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Abstract

Using the energy of graphs, we present sufficient conditions for some
Hamiltonian properties of graphs.
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1. Introduction

We consider only finite undirected graphs without loops or multiple edges.
Notation and terminology not defined here follow that in [2]. For a graph
G = (V,E), n = 1|V], e .= |E|], and G° := (V, E), where E° = {zy :
x € Vyy € Vi # y,xy ¢ E}. For a bipartite graph Gppr = (X,Y; E),
GSpr = (X,Y; E°), where E€ := {zy :x € X,y € Y,zy ¢ E}. The degree
of vertex v; is denoted by d;. The concept of closure of a general graph G was
introduced by Bondy and Chvétal [1]. The k - closure of a graph G, denoted
clg(G), is a graph obtained from G by recursively joining two nonadjacent
vertices such that their degree sum is at least k. The idea for the closure
of a balanced bipartite graph can be found in [1] and [6]. The k - closure
of a balanced bipartite graph Ggpr = (X,Y; E), where |X| = |Y|, denoted
cle(Gppr), is a graph obtained from G by recursively joining two nonadjacent
vertices x € X and y € Y such that their degree sum is at least k. We use
C(n,r) to denote the number of r - combinations of a set with n distinct
elements.

Let A(G) be the adjacency matrix of a graph G of order n and let 1y (A(G)) <
w(A(G)) < ... < pa(A(G)) be its eigenvalues. Set u;(G) = u;(A(G)),
i =1,2,...,n. Then 11(G) < pa(G) < ... < u,(G) are called the eigenval-
ues of the graph G. The energy, denoted E(G), of a graph G, is defined as
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E(G) =2 (@)
Fiedler and Nikiforov in [5] recently proved the following theorem.

Theorem 1 ([5]) Let G be a graph of order n.

1] If p,(G°) < v/n—1, then G contains a Hamiltonian path unless G =
K, 1+ v, where K,,_; + v is defined as a graph that consists of a complete
graph of order n — 1 together with an isolated vertex v.

2] If p,(G°) < v/n—2, then G contains a Hamiltonian cycle unless G =
K, 1 + e, where K, 1 + e is defined as a graph that consists of a complete
graph of order n — 1 together with a pendent edge e.

In this note, we will present theorems involving energy of graphs on some
Hamiltonian properties of graphs. Some ideas and techniques developed by
Fiedler and Nikiforov in [5] will be used in our proofs.

Theorem 2 Let G be a graph of order n > 3. Then G contains a Hamiltonian
cycle if

(n;rszc)(\/n +141)+2e(G°) — E(G°) < 2n — 4.

Theorem 3 Let G be a graph of order n > 4. Then G contains a Hamiltonian
path if

Vve(Go)(Vn—1+1)+2e(G°) — E(G°) < 2n — 2.

Theorem 4 Let Gppr = (X,Y; E), where | X| = |Y| =r > 2, be a balanced
bipartite graph of order n = 2r > 4. Then Ggpr contains a Hamiltonian cycle

if
\ e(Ghpr)(Vin — 2+ V2) +2¢(Ghpr) — B(Ggpr) < 2r — 2.

2. Lemmas
We need the following results as lemmas to prove our theorems.

Lemma 1 ([1]) A graph G of order n has a Hamiltonian cycle if and only if
cl,,(G) has one.

Lemma 2 ([1]) A graph G of order n has a Hamiltonian path if and only if
clp—1(G) has one.
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Lemma 3 ([3]) Let e be any edge in a graph G. then E(G)—2 < E(G—{e}) <
E(G)+2.

Lemma 4 ([6]) A balanced bipartite graph Ggpr = (X,Y; E), where | X| =
|Y| = r > 2, has a Hamiltonian cycle if and only if ¢/, 11(Gppr) has one.

3. Proofs

Proof of Theorem 2. Let G be a graph satisfying the conditions in Theorem
2 and G does not have a Hamiltonian cycle. Then H := cl,(G) does not
have a Hamiltonian cycle and therefore H is not K,. Thus there exist two
vertices x and y in V(H) such that xy ¢ F(H) and for any pair of nonadjacent
vertices w and v in V(H) we have dy(u) + dy(v) < n — 1. Hence for any
pair of adjacent vertices u and v in V(H¢) we have that dgc(u) + dge(v) =
n—1—dg(u)+n—1—dy(v) >n—1. So

> due(u) + dye(v) > (n— 1)e(H®).

wweE(H®)

Moreover,

> dhe()= ) due(w) +dpe(v) = (n— e(H).

veV (H®) uweE(H®)

From the inequality of Hofmeister [4], we have that nu?(H¢) > (n — 1)e(H¢),
ie.,
(n = 1e(H°)

n

Mn(HC) >

From the definition of E(H¢) and Cauchy - Schwartz inequality, we have
that

B(H) = Y sl H) < pn(HO) | (0= 1) S i (H)

=1

= pn(H®) + | (n— 1)( Z“ (He) — p2(He))

= pn(H°) + /(0 — 1)(2e(H) — p2(H?)).

Now consider the function f(z) = z + +/(n — 1)(2e(H¢) — 22). It can be
2e(H®)

easily verified that f(z) is monotonously decreasing when <z <
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\/2e(H¢). Notice that

HC —1 HC
2 g,/ n V2e(H").
Hence
—1 HC —1 HC
E(H®) < f(un(H°)) <f\/ (n n (Vn+1+1).

Set r := e(H) — e(G). Then e( GC) —e(H) = (C(n,2) —e(@G)) — (C(n,2) —

e(H)) = r. Since H has two nonadjacent Vertlces x and y such that dy(x) +
di(y) <n—1, then e(H) < (n—1) +C(n —2,2) = (n®* — 3n +4)/2. Hence
r < (n*—=3n+4)/2—e(G) = (n*—3n+4)/2—(C(n,2) —e(G°)) = e(G°) —n+2.

From Lemma 3, we have that E(H¢) > E(G¢)—2r. Thus E(H¢) > E(G°)—
2e(G°) 4 2n — 4. Since e(H¢) < e(G), we have that

E(G°) —2e(G°)+2n—4 < M(W“r 1+4+1),
n
a contradiction. o

Proof of Theorem 3. Let G be a graph satisfying the conditions in Theorem
2 and G does not have a Hamiltonian path. Then H := ¢l,,_1(G) does not
have a Hamiltonian path and therefore H is not K,. Thus there exist two
vertices x and y in V/(H) such that xy ¢ E(H) and for any pair of nonadjacent
vertices w and v in V(H) we have dy(u) + dy(v) < n — 2. Hence for any
pair of adjacent vertices u and v in V(H¢) we have that dye(u) + dge(v) =
n—1—dyg(u)+n—1—dg(v) > n. Using similar arguments as in Proof of
Theorem 2, we can show that

E(H) < +e(G°)(vn—1+1).
E(H¢) > E(G°) — 2¢(G°) + 2n — 2.
Therefore, we have that
E(G®) —2e(G°) +2n — 2 < \/e(G®)(vVn — 1+ 1),

a contradiction. o

Proof of Theorem 4. Let Gppr = (X,Y; E), where |X| = Y| =1 > 2,
be a balanced bipartite graph of order n = 2r > 4 satisfying the conditions
in Theorem 4 and G does not have a Hamiltonian cycle. Then Hgpr =
cl,+1(Gppr) does not have a Hamiltonian cycle and therefore Hgpr is not K.
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Thus there exist a vertex € X and a vertex y € Y such that zy ¢ E(Hppr)
and for any pair of nonadjacent vertices u € X and v € Y we have dg,,.,.(u) +
dippr(v) < 1. Hence in H§pp for any pair of adjacent vertices u € X and
v € Y we have that dge ,(u) +due, (V) =7 — dugpr () + 7 — dpgp (V) > 7
So

> dug,, (W) +dg,, (0) > re(Hfpr).

weE(HE pr)

Moreover, we have that

doodye, (W)= > dug,, (u) +dag,, (v) = re(Hypp).

VeV (HS pp) weE(HS pr)

From the inequality of Hofmeister [4], we have that

2rpn (Hypr) > Z d?{%PT(U) > re(Hgpr).

So Nn(Hf%PT) > B(HEPT)/Q-

Since H§pp is a bipartite graph, p,(Hgpr) = —pi(Hgpr). From the
definition of E(H§py) and Cauchy - Schwartz inequality, we have that

n n—1
E(Hgpr) = Z \wi(Hgpr)| < 2ua(Hgpr) + 4| (n = 2) ZN?(HEPT)
i=1 =2

=24, (Hppp) + 4| (n — 2)(2 M?(HJ%PT) —2p2(Hgpr))

=24, (Hppr) + \/(n —2)(2e(Hgpy) — 2u2(Hppr))-

Now consider the function f(z) =2z + /(n — 2)(2e(H§pr) — 222). It can

be easily verified that f(x) is monotonously decreasing when 4/ @ <z <

Ve(HSpr). Notice that

\/@ < \/e(HT%PT) < pn(Hppr) < \/@'

Hence

B(Hpr) < f(Hpr)) < () L01)) = et ) (Vi =2 + VD)
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Set s := e(Hppr) — e(Gppr). Then e(G4pr) — e(Hspp) = (1? — e(Gppr)) —
(r’—e(Hppr)) = s. Since Hgpr has two nonadjacent verticesz € X andy € Y
such that dg, ., () + dgyp, (y) < 7, then e(Hgpr) < (r—12+r=1r>—r+1.
Hence s <r?—r+1—e(Ggpr) =r*—r+1—(r*—e(G4pr)) = e(G4pp) —1+1.

From Lemma 3, we have that E(H%pr) > E(GSpr) — 2s. Thus
E(Hgpr) = E(Gppr) — 2e(Ggpr) +2r — 2.

Since e(HGpr) < e(G%pr), we have that

E(G3pr) — 2e(Ghpr) +2r =2 <\ /e(Ggpr) (VR — 2 + V2),

a contradiction. o
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