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Abstract

A number of attempts have been made to study heat flow in cir-
cular cross-section of human limbs. But almost no attempt has been
reported in literature about study of heat flow in the tissue layers of ellip-
tical shaped human limbs. Therefore, a seminumerical model has been
developed to study heat flow in peripheral layers of three-dimensional
elliptical shaped human limbs for a steady state case. Appropriate vari-
ation in parameters like blood mass flow rate, metabolic activity and
thermal conductivity has been incorporated in the model. Appropriate
boundary conditions have been framed based on the assumptions that
outer surface of the limbs is exposed to the environment. The finite
element method has been employed along radial and angular direction
and Fourier series method along axial direction to obtain temperature
profiles in the region.
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1 Introduction

The skin in human body or animal body is boundary lamina, which plays an
important role in temperature regulation. It is composed of three layers namely
epidermis, dermis and subcutaneous tissues. There are no blood vessels in the
epidermis, so there is no blood flow and metabolic activity in this outermost
layer. The density of the blood vessels increases as we go down the dermis
and becomes almost uniform in the layer below the dermis namely subdermal
tissues. The core of the main trunk of the human remains at almost uniform
temperature 37°C' by maintaining the balance between heat generation within
the body and heat loss from the body, but in limbs the core temperature may
vary under changing environmental conditions. The core temperature of the
human limbs varies extensively as we move away from the body trunk. This is
due to the fact that the arterial blood flows from the trunk at body core tem-
perature to the outer shell, looses heat while moving towards the extremities
and returns as a colder venous blood temperature. The core temperature also
varies along the angular direction of the limbs. This is because the arteries
carrying blood from the trunk to the limbs lie on one side of the limb, while
the superficial veins responsible for carrying blood towards the heart, lie on
the other side.

Earlier experimental investigations were made by Patterson [1] to obtain tem-
perature profiles in the SST region. Some theoretical investigations have been
carried out during the last few decades by Cooper and Trezek [16], Chao et.
al. [5] and Saxena [17] to study temperature distribution in SST region under
normal environmental and physiological conditions. Also attempts have been
made by Pardasani and Adlakha [6] and Jain [15] to study problems involving
abnormalities like tumors in SST regions of human body. Some models have
been developed by Mitchell et.al [4], Saxena et al. [17],[18], Pardasani and
Adlakha [7-9], Zhu et. al [13] , Song et al [19] and Pardasani and Jas [14]
for temperature variation in human limbs for one , two and three dimensional
steady state cases by using several techniques like finite element method, Ritz
method and pseudo analytical approaches etc. under normal physiological and
environmental conditions. Also Shakya [10],[11] has extended finite element
modeling to infinite domains.

From the above literature survey, it is evident that all the research workers
have assumed that human limb is perfectly circular in shape. But actually hu-
man limb is not perfectly circular in shape, it may be considered as elliptical in
shape. So for realistic studies, it becomes necessary to develop a three dimen-
sional model to study the radial, angular and axial temperature distribution
in dermal regions of human limbs which are elliptical in shape. The seminu-
merical approach which consists of a combination of finite element method [3]
and Fourier series [2] has been employed to obtain the numerical results.
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2 Mathematical Model

The mathematical model given by Perl [20] for temperature distribution in
living tissues for a three-dimensional steady state case in elliptical coordinates
may be written as :

e | K (0) + K& ()| + K2 (55) + M(Ta = T) + 5 = 0.
(1)
Where, d is the Eccentricity of elliptical layer, K is the Thermal conductivity,
M is the Blood mass flow, S is the Metabolic heat and T is the Arterial
blood temperature . Here, v, v and z are respectively radial, angular and
axial coordinates for the elliptical shaped human limbs. The outer surface of
the limb is exposed to the environment and heat loss at this surface takes place
due to conduction, convection, radiation and evaporation which is given as:

oT
<K 5 e = B(T = T0) + LE. (2)

0
Here, h is the heat transfer coefficient, 7T, is the atmospheric temperature, L
is the Latent heat, and F is the rate of sweet evaporation. The blood moves
in arteries from the trunk at body core temperature i.e. 37°C into the limbs.
This blood looses heat to the tissues while moving towards the extremities of
the limbs. Thus the blood is at a lower temperature at extreme parts of the
limbs. So the inner core temperature of the limb has been taken to be variable
along the axial direction of the limb. Hence the following boundary conditions
are imposed at the inner boundary [4]:

T(po,v,2) = G + Grpe™** (3)

To(v,z) = Toa(v) atz=a and Ty(v,z) = Top(v) atz=>0  (4)

The constants G1; and G2 are obtained by using above conditions and eqn.(4).
The two opposite sides of the inner core of the limb may be at different tem-
peratures, so at the two ends of the limb the following parabolic variation of
the core temperature along angular direction has been taken [14]:

TOa (V) = Ola + C120,7/ + 03117/2 (5>

T (v) = Cup+ Cyv + Cayp? (6)

such that,
Toa(v) = Tuo at v =0
Toa(V) = Tun at v =7 (7)
Toa(v) = Tao at v = 2
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Tor(v) = Tyo at v =0
and, Top(v) = Tyr at v =7 (8)
Ton(v) = Ty at v = 27

The constants C,, Caq, Csq, Chp, Cop and Csp, in eqnuation (5) and eqnuation
(6) are obtained by using above conditions (7) and (8). The temperature dis-
tribution in the limbs will be uniform along z-direction near the trunk whereas
the core temperature is uniform up to small distances. The other extremity
of the limbs is assumed to be perfectly insulated and no heat loss takes place
along the z-direction to the environment. Thus the flux along the z-direction
at both the ends of the limbs is assumed to be zero as given below:

oT
5—0 at z = a 9)
g—fzo at z=2> (10)

Since the radial distances are very small as compared to the axial distances,
so the gradients at the two extremities of the limbs will be negligible. Also the
thermoregulation process tries to preserve the heat by insulation and make up
the heat loss by heat generation, thus reducing the temperature gradients to
maintain the thermal balance. Now, the dermal region of the limb has been
divided into three concentric elliptical layers with inner and outer distances fg
and ug respectively, the outermost layer is the epidermis. Below the epidermis
is the dermis followed by a layer of subdermal tissues. The innermost solid
part is the limb core consisting of bone, muscles, large blood vessels etc. These
layers have been further discretized into subregions i.e. into twenty-four ele-
ments of elliptical sectors with two of its sides curved along angular direction.
The angular points of each element are the nodes (see Fig.1). The element
information is given in table 1. The equation (1) and equation (2) are trans-
formed into the following discretized variational form [12] for the e element

e){(aT €)> (8T €)> + Al z 2( (e))2}+A§6)
M© (TQ’ T<e>) — 249 s@T
+ 2 [ AT WTO T, + 2L E T(e)]du

1€ = %fel

dp dv

(11)
Where, A\ = d©®2(sinh? 4@ + sin? 1) and e= 1, 2....24. Here, (A = 1)
is only for those elements which are exposed to the environment and \(¢) =
0, for the remaining elements. Also for each sector of elements the arterial
temperature Tf‘e) is taken to be equivalent to the core temperature on the

inner boundary. Hence, we have

T = T(pov, 2) (12)
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Figure 1: Finite Element discretization of human limb using coaxial elliptical
sectoral elements.

Since the thickness of the layers in the SST region is very small so the following
linear variation with respect to position along radial direction is assigned to
the thermal conductivity, blood mass flow rate and metabolic heat generation
in each layer:

K@ — &(e) +&g€)u : M — Bfe) +B§€)u and S© — )\ge) +)\§€)u

Where, i, al?, 8, 89 A9 and ALY are given below

Subcutaneous tissues e = 1,4,7,10, 13,16,19,22
o =K1, ol =0, 8=, 87 =0, 4" =5, 4 =0
Dermis e = 2,5,8,11,14,17,20,23
(e) Kypo — K3 (e) K3 — K, (e) My pio — M3y

=,y = —
! M2 — 1 ? M2 — 1 ! M2 — 1
ﬁe) . Mz =M, B Sty — S3pi1 (e) _ Sz — 51

2 = y N1 = y Y2 =
M2 — M2 — 1 Ho — 1

Epidermis e = 3,6,9,12,15,18,21, 24
Oé(le):K?)aOéE):O)ﬁle):O) )_0771)_07758)20‘

The following bilinear shape function for the variation of temperature within
each element has been taken as:

7€ = &9 4 el + 6 + e (13)

Where, £, €09 ¢l and €9 are constants for the e element. The expression
in equation (13) in matrix notation can be written as:

T = pTel (14)
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Where, P* = [L u v w]and (€9)" = [ &7 & ¢
Using nodal conditions we get,

T (o, vy, 29) = Ty Where n = 1,j,k,1 (15)

From equation (14) and equation (15) we get,

T = pe ¢ (16)
T; Lo v v
Where, T(e) = i and P© bomgovy gy
Ty, Lo v
1 1w v oy
From equation (16) we have,
@ = R (17)

where, R = pl)-1
Substituting £ from equation (17) in equation (14) we get,

7O = prRET (18)

Now, the integral I(®) given in equation (11) can be put in the form

19 =194 19— 1+ 1) 4 1© (19)
Where,
vk 2
T T
119 = dud 20
[ () < () e
@ _ L [ @0 [p©2 2
190 =5 [ | Au [TA 4T ]dudy (21)
I = / / AP M<e T +S<e} T dy dv (22)
(e) Al (e) (e) 2 (e)
Iy = = A W(TY —T,)*+2LETY] dv  |ueps (23)
vj
1 [ 0?
I® = —/ K@A ——(T®)2d 24
=3, 552 ) dp. (24)

Now putting value of T(®) from equation (18) in equations (20), (21), (22), (23)
and (24) and then minimizing with respect to each nodal point temperature
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with the assumption that the parameters K¢, M(©and S are constants but
different in each layer, we get:

I’ Ity

_ 7 (e _ p(e) 7
@ = AT Peri BT (25)
() (e)
Ads” e I poF@ | pe (26)
dT(e) ’ dT(e)
dr 7"
_/ze) - (6)72 (27)
dT dz
Where, Z(e) = ROT [Zij}4x4 R, B = ROT [Bijlaxa R,
G© = ROT [G,,, F© = ROT [F”] X4R €)

D© = ROT [D],, and H® = RET | Hijlixa R,
Here, Aij, By, Fij, Hij (i,j=1,2,3, 4) and G, D; (i=1,2,3,4) are constants.
Now, from equation (19) we have following equation:

di@ 419 dny  di? A iy

— = — —— — — — — (28)
PR L A A B LB [ A

On putting values of equations (25), (26) and (27) in equation (28) we get,

N
—e) dI®) (e
ZM —(e) ()T (29>
=1 dT
[0 0 0 0]
1 000 it"row
— |0 100/ j"ow 21 (e
Where, M = 00 10! Erow and [ = ) 7" 1
0001 " row
0 00O

The integral [ is extremized with respect_ to each nodal temperature T; (i=1,2..
32) to obtain a following set of differential equations in terms of nodal tem-
peratures T;.

7 A
XT -V —=7. (30)

dz
Where, X and V are matrices of order (32 X 32) and Y is a matrix. of order
(32X 1).

Also, X =", VA

[Z(e) —i—H(e)—l—F(e)] M(G)T,
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7T _ Zé\le M(e) [G(e) . D(e):| and V _ Zé\le M(C)B(E)M(E)T-

Here, Ty denotes the N** nodal temperature and N is the number of nodal
points. Now, following Fourier series is applied to eliminate the variable z from
the above equation (30):

Ty = Ao + Z A, cosnaz (31)
n=1
inf

T, = Ag; + Z A, cosnaz (32)

n=1

Where, a = /b and the coefficients Agy and A, are known due to boundary
condition (3). All coefficients Ay; and A,,; are obtained by solving the following
system of linear equations obtained from equations (30), (31) and (32).

XWAy =ph (33)

X4 = p(2) (34)

Where X® (v=1, 2) are square matrices of order (32 X 32). A, and A,
are column matrices of order (32 X 1) and they represent the matrices of
coefficients Ay, and A,; respectively. p(?) (0 =1,2) is column matrices of order
(32 X 1). A computer program has been developed for the entire problem and
executed on core 2 duo to compute temperature profiles in each subregion.

3 Results and Discussion

The results have been computed for the atmospheric temperature 7, = 15°C
and E = 0. The values of the parameters are shown below [18].

M, = 0.003 Cal/cm® — min . deg.C, S; = 0.0357 Cal/ em?® — min .

Ky = 0.06 cal/em — min.deg. C, Ky = 0.045 cal/cm — min . deg. C,
K3 = 0.03 cal/em — min . deg. C,
L= 579.0 cal/gm, h = 0.009 Cal/cm? — min.deg. C.

The constants a, b, Tyo, Tur, Tho and Ty, can be assigned any values depending
upon the situations under study. As a particular case following values have
been used [14]:

a = 0cm, b= 20cm,

T = 37°C, Tyo = 33°C, T,, = 35°Cand T,, = 30°C.
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Figure 2: Graph between Temperature and Angle for SET-I at T, = 15°C and
z = a.

The expression for nodal information is as given below:
wi=ag for 1=1+4j

. ) L M= 1=24+4y .
Radial Coordinates: i = ay P= 344 forj=0,1,2...7
Hi = a3 i=4+4j
vi =0 fori=1,2,3,4

Angular Coordinates: - Vies = vi 4459 fori=1,2.3..98

zi =a 1=1,2..32

Axial Coordinates: - s = b i=1,2.32

d; = dy 1=1+4)
Eccentricity is given by: - ZZ i Zl Z_:;ifjj forj=0,1,2...7
) =

The following set of eccentricity has been taken as a particular case for a
sample of limb under study.

d; = .0030, dy = .0020, d3 = .0017.

In above, constants a; (i=0,1,2,3) can be assigned any value depending upon
the sample of skin layers under study. Here as a particular case following
values have been used [7].

SET —1 ay=6.0cm, a; =6.5cm, a; =6.9cm, a3 ="7.1cm.
SET —1I ay=06.0cm, ay =6.4cm, ay =6.7cm, az = 6.8 cm.

The figure-2 and figure-3 represent the variation of temperature along angular
direction for T, = 15°C, E = 0, SET-I, at z=a and z=Db respectively. The
figure-4 represents the same for SET-II at z=a. The profile Tj in these figures
represents the inner boundary condition. The steepness of the curves decreases
as we move from the inner core (7j) towards the outer surface (73). This
steepness of the profiles is more in figure-3 at z=b as compared to that in figure-
2 at z=a due to larger difference in core temperatures at the two opposite ends
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e le Je ke le

1 1 2 5 6

2 2 3 6 7

3 3 4 7 8

4 5} 6 9 10
5 6 7 10 11
6 7 8 11 12
7 9 10 13 14
8 10 11 14 15
9 11 12 15 16
10 13 14 17 18
11 14 15 18 19
12 15 16 19 20
13 17 18 21 22
14 18 19 22 23
15 19 20 23 24
16 21 22 25 26
17 22 23 26 27
18 23 24 27 28
19 25 26 29 30
20 26 27 30 31
21 27 28 31 32
22 29 30 1 2

23 30 31 2 3

24 31 32 3 4

Table 1: List of elements used for numerical results

Figure 3: Graph between Temperature and Angle for SET-I at 7, = 15°C and
z = b.

(v = 0°C and v = 180°C)) of the cross-section of the limb at z=b. Also the
gaps between the temperature profiles at z=a for SET-II in figure-4 is less as
compared to that in figure-3 for SET-I. This is due to less insulation provided
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Figure 4: Graph between Temperature and Angle for SET-II at T, = 15°C
and z = a.

Figure 5: Graph between Temperature and radius for SET-I at T, = 15°C' and
Z = a.

Figure 6: Graph between Temperature and radius for SET-I at T, = 15°C' and
z = b.

by the layers of the SST region of the limb for less thickness. The figure-
5 and figure-6 represent the variation of temperature along radial direction
for T, = 15°C, E=0, SET-I at z=a and z=b respectively. The figure-7 and
figure-8 represent the variation of temperature along z-direction at v = (0°
and v = 180° respectively for SET-I. In these figures it can be seen that
the temperature is higher near the body trunk (z=a) and these temperature
profiles fall down as we move towards other end (z=b) of the limb. Also the fall
in temperature profiles is faster near the trunk and after few centimeters along
axial direction the profiles became almost uniform. This is because difference
between the core temperature of the limb and the atmospheric temperature
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Figure 7: Graph between Temperature and z (in cms.) for SET-I at T,, = 15°C'
and v = 0°C.

Figure 8: Graph between Temperature and z (in cms.) for SET-I at T,, = 15°C'
and v = 180°C.

decreases as we move towards other end of the limb and is minimum at z=b.
Moreover the fall in temperature profiles is more in figure-8 at v = 180°C' than
in figure-7 at v = 0°C. This is due to larger variation in the core temperature
at the two opposite ends of cross-section of the limb at v = 180°C' than at
v = 0°C. The numerical results obtained here are in good agreement with
those obtained by [8,14]. Also the results obtained here are in agreement
with the physiological facts. The seminumerical computational technique; a
combination of finite element method and Fourier series employed here has
been quite successful in reducing the three dimensional problem further in
to two-dimensional problem and obtaining useful results. The computations
involved in this method are less as compared to those in variational finite
element method for a three dimensional case. Another important feature of
this approach is that we have been able to incorporate the realistic geometric
shape of the elliptical shaped limb along three dimensions. Thus, the coaxial
elliptical sector elements used in this model have provided greater flexibility
by making the use of finite element approach easier and reducing the size of
computations. With the use of coaxial elliptical sector elements, less number
of elements are required to approximate the region as compared to the use of
triangular elements. The present model can be further developed and extended
to the deep tissues of human limbs where the properties also vary sectorwise
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along angular direction, such variations in the physiological parameters can be
incorporated with the help of coaxial elliptical sector elements. The approach
and model developed here can be useful for application in other problems of
engineering and science. Such mathematical models can be developed to obtain
thermal information in human organs, which can be of great use to biomedical
scientists for clinical applications like development of protocols for diagnosis
and therapeutics.
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