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Abstract

In this paper, we consider linear systems of an arbitrary number of
both weak and strict inequalities in a reflexive Banach space X. The
number of inequalities and equalities in these systems is arbitrary (possi-
bly infinite). For such kind of systems a consistency theorem is provided
and those strict inequalities (weak inequalities, equalities) which are sat-
isfied for every solution of a given system are characterized. The main
result of the present paper is to characterize the consistent linear sys-
tems containing strict inequalities without any assumption. The results
presented in this paper generalize the corresponding results of Miguel
A. Goberna, Margarita M. L. Rodriguez, Analyzing linear systems con-
taining strict inequalities via evenly convex hulls, European Journal of
Operational Research 169 (2006) 1079-1095.
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1 Introduction

Linear inequality systems in the finite-dimensional space R" containing an
arbitrary number of either weak or strict inequalities have been investigated
in [4]. Such kind of systems can be written as

m={ax >b, teW; ax>b, t €S}, (1. 1)

where WUS #0Q, WNS=0, a e R"and by e Rforallt € V:=WUS.
The solution set of 7 is denoted by F' .
There exists an extensive literature on ordinary linear inequality systems (S =
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@, | W |< o0) as far as they are closely related to linear programming the-
ory and methods. Concerning linear semi-infinite systems (S = 0, W # 0
arbitrary), whose analysis provides the theoretical foundations for linear semi-
infinite programming (LISP), different conditions for F' # () (existence theo-
rems) and many results characterizing the geometrical properties of F' in terms
of coefficients of o are well-known (see [5, Part II] and references therein).

Evenly convex sets were introduced by Fenchel in 1952 to extend the po-
larity theory. A set C' C R™ is said to be evenly convezr (in [3]) if it is the
intersection of a family of open half-spaces. Since this family can be empty,
R™ and () are evenly convex sets.
On the other hand, since any closed half-space is the intersection of infinitely
many open half-spaces, C' is evenly convex if and only if C' is the solution set
of a certain linear inequality system such as (1.1). In particular, any closed
convex set is evenly convex. Given an evenly convex set C' containing 0, (0,
represents the zero vector in R™), its modified (negative) polar was defined by
Fenchel as C = {y € R" : 2y < 1 Vx € C}, proving that C%° = C. On
the other hand, given a function f: R"™ — R U {+£oc}, f is said to be evenly
quasi-convex if {r € R" : f(x) < a} is evenly convex for all @« € R. New
characterizations of these functions have been given in [1]. This class of func-
tions has applications in quasi-convex programming (duality and conjugacy,
8,9,12,13]) and mathematical economy (consumer theory, [10]).

Let X be a locally convex Hausdorff topological vector space. Define by
X* the dual space of X and by X** the second dual of X. Every element x of
X gives rise to a continuous linear functional £ on X* by the formula

z(f) = f(x) for all f e X™.
The mapping Qx : X — X defined by
Qx(x):i' (IGX),

is called the natural embedding of X into its second dual X**. The mapping
Qx is onto if and only if X is a reflexive Banach space (see [11, Definition
1.11.6]). Let X be a Banach space and X* x R be the product space, with the
norm defined by

A=+ 10 ((f,b) € X* xR).
Similarly, X** x R is a Banach space under the norm
(@ 0) 1=l @[ +]c] ((®,¢) € X X R).

By < (z,¢), (f,b) >1:= f(z) + bc we denote the dual coupling for any = € X,
f e X*and b,c € R and < (f,b),(®,d) >2:= ®(f) + bd for any & € X**
feX*andbdeR.
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In this paper, we consider linear inequality systems in a reflexive Banach
space X of the form

o= {fi(x) >b,t €S fi(x) >b,t€W; fi(x)=0b,t € E} (1. 2)

with S # 0, S, W and E pairwise disjoint sets, b; € R and f; € X* for all
t €T :=SUW U E(a possibly infinite set). We denote V= SUW. The
main purpose of the paper is to characterize those systems o for which there
exist solutions (i.e., the class of consistent systems). The secondary purpose
consists of characterizing those (weak and strict) inequalities and equalities
which are satisfied by every solution of ¢. In other words, this problem consists
of characterizing the consequence inequalities or equalities of a given consistent
system.

In this section, we introduce the necessary notations. Given a non-empty
set Fin X, we denote by convE, coneF, aff K and spanE the convex hull of F,
the convex cone generated by FE, the affine hull of £ and the linear subspace
of X spanned by F, respectively. Moreover, we define cone@=span@®={0}. If
E # () is a convex cone, E* = {f € X* : f(z) > 0, V € E} denotes the
positive polar cone of E. Moreover, from the topological side, we denote by
clE, int E, rbdE and rint E' the closure, the interior, the relative boundary and
the relative interior of F, respectively. Define by R, R, and ]RSFT), the real
numbers, the non-negative real numbers and the space of generalized finite
sequences, whose elements are the functions A : T" — R, such that A\, # 0
only on a finite subset of T, respectively.

The structure of this paper is as follows. In section 2, we give some pre-
liminary results on evenly convex sets and prove that the product of evenly
convex sets is evenly convex too. In section 3, we study linear systems in a
reflexive Banach space X containing an arbitrary number of either weak or
strict inequalities. In section 4, we give the relationships between a linear sys-
tem o as in (1.2) and a linear relation f(x) > b (f(x) > bor f(x) =0b) in a
reflexive Banach space X.

2 Preliminaries

Let X be a locally convex Hausdorff topological vector space. In this section,
we consider linear inequality systems in X of the form

m={fi(z) > b, t € W; fi(x) >b;, t €S} (2. 1)

with WUS#£0Q, WNS=0, f,e X*andb, e RforallteV :=WUS.

A set C' C X is said to be evenly convex (in [3]) if it is the intersection
of a family of open half-spaces. Since this family can be empty, X and O are
evenly convex sets.
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On the other hand, since any closed half-space is the intersection of infinitely
many open half-spaces, C' is evenly convex if and only if C' is the solution set
of a certain linear inequality system such as (2.1). In particular, any closed
convex set is evenly convex.

If convA C X, convA # X, the intersection of all the open half-spaces
containing A is the minimal evenly convex set which contains A, i.e., it is
ecoA. Alternatively, if convA = X (i.e., if there does not exist a half-space
containing A), then ecoA = X. Obviously, A is evenly convex if and only if
ecoA = A. This happens, for instance, if A is either a closed or a relatively
open convex set. Consequently, if A is a compact (open) set, then convA is a
compact (open) convex set and ecoA=convA. This is the case, in particular,
if | A |< oo. From the definition of evenly convex set, given Z € X, T ¢ ecoA
if and only if there exists f € X* such that f(xr —Z) > 0, for all x € X. In
particular,

0 ¢ ecoA if and only if {f(x) >0,z € A} is consistent. (2. 2)
It can be easily seen that, for any A C X,

ecoconvA = ecoA = convecoA. (2. 3)

Proposition 2.1. Let X and Y be locally convex Hausdorff topological vector
spaces and Cy C X, Cy CY be two evenly convexr sets. Then the cartesian
product Cy x Cy is also evenly conver.

Proof: 1f

Ci={zxeX: fux) >b,, ueU}
and

Co={yeY:g(y) >d, veV},
then

C1xCy ={(z,y) € XXY : (fu,0)(x,y) > by, u e U; (0,9,)(z,y) >d,, veV}

where for any f € X* and g € Y*, (f,9)(z,y) = f(z) + g(y), (z,y) € X x Y.
Hence C; x Cs is evenly convex, which completes the proof.m

Proposition 2.2. Let X and Y be locally convex Hausdorff topological vector
spaces. Given two sets A C X and B CY,

eco(A x B) = (ecoA) x (ecoB).
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Proof: According to Proposition 2.1, the product of evenly convex sets is evenly
convex. This implies that

eco(A x B) C (ecoA) x (ecoB).

For the opposite inclusion, we assume (Z, ) ¢ eco(Ax B). Let (0,0) # (f,g) €
X* xY* and a € R such that f(z) 4+ g(y) > a for all (z,y) € A x B and

f(Z)+9(y) <« (2. 4)

(or even f(z)+ g(y) = ). We have either f # 0 or g # 0(maybe both).

If f# 0and g =0, then f(x) > a for all z € A and f(Z) < a, so that
T ¢ ecoA and (T,y) ¢ ecoA x ecoB.

We get the same conclusion if f =0 and g # 0.

Then, we can assume f # 0 and g #0. Let y € Band D :=={x € X : f(z) >
a —g(y)}. Then D is an open half-space containing A, so that, if T € ecoA,
we have f(Z) > o — g(y). This, together with (2.4), implies that g(y) > ¢(7)
for all y € B, so that gy ¢ B and (Z,y) ¢ ecoA x ecoB.

So (Z,y) ¢ ecoA x ecoB in either case and we obtain (ecoA) x (ecoB) C
eco(A x B), which completes the proof.m

Lemma 2.1. Let X be locally convexr Hausdorff topological vector space and
A, B, C be nonempty sets in X. Then the following statements hold:

(i) convA+coneB=conv(A + R, B).

(ii) convA+coneB+spanC=conv(A + R, B + RC).

Proof: The proof is similar to that of [6, Lemma 2.1] and we omit it.m

3 Existence of solutions

In this section, we study linear systems in a reflexive Banach space X of the
form (2.1). In the following we give the main result of the paper which charac-
terizes the consistent linear systems containing strict inequalities without any
assumption.

Proposition 3.1. Let X be a reflexive Banach space. Let w be the system in

(2.1).

(i) If w is consistent, then

(0,1) ¢ clcone{(f;, b;) : t € T}. (3. 1)

Moreover, if S # O, then the following statement also holds:
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(0,0) ¢ conv{(fi, br) : t € S} + cone{(f:,b:) : t € W}. (3. 2)

(ii) Each of the following conditions guarantees the consistency of m:
(il.a) S = O and (3.1) holds.
(ii.b) S # O, (3.1) and (3.2) hold and the set in (3.2) is closed.

Proof: (i) Assume on the contrary that
(0,1) € clcone{(f;, b;) : t € T}.
Then there exists a sequence {(gy, a,)}22, C X* x R such that

lim | (gn, @) = (0,1) |= 0

n—-auoQ0

and

(gnaan) :Z)‘?(ftabt)a )‘? ERSrT)a n= 172737""

teT

Since 7 is consistent, we can take xg € F. Then, we have

gn(xO) — ay =< (.CIZ’(), _1)7 (gnaQn) >1= Z)\? < (.CIZ’(), _1)7 (fta bt) >1

teT

= N (filwo) =b) 20, n=1,23,.. (3. 3)

teT

and, taking limits in (3.3), we get the contradiction —1 > 0. Hence, (3.1)
holds.

Now assume that S # . If
(0,0) € conv{(f;, br) : t € S} + cone{(f;,br) : t € W},

then there exists A € Rf) such that ), oA\ =1 and

(0,0) =Y " Melferb) + Y Ml fir bn).

tes teWw

Let 2y be an arbitrary solution of 7. Then, we get

0 =< (20, —1),(0,0) >1= > Ne(fulwo) — br) + > Me(filwo) = by) > 0.

tesS teWw
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Hence, (3.2) holds.

(ii.a) Assume that S = @ and (3.1) holds. By a well-known Corollary of
the Hahn-Banach theorem, there exist & € X** and «, v € R, such that
< (0,1), (P, ) >o=y and < (f,b), (P, ) >2> 7y for all (f,b) € cone{(f, b:) :
t € W}. The last condition implies that

< (f,0),(®,a) >,> 0>~ forall (f,b) € cone{(fs,b;) :t € W},
in particular, < (f;, b;), (®, ) >9> 0 for all t € W. This means that
O(fy) +aby >0 forallte W. (3. 4)

Since X is reflexive, in view of [10, Definition 1.11.6], there exists 1 € X such
that ® = ;. This, together with (3.4), implies that

fi(x1) +ab, >0 for all t € W. (3. 5)

Let x =| a |7! ;. Since « = v < 0 and = € X, from (3.5), we conclude that
fi(z) > b, for all t € W, so that 7 is consistent.
(ii.b) Now, let us assume that S # @, (3.1) and (3.2) hold and the set

A = conv{(f:,b;) : t € S} + cone{(f:,b) : t € W}

is closed.

Since (0,0) ¢ A, by a well-known Corollary of the Hahn-Banach theorem, there
exist ® € X** and «a € R, such that < (f,b), (P, ) >2> 0 for all (f,b) € A.
Since (fs,bs) € A for all s € S, ®(f;) + ab, > 0 for all t € S. Since X
is reflexive, in view of [11, Definition 1.11.6], there exists ;1 € X such that
® = 1. This implies that f(z1) + abs = ®(fs) + abs > 0 for all s € S. Since
(fs,bs) + B(fi,b;) € Afor all s€ S, t € W and 8 > 0, we get

fs(l'l) + C(bs

ft(l'l) +C¥bt > — ﬂ

Hence, fi(z1) + ab; >0 for all t € W.
Let Z be a solution of 7 (system satisfying (ii.a) and, so, consistent) and
consider the following point of X:

o if a<0
T=4 x1+17T if a=0

2r+ 4 if «a>0.

It is easy to show that x € F', so that 7 is consistent, which completes the
proof.m
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The following two results are immediate consequences of Proposition 3.1, [2,
Theorem 1] and [15, Theorem 2.

Proposition 3.2. Let X be a reflexive Banach space. A system {fi(z) >
b, t € W; fi(x) = by, t € E'} is consistent if and only if

(0,1) ¢ cleone{(f;,b;),t € W;E(f;,b;),t € E}.

Proposition 3.3. Let X be a reflevive Banach space. A weak inequality
f(z) > b is a consequence of a consistent system { fi(x) > b, t € W; fi(z) =
b, t € E} if and only if (f,b) € clK, where

K = cone{(f;,b;),t € W;x(f;,b),t € E;(0,—1)}.

Consequently, a strict inequality f(x) > b is a consequence of a consistent

system {fi(z) > by, t € W fi(x) = by, t € EY} if and only if

(f,b) eclK  and  (0,1) € cl[K + span{(f,b)}].

For the sake of brevity in the proofs, given a subset of indices I C T', we denote
by Cy the set {(f, b),t € I}.

Lemma 3.1. Let X be a reflexive Banach space. The following conditions are
equivalent to each other:

(i) {fi(z) > by, t € S}, with S # O, is consistent;

(i) (0,0) & eco[{(fr, br),t € S; (0, =1)}];

(iii) (0,0) ¢ eco[{(f:,b),t € S}| and (0,1) ¢ clcone{(f:,b;),t € S}

Proof: (i) = (ii) Let x; € X be a solution of {f;(x) > b;,t € S}. Then
(x1,—1) € X x R is a solution of the homogeneous system

{< (z,a), (ft,b:) >1> 0,t € §;< (z,a), (0, —1) >1> 0},

whose consistency is equivalent to condition (ii) by (2.2).

(ii) = (iii) Since ecoCs C eco[Cs U {(0,—1)}], condition (ii) entails (0,0) ¢
ecoCly.

On the other hand, condition (ii) and a well-known Corollary of the Hahn-
Banach theorem imply that there exist & € X** and o € R such that <
(f,0),(®,a) >9> 0 for all (f,b) € Cg and < (0, —1), (P, ) >2> 0. Let B :=
{(f,b) € X* xR :< (f,b),(P,a) >2> 0}. Then B is an homogeneous closed
half-space containing Cyg such that (0,1) ¢ B, and, by an argument similar to
that of [14, Corollary 11.7.2], clconeCs C B. Consequently, (0,1) ¢ clconeCg
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and (iii) holds.

(iii) = (i) Now assume that (0,0) ¢ ecoCs and (0, 1) ¢ clconeCy.

It follows, from the first condition, that there exists a vector (®,a) € X** xR
such that < (f,b), (®,a) >9> 0 for all (f,b) € Cs. Then

O(f) +ab; >0 for all t € S. (3. 6)

In view of Proposition 3.2, second condition is equivalent to the consistency of

the system {fi(z) > b;,t € S}. Let T be a solution of such system.

It can be easily realized, from (3.6), that z € X, defined as

I%\ if a<0

ri=% y+7zT if a=0
2z + 2 if a>0

is a solution of {f;(x) > b;,t € S}, which completes the proof.m

Theorem 3.1. Let X be a reflexive Banach space. The following conditions
are equivalent to each other:

(i) o = {fi(x) > b, t € S; fi(x) > b, t € W fi(x) = by, t € E}, with S # O is
consistent;

(ii) (0,0) & ecol{(fi,br),t € SR {(fi,b:),t € W}I+R{(f:,b:),t € E}; (0, —1)];
(iii) (0,0) & ecol{(f:,b),t € S} + R {(fe,be),t € W}+R{(f:,b),t € E}]

and (0, 1) ¢ clcone{(f:,b;),t € V;£(fi,bs),t € E}.

Proof: Without loss of generality, we can assume W # () # E (otherwise the
proof is simpler). The proof is a straightforward consequence of Lemma 3.1
due to the equivalence between the consistency of o and the consistency of the
system

01 = {(fs+&fw+ﬁfe>(x) > bs+04bw+ﬂbe: (8,’LU,€,C(,B) € SXWXEXRJrXR}'
Since any solution of ¢ is trivially a solution of o7, we consider a solution of
01, Say T.
Given s € S, and taking arbitrary w € W and e € E, we have, for the index
(s,w,e,0,0) € SxW x E xR, xR, the strict inequality

£.(7) > by. (3.7)

Similarly, given w € W, taking arbitrary s € S, e € E and r > 0, we have, for
the index (s,w,e,r,0) € S X W x E x R, x R, the inequality

(fs +7fu)(@) > bs + 7. (3. 8)
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Multiplying by r~! both sides of (3.8) and taking limits as 7 — oo, we get

fu(@) > by (3. 9)

Finally, given e € E, for any s € S, w € W and r € R\ {0}, we have, for the
index (s,w,e,0,7r) € S X W x E x R, x R, the inequality

(fs +7fe)(@) > by + Tbe. (3. 10)

Multiplying by |  |~! both sides of (3.10) and taking limits as r — oo, we
get now

fe(j) - be' (3 11)

Therefore, from (3.7), (3.9) and (3.11), we conclude that Z is a solution of o,
which completes the proof.m

Obviously, conditions (ii) and (iii) are equivalent to assert the consistency
of associated systems in X* x R (in the same vein, the alternative theorems
establish the equivalence between the consistency of a given system and the
consistency of an associated one). Now we shall establish some straightforward
consequences of Theorem 3.1.

Corollary 3.1. Let X be a reflexive Banach space. Let o be as in Theorem
3.1, with E = . Then the following statements hold:
(i) If o is consistent, then

(0,1) ¢ cleone{(f;,b;) : t € T} (3. 12)
and

(0,0) ¢ conv{(f;,b;) : t € S} + cone{(f;,b;) : t € W}. (3. 13)

(ii) If (3.12) and (3.13) hold and the set in (3.2) is closed, then o is consistent.

Proof: (i) According to Lemma 2.1, part (i), we have
convCg + coneClyy = conv[Cs + R, Cy] C eco[Cs + R, Cy/]

and (3.12) and (3.13) hold by straightforward application of Theorem 3.1.
(ii) We can reformulate (3.13) as

(0,1) ¢ conv[Cs + R Cy]. (3. 14)

Since we are assuming the closedness of the set in (3.14), it is equal to the
set eco[Cs + R Cy]. Then Theorem 3.1 applies again, which completes the



Linear systems containing strict inequalities 2129

proof.m
The dubious case in Corollary is illustrated in [6, Example 3.1].

Corollary 3.2. Let X be a reflexive Banach space. Let o be as in Theorem
3.1, with E = O. Assume that {fi(z) > b, t € W} is consistent and that
cone{(f;,b;),t € T} and conv{(f;,b;),t € S} + cone{(f;,b;),t € W} are closed
sets. Then one of the following alternatives holds:

(i) o is consistent.

(ii) There exists A € R(JFT) such that at least one of the numbers Ay, t € S, is
nonzero, and

> Aefi=(0,0) and > b > 0. (3. 15)

teT teT

Proof: We shall prove the equivalence between (ii) and the negation of (i).
According to Corollary 3.1, (i) fails if and only if either

(0,0) € coneCr (3. 16)
or
(0,0) € convCyg + coneCyy . (3. 17)

If (3.16) holds, we can write

(07 1) = Z )‘t(fty bt)7 A € RE}—T)7

teT

so that (3.15) holds. Moreover, there exists t € S such that A\, > 0 (otherwise
(0,1) € coneCyy, and this is impossible due to the consistency of {fi(z) >

by, t € W}). Alternatively, if (3.17) holds, there exists A € RSLT) such that

(0,0) = Z At fi: be) and Z A =1

teT tes

and (3.15) holds again with A; > 0 for at least one index t € S. Consequently,
(ii) holds in both cases.

Now we assume that (ii) holds, i.e., there exist A € RSFT) and o € R, such that
Y tes At >0 and

(0,a) = Z Ae(fe, be). (3. 18)

teT
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If a > 0, dividing both members of (3.18) by «, we get

(0,1) = Z(a‘l)\t)(ft, by) € coneCr

teT

and o is inconsistent.
Alternatively, if a = 0, dividing both members of (3.18) by p := >, ¢ Ay, we
get

(0,0) = Z(u’l)\t)(ft, by) + Z(/fl)\t)(ft, by) € convCs + coneCly,

tesS tew

so that o is inconsistent by Corollary 3.1.
Hence, (i) fails in both cases, which completes the proof.m

The next result generalizes the Extended Motzkin’s Alternative Theorem
(see [5, p.68]).

Corollary 3.3. Let X be a reflexive Banach space. An homogeneous system
o={fi(z)>0,t€S; fi(x) >0,t € W; fi(z) =0,t € E}
1s consistent if and only if

(0,0) ¢ ecol{fr,t € S} + Ry {fs,t e W} +R{f;,t € E}]. (3. 19)

Proof: In view of Theorem 3.1 and Proposition 2.2, ¢ is consistent if and only

if
(070) ¢ eco[{(ft,()),t S S} +R+{(ft70)7t S W} +R{(ft70)7t S E}]

=eco[{fi,t € S} + R {fr,t e W} +R{f:,t € E}] x {0}
if and only if (3.19) holds.m

4 Consequence relations

A linear relation f(z) > b(f(z) > b or f(x) = b) is a consequence of a system
oif f(z) > b(f(z) > bor f(z) =b) holds for every € X solution of 0. If ¢
is inconsistent, then any linear inequality (or equality) is a consequence of o.
So we assume throughout this section that

o={fi(x) >b,t €S, filx) >b,teW,f(x)="0b,teFE}
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is consistent. We denote d = {fi(z) > by, t € V; fi(z) = by, t € E}.

Proposition 4.1. Let X be a reflexive Banach space. A weak inequality
f(z) > b is a consequence of o if and only if

(f,b) ¢ clcone{(fi,b:),t € V:£(fi,be),t € E;(0,—1)}. (4. 1)

Proof: 1f f(x) > b is a consequence of o, then it is also a consequence of 7.
Indeed, let ¥ be an arbitrary solution of & and take an arbitrary z; solution
of 0. Then, for every A € (0,1), we get a solution of o of the form z(\) :=
(1 = X\)Z + Azy. Since f(x) > b is a consequence of o, we get f(x()\)) > b and
taking limits as A — 07 we obtain f(Z) > b. Since f(z) > b is a consequence
of a consistent system o = {fi(z) > b;,t € V; fi(x) = b, t € E}, in view of
Proposition 3.3 we obtain (4.1), which completes the proof.m

Corollary 4.1. Let X be a reflexive Banach space. An equation f(x) = b is
a consequence of o if and only if

+(f,b) € clecone{(f;, b;),t € V;£(fi,b),t € E;(0,—1)}.
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