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Abstract

The renewal new is better than renewal used in expectation (RN-
BRUE) class of life distributions is derived.This class is defined based on
comparing random residual life at a certain age and its equilibrium life
in expectation.A new test statistics for testing exponentiality against
RNBRUE is investigated through the U-test. The percentiles of this
test are tabulated for sample sizes n=5(1)40.The power estimates of
the test are simulated for some commonly used distributions in relia-
bility.Pitman,s asymptotic efficiency of the test , critical values and the
power of the proposed statistic are calculated. It is shown that the
proposed statistic has a high asymptotic relative efficiency with respect
to tests of other classes.The set of real data is used to illustrate the use
of the proposed test statistics for practical reliability.
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1 Introduction and Motivation

In reliability theory, ageing life is usually characterized by a nonnegative ran-

dom variable X ≥ 0 with cumulative distribution function (cdf) F and survival

function (sf) F =1 − F. For any random variable X, let

Xt = [X − t|X > t], t ∈ {x : F (x) < 1},
denote a random variable whose distribution is the same as the conditional

distribution of X − t given that X > t. When X is the lifetime of a device,
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Xt can be regarded as the residual lifetime of the device at time t, given that

the device has survived up to time t. Its survival function is (see, for instance,

Deshpand et al. (1986))

Ft(x) =
F (t + x)

F (t)
, F (t) > 0,

where F (x) is the survival function of X. It is well-known fact that when F is

an exponential distribution then Xt
st
= X or Ft(x) = F (x). Comparing X and

Xt in various forms and types create classes of ageing useful in many biomed-

ical, engineering and statistical studies, cf. Barlow and Proschan (1981). It is

well known that the relation Xt

st≤ X or Ft(x)
st≤ F (x) defines the class of new

better than used (NBU). On the other hand, the relation E(Xt) ≤ E(X) = μ

defines the class of new better than used in expectation (NBUE). Another

notion associated with X is the weak limit of Xt as t → ∞. It is well known

that, cf. Ross (2003), Xt converges weakly to a nonnegative random variable

X̃ with sf

W F (x) =
1

μ
V (x) where V (x) =

∫ ∞

x

F (u)du , x ≥ 0.

Define X̃t to be the random residual life of X̃ at age t. Thus, the survival

function of X̃t is given by

WF,t(x) =
WF (x + t)

W F (t)
, x , t ≥ 0.

From the above discussion, we see that there are four random quantities re-

lated to life and these are the life itself X, the random residual life Xt, the

equilibrium life X̃, and the residual equilibrium life X̃t. It is also well known

that stochastic or in moment comparisons between X and Xt define two of

the most applicable ageing classes, namely, the NBU and the NBUE. These

classes are useful to characterize ageing as well as in replacement policies.

Hence it would be of interest to compare a life X to its equilibrium form X̃

or to its residual equilibrium form X̃t or to compare the equilibrium life X̃t to

the residual life Xt.These comparisons produce new NBU type classes includ-

ing ”new better than renewal of used”(NBRU)” renewal new is better than

used” (RNBU), and (RNBRUE ) ”renewal new is better than renewal used”

when comparing stochastically and comparing the residual equilibrium life at

a certain age and its equilibrium (stationary) life in expectation,or similarly

NBRUE and RNBUE when comparing in the mean. Other comparisons are
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also possible and some are addressed here. Some of the classes we discuss have

been also developed by other authors including Bhattacharjee and Sethuraman

(1990), Bhattacharjee et al.(2000), Cao and Wang (1991), Franco et al. (2001),

Kaur et al. (1994), Li et al. (2000), Muller and Stoyan (2002), and Shaked

and Shanthikumar (1994). Most of these authors address probabilistic proper-

ties of the ageing classes they study.Abouammoh et al. (2000) introduced the

NRBU, RNBU, NRBUE, HNRBUE classes of life distributions and studied

the relation between them. Precisely we have the following definitions:

Definition 1.1.

(i) X is said to be renewal new is better than used (RNBU) if

Xt

st≤ X̃ , i.e., Ft(x) ≤ W F (x), x ≥ 0. (1.1)

(ii) X is said to be renewal new is better than used in expectation (RNBUE)

if

E(Xt) ≤ E(X̃),

i.e, 2μ

∫ ∞

x

F (u)du ≤ μ(2)F (x),

(1.2)

where μ is the mean life and μ(2) is the second moment, both assumed finite.

(iii) X is said to be renewal new is better than renewal used (RNBRU) if

X̃t

st≤ X̃, i.e.,W (x + t) ≤ W F (x)W F (t), x, t ≥ 0,

i.e., μ

∫ ∞

x+t

F (u)du ≤
∫ ∞

x

F (u)du

∫ ∞

t

F (u)du, x, t ≥ 0.

(1.3)

Definition 1.2.

A random variable X is said to be renewal new is better than renewal used

in expectation (RNBRUE) if

E(X̃t)
st≤ E(X̃), i.e., 2μ

∫ ∞

x

∫ ∞

u

F (w)dwdu ≤ μ(2)

∫ ∞

x

F (u)du.
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The purpose of this paper is to give the U-test statistic of the RNBRUE class.

The main results are given in Section 2. Our proposed tests and their asymp-

totic normality are shown in Section 3. In that section, we simulate the

critical values for the statistics used in the test through Monte Carlo meth-

ods for sample sizes n = 5(1)40. Next, in Section 4, we calculate the PAE

values for other alternative life distributions, including , the lineare failure rate

,and weibull distributions. To show the effeciency of our results, we calculate

Pitman Asymptotic Efficiency (PAE) and compare our result by other tests.

Also in that section the power of our proposed tests is presented. Finally, in

Section 5, we apply the proposed test to real practical data in medical science

given in Abouammah et al. (1994).

2 Testing Exponentiality versus RNBRUE Class

The proposed test depends on a random sample X1, X2, ..., Xn from a popu-

lation with distribution function F .We wish to test the null hypothesis H0 : F

is exponential with mean μ against H1 : F is RNBRUE and not exponential.

Using the inequality (1.4), we may use the following as a measure of depatrure

from H0 in favor of H1.

δRN = E

[
μ

(2)
V (x) − 2μ

∫ ∞

x

V (y)dy

]
(2.1)

where

V (y) =

∫ ∞

y

F (w)dw and V (x) =

∫ ∞

x

F (y)dy

Equation (2.1) can be expressed in the form

δRN =

∫ ∞

0

[
μ

(2)
V (x) − 2μ

∫ ∞

x

V (y)dy

]
dF (x). (2.2)

Since ∫ ∞

x

V (y)dy = −xV (x) +
1

2

∫ ∞

x

F (y)dy

= −xV (x) − x2

2
F (x) +

∫ ∞

x

y2dF (y).

Hence

δRN =

∫ ∞

0

[
μ

(2)
V (x) + 2μxV (x) + μx2F (x) − μ

∫ ∞

x

y2dF (y)

]
dF (x). (2.3)
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Note that δRN = 0, under H0 and δRN > 0, under H1. Let

Fn(x) =
1

n

∑n

l=1
I(Xj > x) denote the emprical distribution of F (x),

dF (x) = 1
n
, μ is estimated by X and

�

Vn(x) =
1

n

∑n

l=1
(Xj − x)I(Xj > x)

denote the emprical distribution of V (x). Then

�

δRN =

∫ ∞

0

[
�

μ
(2)

�

Vn(x) + 2
�

μx
�

Vn(x) +
�

μx2Fn(x) − �

μ

∫ ∞

x

y2dF (y)

]
dFn(x)

(2.4)

i.e.

�

δRN =
1

n3

∑n

i=1

∑n

j=1

∑n

k=1

{
X2

K(Xj − Xi)I(Xj > Xi) + 2XKXi(Xj − Xi)

× I(Xj > Xi) + X2
i XKI(Xj > Xi) − XKX2

j I(Xj > Xi)
}

(2.5)

Hence

�
δRN =

1
n3

∑
i

∑
j

∑
K

[
X2

K
(Xj − XiX

2
K

+ 2XKXiXj − 2X2
i XK + X2

i XK − X2
i XK

]
I(Xj > Xi)

=
1
n3

∑
i

∑
j

∑
K

[
2XiXjXK + XjX

2
K
− XiX

2
K
− X2

i XK − X2
j XK

]
I(Xj > Xi)

(2.6)

where

I(Xj > Xi) =

{
1 Xj > Xi

0 otherwise
(2.7)

The scal invariant estimate of
�

δRN is obtained by

Δ̂RN =

�

δRN

X
3 . (2.8)
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Setting

φ(X1, X2,X3) =
(
2X1X2X3 + X2

3X2 − X1X
2
3 − X2

1X3 − X2
2X3

)
I(X2 > X1).

(2.9)

Defining the symetric kernal

Ψ(X1, X2,X3) =
1

3

∑
R

φ(Xi1, Xi2,Xi3),

where the sum is over all arrangements of X1, X2 and X3, it can be shown that

Δ̂RN in equation (2.8) is equivalent to the Un− statistic given by

Un =
1(
n
3

) ∑
i<j<k

φ(Xi, Xj,Xk).

The following theorem gives a summary of the large sample properties of Δ̂RN

or Un.

Theorem2.1:

(i) As n −→ ∞ ,
√

n(Un−
�

ΔRN ) is asymptotically normal with mean 0 and

variance

σ2 = var

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(2X1μ + μ(2))
∫ ∞

x1
uf(u)du − X2

1μF (x1) − X1μ(2)F (x1) − μ
∫ ∞

x1
u2f(u)du

+(2μX2 − μ2)
∫ x2

0
uf(u)du + μ2X2F (x2) − μ

∫ x2

0
u2f(u)du − μX2

2F (x2)

+(2X1X3 + X2
3 )

∫ ∞
x1

uf(u)du − (X2
1X3 + X1X

2
3 ) F (x1) − X3

∫ ∞
x1

u2f(u)du

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(2.10)

(ii) Under H0, the variance σ2 reduce to

σ2
0 = var

[
3X − X2

2
+ 4e−X − 4

]
= 0.33. (2.11)

(iii) If F is continuous RNBRUE , then the test is consistent.

Proof:

by using the standard theory of U-statistic (Lee 1990), on can easily prove

parts (i) and (ii). To prove part (iii), let

D(x) = μ
(2)

V (x) − 2μ

∫ ∞

x

V (y)dy

= μ
(2)

V (x) + 2μxV (x) + μx2F (x) − μ

∫ ∞

x

y2dF (y)
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and since F is RNBRUE and continuous, D(x) > 0 for at least one value of

x,call it x0. Now set

D(x1) = inf
{
(x) | x < x0 and F (x) = F (x0)

}
.

Thus

D(x1) = μ
(2)

V (x1) + 2μx1V (x1) + μx2
1F (x1) − μ

∫ ∞

x1

y2dF (y)

≥ μ
(2)

V (x0) + 2μx0V (x0) + μx2
0F (x0) − μ

∫ ∞

x0

y2dF (y)

= D(x0) > 0.

and F (x1 + δ)−F (x1) > 0. Since x1 is a point of increase of F , thus
�

ΔRN > 0.

3 Monte Carlo Null Distribution Critical Val-

ues

In practice, simulated percentiles for samples are commonly used by applied

statisticians and reliability analyst. By using Monte Carlo methods,we calcu-

late the empirical points of Δ̂RN for different samples.Also ,we have simulated

the upper percentile values for 1%, 5%, 10% 95%, 98% and 99%. Table (1)

presented these percentile values of the statistic Δ̂RN and the calculations are

based on 5000 simulated samples of sizes n = 5(1)40. It is clear that the

percentile values change slowly as n increase. On can use the proposed test

to calculate
√

n
�

ΔRN

σ0
and reject H0 if

√
n

�

ΔRN

σ0
≥ Zα is the α− quantile of the

standard normal distribution.
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Table (1), the percentiles of Δ̂RN .

n 1% 5% 10% 90% 95% 99%
5 -0.3768 -0.0797 -0.0182 0.2451 0.3915 0.9269
6 -0.4306 -0.1021 -0.0303 0.2291 0.3513 0.7201
7 -0.4580 -0.1230 -0.0396 0.2151 0.3252 0.6705
8 -0.4863 -0.1272 -0.0430 0.1999 0.2898 0.5443
9 -0.4471 -0.1299 -0.0486 0.1890 0.2741 0.5232
10 -0.5080 -0.1385 -0.0569 0.1832 0.2612 0.4524
11 -0.4950 -0.1414 -0.0593 0.1683 0.2394 0.4481
12 -0.4461 -0.1544 -0.0650 0.1646 0.2328 0.4384
13 -0.4387 -0.1470 -0.0665 0.1541 0.2118 0.3559
14 -0.4877 -0.1581 -0.0659 0.1458 0.2009 0.3482
15 -0.4614 -0.1613 -0.0764 0.1480 0.1985 0.3433
16 -0.4402 -0.1498 -0.0729 0.1392 0.1905 0.3230
17 -0.4142 -0.1551 -0.0715 0.1398 0.1889 0.3258
18 -0.4328 -0.1658 -0.0766 0.1332 0.1801 0.2988
19 -0.3719 -0.1490 -0.0750 0.1274 0.1708 0.2782
20 -0.3866 -0.1573 -0.0783 0.1245 0.1641 0.2689
21 -0.3772 -0.1479 -0.0721 0.1237 0.1616 0.2690
22 -0.4062 -0.1577 -0.0798 0.1223 0.1599 0.2613
23 -0.3607 -0.1452 -0.0760 0.1194 0.1584 0.2519
24 -0.3667 -0.1506 -0.0780 0.1179 0.1545 0.2435
25 -0.3530 -0.1432 -0.0794 0.1137 0.1458 0.2367
26 -0.3814 -0.1495 -0.0805 0.1125 0.1451 0.2309
27 -0.3502 -0.1400 -0.0769 0.1108 0.1450 0.2318
28 -0.3504 -0.1422 -0.0750 0.1059 0.1380 0.2197
29 -0.3579 -0.1424 -0.0764 0.1075 0.1417 0.2087
30 -0.3426 -0.1372 -0.0799 0.1047 0.1339 0.2088
31 -0.3326 -0.1374 -0.0741 0.1050 0.1336 0.2052
32 -0.3368 -0.1447 -0.0806 0.0.099 0.1286 0.2070
33 -0.3327 -0.1412 -0.0741 0.1021 0.1307 0.2053
34 -0.3195 -0.1414 -0.0821 0.0971 0.1258 0.1922
35 -0.3448 -0.1460 -0.0791 0.0965 0.1237 0.1897
36 -0.3233 -0.1411 -0.0789 0.0953 0.1192 0.1822
39 -0.2976 -0.1309 -0.0746 0.0920 0.1162 0.1769
40 -0.2923 -0.1331 -0.0734 0.0914 0.1175 0.1725
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4 Asymptotic Relative Efficiency.

In order to asses how good our proposed family of tests are relative to others

in literature we employ the concept of ”Pitman’s Asymptotic Relative Effi-

ciency”(PARE) of proposed test.To do this,we need to evaluate the”Pitman’s

Asymptotic Efficiency”(PAE) for our tests and then compare this (via taking

ratios) to the PAE’s of other tests of this problem.Let us first evaluate the

(PAE) for our proposed family of tests Δ̂RN which is defined in (2.8).It is

known that”Pitman’s Asymptotic Efficiency”(PAE) which is defined as Pit-

man (1979) is given by

PAE [Δθ(r)] =

[
d
dθ

Δθ(r)
]
θ−→θ0

σ0

(4.1)

Hence in our case,

1

σ0

d

dθ
Δθ(r) |θ−→θ0

=
1

σ0

∂

∂θ

[
μ2(θ)Vθ(x) − 2μθ

∫ ∞

x

Vθ(y)dy

]
dFθ(x). (4.2)

But we easily see that

μθ(r) = r

∫ ∞

0

xr−1F θ(x)dx and μ′
θ(r) = r

∫ ∞

0

xr−1F
′
θ(x)dx .

For the most commonly used alternatives with this area. These are .

(i) The Linear failure rate family:

F 1θ(x) = e−x− θ
2
x2

, x ≥ 0, θ ≥ 0.

(ii) The Makeham family:

F2θ(x) = e−x−θ(e−x+x−1), x ≥ 0, θ ≥ 0.

These distributions are reduced to exponential distributions for appropriate

values of θ. The null hypothesis is at θ = 0 for Linear failure rate and Makeham

families respectively. Since there are no other tests for this problem,we may

compare the PAE’s with those of smaller classes such asV ∗and K∗ presented

by Kango (1993) for NBU and I.Elbatal (2009) for RNBRU respectively.

Direct Calculations of the (PAE) of the tests V ∗, K∗ and
�

ΔRN are summarized

in the following table

Distribution
�

ΔRN V ∗ K∗

Linear failure Rate 1.74 0.433 1.414

Makham 5.367 0.144 0.088
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It is cleare from the table , we can see that the statistic
�

ΔRN for RNBRUE is

more efficiently than both K∗ and V ∗ and for all cases and also simpler. Note

that: Since Δ̂
RN

defines a class (with parameter) r of test statistics,we choose

r that the maximizes the PAE of that alternatives. If we take r = 1 then our

test will have more efficiency than others.

Table (2),The power of the proposed test.

Distribution Parameter θ Sample size

n = 10 n = 20 n = 30

1 0.9968 0.9988 .0.9940

Linear Failure Rate 2 0.9980 1.0000 1.0000

3 0.9994 1.0000 1.0000

1 0.9828 .0.9902 0.9922

MAKEHAM 2 0.9946 .0.9974 0. .9986

3 0.9962 0.9980 0.9990

1 0.9548 0.9492 0.9432

WEIBULL 2 1.000 1.000 1.000

3 1.000 1.000 1.000

1 0.9546 0.9482 0.9432.

GAMMA 2 0.9984 0..9992 1.000

3 0.9998 1.000 1.000

From the Table (2) ,the power of the proposed statistics at significance

level α = 0.05. with respect to the various alternatives are calculated based on

sinulations. In the simulation,10,000 samples were generated with size n = 10,

n = 20 and n = 30 at different values of θ. We notice that the power increases

as θ increases.
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5 Numerical Examples for RNBRUE test in a

complete sample

Consider the data in Abouammoh et al. (1994). These data represent 40 pa-

tients suffering from blood cancer from one of the Ministry of Health Hospital

in Saudi Arabia and the ordered life times (in day are 115, 181, 255, 418, 441,

461, 516, 739, 743, 789, 807, 865, 924, 983, 1024, 1062, 1063, 1169, 1191, 1222,

1222, 1251, 1277, 1290, 1357, 1369, 1408, 1455, 1478, 1549, 1578, 1578, 1599,

1603, 1604, 1696, 1735, 1799, 1815, 1852. Using equation (3.9), the value of

test statistics, based on the above data is Δ̂
RN

= 0.1487. This value is smaller

than the critical value in Table (3.1). We therfore accept H1 at the signficance

level α = 0.95. This means that the data set has the NBRUE property.
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