y,€T+W+T,§FH)},
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@k:XAg+ZTBg+nT+F12, \I!k:mAkX+mBkZ—Yk+TkF13,
Fk = AkX—i‘BkZ—Yk—i—FQg,Ak = —Tk_l(O[X—FQQ), Mk = (O&Tkyk, 0, ...,O)T

2m+1,1»

Qromis = —e " PTMW + 1y Fyg, ... Qomt1,2mi1 = —e 0T W + 71 Fy3.
0=

¥, &, P, ... D, v, Uy U, 1 v,

* Ay 0 ... 0 Iy AsX+BsZ ... Am-1X+Bm-1Z AnmX+BmnZ

*  * :

* % .0

* 1 ok N, AIXtBIZ AsX+4BoZ ... Ap1X+Bm1Z r,,

x 0 % Qe 0 0 0 ’

* : : : *

* : *

* : : : : : *

* Kk x kX % * * * * Qom41.2mi1

(2.1)
We have the following theorem.

Theorem 2.1. For given 1, > 0,k = 1,2,...,m , system (1.1) is §-stabilizable
if there exist positive definite symmetric matrices X, W, Fi1, Fao, F33 and any
matrices Z,Yy, k=1,2,....m, Fia, Fi3, Fb3, a number o > 1 such that and the
following LMIs hold

Q M, My ... M,
* —anX 0 .. 0
E(BOZ, BiZ, ..., BmZ) =1 % * ' : < 0, (2 2)
0
* * * =T X
— X+ Fy< 0, (23)
- Fu Fip Fig
F = * Py Fos | > 0, (24)

* * F33

The feedback control is u(t) = ZX 'x(t). Moreover,there exists a positive
constant N such that the solution x(t, ) of the closed-loop system satisfies

|z(t, 9)|| < N||g|le™®, vt > 0.
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Proof. Putting K = ZX~!. The system (1.1) with control u(t) = Kz(t) is

@(t) = (Ao + BoK)x(t) + zm: Ai + BrK)x(t — ) (2.5)

1

k=
Let us denote Gy = Y, X1, P=X1 T=X"'WwWXx-

t
Dy(xy) = xz(t) + 6_5t/ Gra(s)e’ ™ ds, P = diag{P, P, P}.
t—Tg

Consider the following Lyapunov functional associated with the system (2.5):
V=V +Vs (2.6)
where V' =3 0 Vig + Vap + Vg + Vi,
V1k =D} (It)PDk(xt)
— e 20t ft . ft 26(ut7t) o T(u)GE PGra(u)duds,

ng—e 26tft o 205 - ( )T:L“( )ds,
T

e%x(s) - e%x(s)
Vi = e~ 20 f(f fss_Tk S Gra(u) | P.F.P | 2@ Gra(u) | duds,
(s — 1) (s — 1)

Vs = na® (t)x(t), n is a positive number that will be chosen later.

Taking the derivative of Vj;, we have

Vig = 2Di () PDy ()
t T
= 2{93(25) - e_ét/ Gka:(s)e‘SSJ"ST’“ds} P
t—Tk

¢
X {x(t) - (56_&/ Gra(s)e® 0 ds + e (Gra(t)e® ™ — Gra(t — Tk)e‘st)}
t—
t * T
= {x(t) - 6_6t/ Gka:(s)e‘SSJ"ST’“ds} P
t—Tk

¢
X {x(t) - (56_&/ Gra(s)e® 0 ds + Gre®™a(t) — Gra(t — Tk)}
t—7y
This follows that

) t T

Vik +20Vi, = 2{$(t) + 66t/ ka<8)€6s+6‘md8} P
t—Tg

X {j;a) 4 6a(t) + Gre®™ x(t) — Gra(t — Tk)}

t T
= 2{95(75) - 6_&/ ka(s)e5(5+7’“)ds} P
t—Tg

{(5I+AO+BOK—|—er‘STk £+ > (4, + BK)a(t - j)—ka(t—Tk)}
7j=1
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t
— 207 () PG (t — 74) + 267&( Grr(s)e’ T ds

t—Tg

= 22T () {P(61 + Ay + BoK + Ge®™)}a(t) 4+ 227 (t) P Em:(A + B K)x(t — 15)
) P(31 + Ag+ BoK

+er5Tk>x(t) —|—2e’5t( t Gra(s)e S*Tk)ds) Z (A; + B;K)x(t — 75)

t—Tg

t T
— 2¢7% </ ka(s)e‘s(””)ds) PGrx(t — 1)
t—Tg
(2.7)

Using Lemma 1.2, we have

Var + 28Vap,

t
< ane®™a T (1) GT PGa(t) — 62&/ X+ T ()G G (s)ds
t—Tg

t T t
O 1)6_25t</ 626(S+Tk)GkZE(S)dS> P(/ 65(S+T’“)Gk$(s)ds>.
=7 t—Tg
(2.8)

By simple computations, we have

Var + 20Vay, = 27 () Tx(t) — e 22T (t — 7)) Tx(t — 7).
(2.9)
Vi, + 26V

= Tk:L‘T(t)PFHP:L‘(t) + ZTkxT(t)PFlng(t —Tk) + Tka:T(t — 7,)PF33Px(t — 1)
¢
+ 2xT(t)PF12P(6_6t/ 65(S+Tk)ka(s)ds>
t—T7g

t
+ 22(t — Tk)PF23P<6_6t/ 66(S+Tk)ka(S)dS>
lf—T]’C
t
+ 6—25t/ eXH) 1T (§)dsGE P Fay PGrx(s)ds
t—Tg

(2.10)
From (2.7) - (2.10), we have

NE

(Vlk + 25v1k) - 2#@){ i P(5I + Ay + BoK + erm)}x(t)

i

1

+ Z{Zx )(mP(Ay, + BiK) — PGy)x(t — 72,)}
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_l’_
[(\)
NE

¢ T
{6_5t</ ka(8)65(5+Tk)d8> P(0I+ Ao+ BoK + erm)x(t)}
t—Tg

e
t—Tg

¢ m
{e&(/t_m ka(s)e‘s(”m)ds) TP ;(Aj + B K)x(t — Tj>}'

=
Il
—

t

)

T
ka(s)eé(sJ“T’“)dS) PGra(t — Tk)}

T
I

_l’_
[(\©)
hE

i

1 (2.11)

NE

<V2k + 25V2k>

i

1
m

ar e T (H)GE PGRa(t) Z{ 2‘”/ eQa(HT’C)xT(s)Gkax(s)ds}
t—7g

1 k=1

{Tkil(Oé - 1)626t(/t;k 625(5+Tk)ka(s)ds> TP(/: 65(S+7k)ka(s)ds) }

- (2.12)

A
NE

k

-

e
Il

1

m

S (Vi + 26V ) = ma (T w(t) = 3 e (¢ — )Tt — )

k=1 k=1
(2.13)

NE

(‘./zlk + 25V4k> ZTkSU (t)PFy1 Px(t) + QZ{TkI t)PFi3Px(t — 1)}

ES
Il

1

+ Z{TkxT(t — 7)PFss Pa(t — 1)}

k=1

+2 Z { (t)PFyy ( —ot /t; e‘s(HT’“)ka(s)ds)}
+2 Z {[E(t — Tk)PF23P<€_5t /;Tk e‘s(S’LT’“)ka(s)ds)}

m ¢
+ Z {6_2& / 626(S+Tk)$T(S)GZPFQQPGk.’IJ(S)dS}.
t—Tk

(2.14)
These follow that

m t
V 426V <n(t)TAn(t) + Z 6_2&/ 2T (§)GT (=P + PFyP)Gx(s)ds.
k‘=1 t—Tk

(2.15)
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x(t)

e ftt_ﬁ Grz(s)edTm)ds

where n(t) = | ¢=% ftt_T Gmx(s)e5(s+7m)ds

x(t —1)
x(t — )
Air A2 Az o A At 2 Atmys A1 omy1
* Aog 0 .. 0 A2 2 P(A2+B2K) ... P(Am+BmK)
* * :
* : * . 0
A= =« : C % Amiimi P(A1+BIK)  P(Aa+ByK) ... Amiiomir |
* : : : * Amt2.mt2 0 0
. )
*
* * * * * * * * A2m+172m+1

A= 1 {P(6I+Ao+BoK+Gy)+(61+Ao+Bo K+Gy) T P+ar,Gi PGy+T+7, PF1 P},
Ao=(6I+A0+BoK+G1e"™ )T P+PF15P, ..., Ay my1=(0I+Ag+BoK+Gpne’™)T P+ PFy, P,
Ay mio=mP(A14+B1K)—PGi+1 PFi3P, ..., A ami1=mP(Ap~+Bp K)—PGyp+7m PFi3P,
Apo=—71"YHa=1)P, ..., Apy1mr1=—Tm *(a—1)P,

Ay 1+x=P(Ap+BrK)—PGr+PFysP A1 4k mi1sk=—e 2k T+1, PF33 Pk=1,2,....;m.

The inequality (2.3) is derived from —P + PFy P < 0. Hence, by Lemma 1.2,
we have

V425V <n(t)" (A + A)n(t) (2.16)
0 0 e 00
0 T1_1(—P+PF22P) 0 ... 0 ... 0
where A = | 0 0 7m Y(~=P+PF»pP) 0 0 ... 0
0 0 0 0 00 0
0 0 0 0 0 0 0

Multiplying both sides of the inequality (2.2) by diag{X !, X1 ..., X!} and
using Schur complement, we have A + A < 0. This implies that there is a
positive number A\ > 0 such that

V420V < =A(l2@IF + Y et = 7)), (2.17)

k=1
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Combining with Lemma 1.1, we have

V20V < =A(lle@IP + 3 llat = ) l12) + 206" (8)a(t) + 200l ()]

< (= A+ 25+ 2040 + BoK|| + Y 14k + BK|) ) (1)1
k=1

Y (=X )|t — )|
k=1

(2.18)
Choosing 7 = 4 min{ 26+2||Ao+BoKH+41ij AR , 1}, we obtain
V¥ 426V <0,
which implies that V* < V*(0)e=2%. Since n||x(t)||? < V*, we get
V=0
el < | L Qs (2.19)
n
On the other hand, we have
0 2
Vin(©0) < [IPI|(ll2() 11 + e IGulllel] [ ds)
.

1 57k 1 1—e 2
< X1+ e VX ) l9l %,

0 /0
Var(0) = ™ / / X (u) (X HTYI XY X Lo (u)duds

e [V P X Pllgl? / ¢ duds < ae®™ || V||| X Prllg],

—Tk

0
1 PSR
m(O)SHWHTiI/ s < 5=(1— e MIXTPIWII], Va(0) =o.

N
Let us denote Ny, = || X~ 1||<1+€6Tk||YX L Lme )
Nai = ae®™|[Yi| P X P72, Now = 55(1— e ‘25Tk)]\X YW,

and
N:\/”+ZZ=1(N1’“+N2’“+N3’“). (2.20)

Ui

Then, we get
V*(0)

= Nlloll,
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which implies that ||2(t)]] < Ne~%||¢||. This means the system (1.1) is J-
stabilizable. The proof is completed. O]

Remark 1: In case k = 1, we will obtain the result in [7]. Moreover, our
condition does not require the controllability of pairs (A, By) or (Ag+ A1, Bo).
Hence, the first open problem of Richard in [11] has been solved.

Example 2.2. Consider system (1.1) with m = 1, and

0O 0 0 0 -2 05 0 0
0 05 0 0 02 -1 0 0

Ao = 05 0 03 0] A= 0.5 0 -2 —05]"
0 0 0 1 0 0o 0 -1

Bo=[1 1 1 0% B =0 1 1 1.

Since ’I"CLTLk[BO (Ao + Al)BO (AO + A1)230 (A() + Al)gBO] =3 <4 and
rank[By AoBy AiB, A3Bo) = 3 < 4, neither (A, By) nor (A + Ay, By)
is controllable. Choosing 6 = 0.1 and using LMI toolbox in Matlab, the
maximum value of 7y is found 0.14. Therefore the system is 0.1-stabilizable
with 77 = 0.14. The feedback control is u(t) = Kxz(t) where K = [-0.2737 —
0.1137 —0.1923 — 1.8416].

Remark 2: In case By = By = --- = B, = 0, a J-stability criterion for
system (1.1) is given in the following corollary:

Corollary 2.3. System (1.1) with By = By = --- = By, = 0 is d-stable
if there exist positive definite symmetric matrices X, W, F11, Foo, F33 and any
matrices , Yy, k = 1,2, ...,m, Fio, Fi3, Fo3, a number a > 1 such that (2.3),(2.4)
hold and the following LMI hold

=(0,0, ...,0) < 0. (2.21)

The following numerical example shows that this d-stability criterion may
be less conservative than those in the literature.

Example 2.4. Consider the linear systems

{:fc(t) = Agz(t) + Azt — 1) + Asz(t —v/3), >0 (2.22)

z(t) =o(t), te[-v3,0]

7 -1 101 14.2 52 —6.2
where AO_(0.5 —5.5) Al_(—6.6 —10.2)’ A2<3.6 5.1)'

Using LMI toolbox, the maximum of ¢ is 0.117.
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Table 1: Comparison between results of our result and recent ones

Method || [10] | [7] | [6] | Corollary 2.3
o 0.951]0.10.111 0.117

Another interesting problem, which has been introduced in [11], is to find
sufficient condition for stabilizability of system

{az(t) = Aoz(t) + X5y Arx(t — i) + Bou(t) (2.23)

z(t) =o¢(t), te[-70]

with an instantaneous feedback control term u(t) = Koz (t)+Y o, Krx(t—T5).
By the same way, we also obtain a d-stabilizability criterion for system (2.23):

Theorem 2.5. If there exist positive definite symmetric matrices X, W,
Fiy, Fys, F33 and any matrices Zy, Zy, Yi, k = 1,2, ...,m, Fia, F3, Fs3, a number
a > 1 such that (2.3),(2.4) hold and the following LMI hold

E(B()ZO, B()Zl, ceey B()Zm) < 0, (224)
then system (2.2) is d-stabilizable with the feedback control
u(t) = ZoX o)+ 2. X w(t — 1)+ Zp X ra(t — 7).

Example 2.6. Consider system (2.23) with m =1, 11 =5 and

0 1 0.3 0.6 0
AO_(O 05)’ Al_(oz o.4>’ BO_(1>‘

The following table will show that the delayed feedback controller in The-
orem 2.5 allows larger convergence rate memoryless controllers. Table 2:

Method || Kubo et. al [4] | Theorem 2.1 | Theorem 2.5
) 0.2 0,45 0.5

3 Conclusions

In this paper, the exponential stabilzability with a given convergence rate has
been discussed for linear systems with multiple delays on states and controls.
Based on the Lyapunov method and a parameterized neutral model transfor-
mation, exponential stabilizability criteria with memoryless feedback control
or instantaneous feedback control are proposed. Some numerical examples are
given to illustrate proposed criteria.
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