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Abstract
In this article, to test “randomness” in spatial point patterns, we

propose a test statistic, based on the number of empty-quadrants and
then we give some formula about it. Finally, we apply this statistic for
testing complete spatial randomness for some two-dimensional exam-
ples.
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1 Introduction

Data in the form of a set of points, irregularly distributed within a region of
space, is usually called a spatial point pattern. Examples, in different biological
contexts, include locations of trees in a forest, of nests in a breeding colony
of birds, or of cell nuclei in a microscopic section of tissue. The location
are called events to distinguish them from arbitrary points of the region in
question. Figures 1, 2, and 3 show three spatial point patterns in square
region, all taken from Diggle(1983). The first due to Numata(1961), shows 65
Japanese black pine saplings in a square of side 5.7m, the second, extracted by
Ripley(1977) from Strauss(1975), show 62 redwood seedlings in a square of side
approximately 23m, and finally the third, due to Crick and Lawrence(1975),
or Ripley(1977), show the centers of 42 biological cells distributed more or less
regularly over the unit square.
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Figure 1: 65 Japanese black pine saplings in a square of side 5.7m

Figure 2: 62 redwood seedlings in a square of side approximately 23m

Figure 1 shows no obvious structure and might be regarded as a “com-
pletely random” pattern, to be defined formally below. In Figure 2, on the
other hand, the strong clustering is apparent, which is termed “aggregated” by
Diggle(1983) to avoid the mechanistic connotations of the perhaps more obvi-
ous term clustered. Patterns such as the ones in figure 3 are called “regular”
for obvious reasons.

The classification of patterns as regular, random, or aggregated may seem
an over-simplification, but is a useful one at an early stage of analysis. At
a later stage this simplistic approach can be abandoned in favor of a more
detailed, and essentially multidimensional, description of pattern which can be
obtained either by identifying different “scales of patterns”or by formulating
an explicit model of the underlying process. Diggle(1983) develops methods
for the analysis of spatial patterns based on stochastic models, which assume
that the events are generated by some underlying random mechanism.

The hypothesis of complete spatial randomness (henceforth CSR) for a
spatial point pattern asserts that (i) the number of events in any region
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Figure 3: 42 biological cells in a unit square

A(A ⊆ Rm, m ∈ N) with volume |A| follows a poisson distribution with mean
λ|A|; (ii) given n events in a region A, the coordinates of locations of these
events (x1, ...,xn) are an observed random sample from the uniform distribu-
tion on A. In (i), the constant λ is the intensity, or mean number of events
per unit region.

Most analysis begin with a test of CSR, and there are several good reasons
for this. Firstly, a pattern for which CSR is not rejected scarcely merits any
further formal statistical analysis. Secondly, tests are used as a means of
exploring a set of data, rather than because rejection of CSR is of intrinsic
interest. Thirdly, CSR acts as a dividing hypothesis to distinguish between
patterns which are broadly classifiable as “regular” or “aggregated”.

There are two general methods of data summary for testing CSR in two-
dimensional region against the other assumption:
1- Quadrant methods
In these methods, small plots(quadrants) are located in the study region:
(i) Traditionally, these plots are square, but they may be circular, triangular,
hexagonal, or any other shape;
(ii) All quadrants must be of equal area;
(iii) quadrants are usually placed randomly within the study region, but also
may be located systematically; (iv) quadrants must not overlap.
2- Distance methods
This methods involves measuring distance either:
(i) between events and neighboring events;
(ii) between sample points and neighboring events.

Often the distribution theory of test statistic is intractable. Therefore
Monte Carlo methods must be applied. For more detail, see Bernard(1963)and
Diggle(1983). For more detail about classical hypotheses testing see Casella
and Berger (2002) and Lehmann(1994).
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2 Main Result

It is stated that in a spatial point pattern, the main objective is testing CSR
against the other assumption (regularity and aggregated). We classified these
test as (i) CSR against negation of CSR, (ii) CSR against aggregated, and (iii)
CSR against regularity.

For the three above tests, we need to introduce a plausible statistic. Note
that if the region is partitioned to some quadrant, then the number of empty-
quadrant (quadrants which have not any events) in a regular pattern is a small
number, and conversely, in aggregate patten is a great number. But CSR
pattern is between regular and aggregated pattern. We denote the numbers of
empty-quadrant by K.

For calculating K, we need some lemmas in combinatorial analysis, which
is stated follows:

Lemma 2.1 . Let Nn,m(k) be the number of cases that we can partition n
distinct balls in m distinct boxes, such that k boxes are empty, exactly, k =
0, 1, ..., m − 1. If iteration in every box is allowed, then we have

Nn,m(k) =

(
m

k

) ∑
{ni |

∑m−k

i=1
ni=n,ni≥1, i=1,2,...,m−k}

(
n

n1, ..., nm−k

)

providing to n ∈ N , and m = 2, ..., n.

Proof. k empty boxes are selected on
(

m
k

)
ways. On the other hand, the

numbers of partitioning n balls in m-k boxes such that we have n1 balls in box
1, n2 balls in box 2, ..., nm−k balls in box m − k, is

(
n

n1, ..., nm−k

)
,

providing to ni’s are at least 1, since this boxes cannot be empty. Hence the
numbers of cases that we can partition n balls in m − k boxes is

∑
{ni:
∑m−k

i=1
ni=n, ni≥1,i=1,2,...,m−k}

(
n

nn, ..., nm−k

)

By regarding to the number of selecting k empty box, the proof is com-
pleted. ♦

Note that calculating of Nn,m(k) by Lemma 2.1 is long, Fortunately, there
is a recursive formula about this.
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Lemma 2.2 . We have

Nn,m−k(0) =

(
m

k

)
Nn,m−k(0)

Proof. By definition of Nn,m(k), we can write that

Nn,m−k(0) =

(
m − k

0

) ∑
{ni |

∑m−k

i=1
ni=n,ni≥1,i=1,2,...,m−k}

(
n

n1, ..., nm−k

)

But
(

m−k
0

)
= 1, and by using Lemma 2.1, the proof is completed. ♦

Lemma 2.3 . Let region A is contained n, n ∈ N events and A is partitioned
to m quadrant (with same volume), m = 2, ..., n. If the probability of having k
empty-quadrants in A, k=0,1,...,m-1, under CSR is denoted by Pn,m(k), then

Pn,m(k) =
Nn,m(k)

mn
.

Proof. Under CSR, the probability of falling an event in a particular

quadrant is 1
m

(
=

|A|
m

|A|

)
. Hence the probability of a particular arrangement for

these n events in quadrants is 1
mn

(
= ( 1

m
)n
)
, because under CSR, in events in

region A, are observed random sample from the uniform distribution on A.
But by equal likely, we have

Pn,m(k) =
Nn,m(k)

mn
.

♦

Theorem 2.1 . Given conditions of Lemma 2.3, we have

Pn,m(k) =

(
m − k

m

)n (
m

k

)
Pn,m−k(0).

Proof. It is obvious by Lemmas 2.2 and 2.3. ♦

Theorem 2.2 . Given the condition of Lemma 2.3, we have

Pn,m(k) =

(
m
k

)
mn

m−k−1∑
i=0

(−1)i

(
m − k

i

)
(m − k − i)n.
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Proof. By Theorem 2.1, it is sufficient that we calculate Pn,m−k(0). Let Bi

be this event that ith quadrant is empty. Therefore

Pn,m−k(0) = P (None quadrant is empty)

= 1 − P (At least a quadrant is empty)

= 1 −
⎡
⎣m−k∑

i=1

P (Bi) −
∑
i<j

P (Bi ∩ Bj) + ... + (−1)m−k+1P (B1 ∩ ... ∩ Bm−k)

⎤
⎦

= 1 −
(
m − k

1

)(
m − k − 1

m − k

)n

+

(
m − k

2

)(
m − k − 2

m − k

)n

− ... +

(−1)m−k−1

(
m − k

m − k − 1

)(
1

m − k

)n

+ (−1)m

(
m − k

m − k

)(
0

m − k

)n

=
m−k−1∑

i=0

(−1)i

(
m − k

i

)
(
m − k − i

m − k
)n.

Hence, the proof is completed. ♦

By definition of random variable K, for large and small K, the pattern
is aggregated and regular, respectively and for moderate K, the pattern is
CSR. Hence, the structure of critical regions for tests (i), (ii), and (iii) are
{K : K ≤ k1 or K ≥ k2, k1 < k2}, {K : K ≥ k3}, and {K : K ≤ k4}, for
some k1, k2, k3, k4 = 0, 1, ..., m − 1, respectively. Note that selection of m is
objective, but we propose that m must be large sufficiently, since for small m,
it is possible that the α-level critical region does not exist.

Given m, n, α-level critical region for test (i) is determined by

P (K ≤ k1) + P (K ≥ k2) ≤ α, 0 ≤ k1 < k2 ≤ m − 1,

or equivalently by

k1∑
i=0

Pn,m(i) +
m−1∑
i=k2

Pn,m(i) ≤ α, 0 ≤ k1 < k2 ≤ m − 1.

Of course, the left side of two above inequalities must be the greatest amount
such that are less than α. Hence, k1, k2 must be the greatest and the smallest
value k = 0, 1, ..., m − 1, respectively, such that two above inequalities are
satisfied. If these two value is denoted by k∗

1 and k∗
2, respectively. Then for

this test, α-level critical region is {K : K ≤ k∗
1 or K ≥ k∗

2}, (k∗
1 < k∗

2).
We may suppose that the distribution of K is symmetric, approximately

and therefore k1 and k2 are the greatest and the smallest value k = 0, 1, ..., m−
1, respectively, such that inequalities

∑k1
i=0 Pn,m(i) ≤ α/2 and

∑m−1
i=k2

Pn,m(i) ≤
α/2 are satisfied; we are denoted these k1 and k2 by kα/2 and k′

α/2, respectively.
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Regarding to above discussion, an α-level critical region for tests (ii) and
(iii) are {K : K ≥ k′

α}, and {K : K ≤ kα}, respectively.
It is clear that if conditions Pn,m(0) ≤ α/2 or Pn,m(m − 1) ≤ α/2 are

satisfied, then we have an α-level critical region for test (i); if condition
Pn,m(m−1) ≤ α is satisfied, then we have an α-level critical region for test (ii);
if condition Pn,m(0) ≤ α is satisfied, then we have an α-level critical region for
test (iii).

In the following theorem, we state some conditions such that always there
exist a critical region for three testing problem.

Theorem 2.3 . A sufficient condition for having α-level critical region for
test (i) is

m = n ≥ max

{
− ln α

2

ln 2
+ 1, ln

8π

α2
− 1

}
,

for test (ii) is

n ≥ − ln α

ln 2
+ 1,

and finally, for test (iii) is

m = n ≥ ln
2π

α2
− 1

Proof. First, consider test (ii). If Pn,m(m − 1) ≤ α, we have an α-level
critical region. By Lemmas 2.1 and 2.2, we have

Pn,m(m − 1) =

(
m

m−1

)(
n
n

)
mn

=
1

mn−1
.

Hence, we must have
(

1
m

)n−1 ≤ α. But 1
m

≤ 1
2
, since m ≥ 2 and therefore(

1
m

)n−1 ≤
(

1
2

)n−1
. Thus if

(
1
2

)n−1 ≤ α, then we have an α-level critical region.
But (

1

2

)n−1

≤ α ⇔ (n − 1) ln
1

2
≤ lnα ⇔ n ≥ − ln α

ln 2
+ 1.

Now, consider test (iii): We must have Pn,m(0) ≤ α. But calculating of Pn,m(0)
is difficult. We may take m = n. By Lemma 2.1, we have

Pn,n(0) =

(
n
0

)(
n

1,...,1

)
nn

=
n!

nn
.

Therefore a sufficient condition is n!
nn ≤ α. But for sufficient large n, we have

n! = (n/e)n
√

2nπ (sterling’s formula). Hence e2n ≥ n× 2π
α2 or 2n ≥ ln n+ln 2π

α2 .
But ln n ≤ n − 1, thus in this case, the proof is completed.
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Finally, consider test (i). Mix two above results, inequality is obtained. ♦

Now, we are ready to apply tests (i), (ii), and (iii) for three examples by
our proposed statistic.For simplicity, we partition the region to m = l2 square
quadrant, l = 1, 2, ...,

√
n. By Theorem 2.3, it is concluded that a sufficient

condition for existing a .05-level critical region for tests (i), (ii), and (iii) are
m = n ≥ max{8.22, 6.32}, n ≥ 5.32, and m = n ≥ 6.83, respectively.

Note that for testing CSR, we can calculate p-value for test; i.e. for test
(i), (ii), and (iii), we must reject CSR at level α, if P (K ≥ k) ≤ α/2 or
P (K ≤ k) ≤ α/2, P (K ≥ k) ≤ α, and finally P (K ≤ k) ≤ α.

Because of difficulty of calculation of k and critical region, we wrote some
computer programs with QUICK BASIC language, where is introduced in
Appendix section.

In the following tables, by using program CPEQ3.BAS, the number of
empty-quadrants with m = 4, 9, ...,

√
n quadrants is stated.

No. of quadrants(m) 4 9 16 25 36 49
No. of empty-quadrants(k) 0 1 4 7 13 24

Table 2.1. The number of empty-quadrants in 62 events of figure 1

No. of quadrants(m) 4 9 16 25 36
No. of empty-quadrants(k) 0 0 0 1 4

Table 2.2. The number of empty-quadrants in 42 events of figure 2

No. of quadrants(m) 4 9 16 25 36 49 64
No. of empty-quadrants(k) 0 0 1 1 6 11 22

Table 2.3. The number of empty-quadrants in 65 events of figure 3

3 Application to certain data

In this section, we apply our proposed test statistic (K) for testing CSR in the
three examples.

In the following three sections, we have applied programs CPEQ2.BAS,
and CPEQ1.BAS for calculating of critical region.

3.1 Analysis of 62 redwood seedlings

A .05-level critical region for tests (ii) with m=4 is {1, 2, 3}, whereas there is
not any .05-level critical region for tests (iii). But from Table 2.1, we have k=0,
where does not belong to {1, 2, 3}. With m=9 for test (ii) we have {1, 2, ..., 8}
and for (iii) there is not any .05-level critical region. But by Table 2.1,we have
k = 1, where is belong to {1, 2, ..., 8}. Hence in this case, at level 0.05, CSR is
rejected against aggregated.
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3.2 Analysis of 42 cell centers

For this example, with m=4, .05-level critical region for test (ii) is {1, 2, 3}
and for test (ii), there does not exist any critical region. On the other hand,
from Table 2.2, we have k = 0, where does not belong to {1, 2, 3}. If we are
repeated this method with m = 9 and m = 16, again we cannot test. But for
m=25, a .05-level critical region for test (ii) is {8, 9, ..., 24} and for test (iii) is
{0, 1}. From Table 2.2, we have k = 1, that 1 ∈ {0, 1}. Hence at level .05,
CSR is rejected against regularity.

3.3 Analysis of 65 black pine trees

In this example, we have n = 65. With m = 4 quadrants, a .05-level critical re-
gion for test (ii) is {1, 2, 3} but for test (iii), any .05-level critical region does not
exist. By Table 2.3, we have k = 0, where 0 /∈ {1, 2, 3}. With m=9, a .05-level
critical region for test (ii) is {1, 2, ..., 8}, but from Table 2.3, we have k = 0,
where 0 /∈ {1, 2, ..., 8}. Repeating with m = 16, 25, 36, 49, 64, it is seen that
.05-level critical region for test (ii) is {2, 3, ..., 15}, {5, 6, ..., 24}, {10, 11, ..., 35},
{17, 24, ..., 48},{10, 11, ..., 35}, {17, 24, ..., 48}, and {28, 32, ..., 63}, respectively
. Also for test (iii), for m = 16, 25 quadrants, critical region does not exist,
but for m = 36, 49, 64 is {0, 1, 2}, {0, 1, ..., 8}, {0, 1, ..., 18} respectively. On
the other hand, from Table 2.3, for m = 36, we have k = 6, where neither
belong to {17, 24, ..., 48} nor belong to {0, 1, 2}. Similarly, for m = 49, 64 ,
test statistic k = 11, 22 does not belong to {10, 11, ..., 35}, {17, 24, ..., 48}, or
{0, 1, ..., 8},{0, 1, ..., 18}. Hence, at level .1, CSR is not rejected against nega-
tion of CSR. Therefore we can also conclude that at level .05, CSR is not re-
jected against negation of CSR; i.e, in this example, the events are distributed
completely random.

4 Appendix

For testing CSR based on our test statistic, we wrote two main programs with
QUICK BASIC language (CPEQ1.BAS, CPEQ2.BAS), which in this section,
we introduce them.

4.1 The program of CPEQ1.BAS

The program CPEQ1.BAS gets the number of regions, the number of these
events in each region, and length and width of each region. This program
picks the coordinates of events up from file DATA.DAT,in which we have
already entered the coordinates of events. The program CPEQ1.BAS divides
the region to m = l2, l = 2, 3, ... quadrants and finally counts the number of
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empty-quadrants in each quadrant. Note that the result of this program is
saved in file R PEQ1.BAS. In the following this program is stated:

The program of CPEQ1.BAS

CLS : KEY OFF: DIM no(10, 10), x(200), y(200)
KEY(1) ON: ON KEY(1) GOSUB 200
SCREEN 7: COLOR 6, 7
OPEN ”i”, 1, ”data.dat”
OPEN ”o”, 2, ”R peq1.dat”
LOCATE 4, 4: PRINT ”Note:”
LOCATE 7, 4: PRINT ”This program picks Coor. of events ”
LOCATE 9, 4: PRINT ”from file DATA.DAT and calculates ”
LOCATE 11, 4: PRINT ”the number of empty-quadrants and ”
LOCATE 13, 4: PRINT ”finally saves result in file ”
LOCATE 15, 4: PRINT ”R peq1.dat”
LOCATE 19, 11 PRINT ”(Press F1 to EXIT)”
GOSUB 100
CLS
SCREEN 9: COLOR 7, 8
LOCATE 12, 8: INPUT ”Enter the number of regions ”, j
CLS
FOR jj = 1 TO j
CLS
LOCATE 12, 4: PRINT ”Enter the number of events of region #”; jj:
LOCATE 12, 47: INPUT ””, n
CLS
LOCATE 12, 2: PRINT ”Enter the length and width of region #”; jj;

”respectively:”
LOCATE 12, 57: INPUT ””, m1, m2
BEEP: CLS
FOR i = 1 TO n
INPUT #1, x(i), y(i)
x(i) = (x(i) * 10) / m1 y(i) = (y(i) * 10) / m2
NEXT i
FOR l = 2 TO INT(SQR(n))
FOR j1 = 1 TO l
FOR j2 = 1 TO l
num = 0
FOR i1 = 1 TO n
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IF (10 / l) * (j1 - 1) < x(i1) AND x(i1) < (10 / l) * j1
AND (10 / l) * (j2 - 1) < y(i1) AND y(i1) < (10 / l) * j2 THEN num =

num + 1
no(j1, j2) = num
NEXT i1, j2, j1
PRINT #2, ”The number of events in each ”; l 2̂;
”quadrants for region #”; jj; ”with”; n; ”events is:”
nu = 0
CLS
LINE (190, 76)-(450, 274), 4, B
FOR t = 1 TO n: PSET (x(t) * 26 + 190, y(t) * 19.8 + 76), 4: NEXT t
FOR j3 = 1 TO l
FOR j4 = 1 TO l
IF j3 <> j4 THEN LINE ((10 / l) * (j3 - 1) * 26 + 190, (10 / l) * j3 * 19.8

+ 76)-((10 / l)
* j4 * 26 + 190, (10 / l) * (j4 - 1) * 19.8 + 76), 4, B
PRINT #2, no(j3, j4);
IF no(j3, j4) = 0 THEN nu = nu + 1
NEXT j4
PRINT #2,
NEXT j3
PRINT #2, ”The number of empty-quadrants in”; l2̂; ”quadrants is”; nu;

”.”
PRINT #2,
NEXT l, jj
GOTO 200
100 y = TIMER WHILE y + 10 > TIMER AND INKEY$ <> CHR$(13)
WEND
RETURN
200 CLOSE 1, 2
PLAY ” o1e8d8e16p4 d8e8f16p4 f8g8a8g8f16p4 e8f8g8f8e16p4 ”
END

4.2 The program of CPEQ2.BAS

The program CPEQ2.BAS gets the number of quadrants and events in the
region, and then for this case calculates .05-level critical region for tests (ii)
and (iii), based on Theorem 2.1. The result of this program is saved in files
R1 PEQ2.DAT (for test (ii)) and R1 PEQ2.DAT (for test (iii)).

In the following, this program is stated:
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The program of CPEQ2.BAS

CLS : KEY OFF KEY(1) ON: ON KEY(1) GOSUB 200
OPEN ”o”, 3, ”r1 peq2.dat”
OPEN ”o”, 4, ”r2 peq2.dat”
WIDTH #3, 130
WIDTH #4, 130
pi = 4 * ATN(1)
SCREEN 7
COLOR 9, 8
LOCATE 10, 7: PRINT ”The program of calculation of”
LOCATE 13, 7: PRINT ” prob. of empty-quadrants”
LOCATE 16, 11:PRINT ”(Press F1 to EXIT)”
PLAY ” mb ms o4e9d9c9o4e9d9c9o4e9d9c9 o3b3 o4d9c9o3b9o4 d9c9o3b9o4d9c9o3b9a”
REM PLAY ” mb ms o3a9o4e9d9e9p9e9d9c9 o3 b3 a9o4 d9c9d9p9d9c9 o3

b9a”
GOSUB 123: CLS : COLOR 6
LOCATE 12, 4: PRINT ”Note:”
LOCATE 15, 4: PRINT ”Result of this program is saving in”
LOCATE 17, 4: PRINT ”files R1 peq2.dat and R2 peq2.dat”
GOSUB 123
DIM p(100, 100), f(100), comb(100, 100)
p(1, 0) = 1
SCREEN 9
CLS : COLOR 4
LOCATE 12, 1: INPUT ”Enter the number of quadrants(4,9,16,...,81): ”,

l
CLS
LOCATE 12, 1: INPUT ”Enter the number of events: ”, n
CLS
COLOR 2, 5
LOCATE 12, 8: PRINT ” The program of tabulation of C.R. against

aggregated”
LOCATE 13, 8: PRINT ” pattern by prob. of empty-quadrants.”
PRINT #3, ”****** The C.R. of a test CSR against aggregated pattern

****** ”
PRINT #3,:PRINT #3,: PRINT #3, STRING$(66, ”-”)
PRINT #3, ”| No. of E. | No. of quad.| C.R.,if there exist |”
PRINT #3, STRING$(66, ”-”)
p = 0
For k = 0 To m - 1
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sum = 0
For i = 0 To m - k - 1
GoSub 100
sum = sum + (-1)n̂*comb(m-k,i)*((m-k-i)/m)n̂
’PRINT m - k; i, ((m - k - i) / m)n̂:SLEEP
Next i
p(m, k) = sum * comb(m, k)
p = p + p(m, k)
’PRINT m; k, comb(m, k); ”p(”; m; k; ”)=”; p(m, k), ”sum=”; p, sum:

SLEEP
Next k
Print #3, ”—”; n, ”—”; m, ”— ”;
pval = 0
For k1 = m - 1 To 0 Step -1
If p(m, m - 1) > 0.05
Then GoTo 20
pval = pval + p(m, k1)
If pval > 0.05
Then GoTo 30
Print #3, k1;
Next k1
GoTo 30
20 Print #3, ” In this case , C.R. don’t exist .”;
30 Print #3, ”” Print #3,String(66,”-”)
pval=0
CLS
Color3,5
LOCATE12,8:Print”The program of tabulation of C.R. against regular”
LOCATE13,8:Print”pattern by prob.of empty-quadrants.”
Print #4,”******The C.R. of a test CSR against regular pattern****** ”
Print #4,Print #4,Print #4,String(66, ”-”)
Print #4, ”— No. of E. — No. of quad.— C.R.,if there exist —”
Print #4,String (66,”-”)
Print#4,”—”;n,”—”;m,”—”;
For k2 =0 To m-1
If p(m,0)>0.05 Then Go To 40
pval=pval+p(m,k2)
If pval>.05 Then GoTo50
Print #4,k2;
Next k2
GoTo 50
40 Print #4,”In this case,C.R.don′t exist.”;



1608 H. Torabi and M. G. Vahidi-Asl

50 Print #4,””Print#4,String(66, ”-”)
GoTo 200
123 r = Timer: While Timer ¡r + 10 And INKEY¡¿Chr(13): Wend
Return
100 f(0) = 1
For j = 1 To m
f(j) = f(j - 1) * j
Next j
comb(m - k, i) = f(m - k) / (f(m - k - i) * f(i))
comb(m, k) = f(m) / (f(k) * f(m - k))
Return
200 Close 3, 4
PLAY ”o1 f8f8a#4f8f8c2”
End
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