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Abstract

In this paper, a predator-prey model with mixed-type functional re-
sponse is investigated. Sufficient conditions are derived that guarantee
the permanence of the system. Meanwhile, when the system is peri-
odic, we obtain the sufficient conditions which guarantee the existence,
uniqueness and global asymptotic stability of the positive periodic so-
lution. Numerical simulations are also presented to illustrate the feasi-
bility of our main results.
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1. Introduction

The two species predator-prey model has a profound practical background in

ecological system. As we know, one of the most important topics in math-

ematics ecology concerns the permanence for the species. In the early days,

many scholars have researched on the permanence of the predator-prey models,

however, most of the mathematical models on the interaction of two species

have so far assumed that the response function is linear response, Holling

slowromancapi@, Holling slowromancapii@, Holling slowromancapiii@, Holling

slowromancapiv@, Holling-Taylor or Ratio-dependent and so on. Besides, the

growth of the prey satisfies the logistic equation in the absence of the predator.

In 1978, Ludwig et al.[1] analyzed the following single-species model whose

form is different from that of a logistic equation

ẋ = r0x(1 − x

k
) − gx2

h2 + x2
, (1.1)
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where x is the density of the species, k is the carrying capacity, r0 is the

intrinsic growth rate, and gx2/(h2 + x2) represents a Holling slowromancapiii@

S-shaped functional response (see Ref.[2]).

In [3], May investigated the general predator-prey model{
ẋ = r0x(1 − x

k
) − cxy

d+x
,

ẏ = s0y(1 − qy
x

),
(1.2)

where x and y are the prey and predator densities. Numerical responses of

both species are logistic, with s0 being the intrinsic growth rate, and x/q

the carrying capacity. The predator-prey interaction is modeled by a Holling

slowromancapii@ functional response with parameters c and d.

In recent years, some scholars assume that specialist predator-prey inter-

action is described by the May model, while the generalist predator is charac-

terized by the sigmoid functional response (see Ref. [4]){
ẋ = r0x(1 − x

k
) − gx2

h2+x2 − cxy
d+x

,

ẏ = s0y(1 − qy
x

).
(1.3)

Considering each biological and environmental parameters are naturally

subject to fluctuation in time. The effects of a periodically varying environment

are important for evolutionary theory as the selective forces on systems in a

fluctuating environment differ from those in a stable environment. In this

paper, we will extend the system (1.3) to the following system which all the

corresponding coefficients are positive and bounded functions with time{
ẋ(t) = r0(t)x(t)[1 − x(t)

k(t)
] − g(t)x2(t)

h2(t)+x2(t)
− c(t)x(t)y(t)

d(t)+x(t)
,

ẏ(t) = s0(t)y(t)[1 − q(t)y(t)
x(t)

].
(1.4)

2. Permanence

For each continuous and bounded function f(t) on [0, +∞), we denote

fM = sup{f(t) : t ≥ 0}, fL = inf{f(t) : t ≥ 0}.

Definition 2.1. The system (1.4) is permanent, if there exists a compact

region D ⊂ intR2
+, such that any solution of system (1.4) with positive initial

value in the region of D.

Lemma 2.1. R2
+ = {(x, y)|x > 0, y > 0} is a positive invariant set of system

(1.4).

Lemma 2.2. For each solution {x(t), y(t)} with positive initial value, there



Predator-prey model 1589

exists T > 0, such that {x(t), y(t)} ∈ K1 = {(x, y)|0 < x ≤ N1, 0 < y ≤ N2}
for all t > T , where

xM = N1 = kM , yM = N2 =
kM

qL
. (2.1)

Proof. Assume {x(t), y(t)} is a solution of system (1.4) with positive initial

value, from the first equation of system (1.4), applying Lemma 2.1 we get

ẋ(t) ≤ rM
0 x(t)[1 − x(t)/kM ]|x(t)=N1 = 0.

If 0 < x(0) ≤ N1, then x(t) ≤ N1 for all t > 0;

If x(0) > N1, we shall prove that there exists T1 > 0, such that x(T1) ≤ N1.

Otherwise, x(t) > N1 for all t > 0, and then there exists a positive constant

δ1, such that x(t) ≥ N1 + δ1, from the first equation of system (1.4) we can

derive that

ẋ(t) ≤ rM
0 x(t)[1 − x(t)/N1] ≤ rM

0 x(t)[1 − (N1 + δ1)/kM ] = −rM
0 δ1x(t)/kM .

Therefore, x(t) ≤ x(0) exp(−rM
0 δ1t/k

M) → 0(t → +∞), which contradicts

with x(t) > N1 for all t ≥ 0, and then x(t) ≤ N1.

Similarly, with regard to y(t), we can derive that there exists T2 > 0 such that

y(t) ≤ N2 for all t ≥ T2.

Denote T = max{T1, T2}, there exists a positive value T , such that 0 < x ≤
N1, 0 < y ≤ N2 for all t > T . The proof is complete.

From Lemma 2.2, we immediately get the following theorem.

Theorem 2.1. Suppose system (1.4) satisfies the following condition

qLdLrL
0 > cMkM , (2.2)

then the solution {x(t), y(t)} with positive initial value is ultimately bounded

at

K2 = {(x(t), y(t))|m1 ≤ x ≤ N1, m2 ≤ y ≤ N2}.
Namely, system (1.4) is permanent, where

xL = m1 =
(dLrL

0 qL − cMkM)kLh2L

(h2LrL
0 + gMkL)dLqL

, (2.3)

yL = m2 =
m1

qM
=

(dLrL
0 qL − cMkM)kLh2L

(h2LrL
0 + gMkL)dLqLqM

. (2.4)

Proof. Assume that {x(t), y(t)} is a solution with positive initial value of

system (1.4), from Lemma 2.2, it is easy to see that the solution is ultimately
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bounded at K1, without loss of generality. Suppose {x(t), y(t)} ∈ K1 for all t ≥
0. Now, we should prove the solution has a positive bounded below.

From the first equation of system (1.4), we have

ẋ(t) ≥ rL
0 x(t)[1 − x(t)

kL
− gMx(t)

h2LrL
0

− cMN2

dLrL
0

].

According to condition (2.2), it is easy to show that 1− (cMN2/d
LrL

0 ) > 0. Let

m1 =
(dLrL

0 qL−cMkM )kLh2L

(h2LrL
0 +gM kL)dLqL , hence ẋ(t)|x(t)=m1 ≥ 0.

If x(0) ≥ m1, it is easy to show that x(t) ≥ m1 for all t > 0;

If x(0) < m1, we shall prove that there exists T3 > 0 such that x(T3) ≥ m1.

Otherwise, x(t) < m1 for all t > 0, and then there exists a positive constant

δ3, such that x(t) ≤ m1 − δ3, from the first equation of system (1.4) we can

derive that

ẋ(t) ≥ rL
0 x(t)[1 − (

1

kL
+

gM

h2LrL
0

)(m1 − δ3) − cMN2

dLrL
0

] ≥ rL
0 x(t)(

1

kL
+

gM

h2LrL
0

)δ3.

Therefore, x(t) > x(0) exp[( 1
kL + gM

h2LrL
0

)δ3t] → +∞ (t → +∞), which contra-

dicts with x(t) < M1 for all t ≥ 0, and then x(t) ≥ m1.

Again, similar argument as above will yield. We can prove that there is a T4 > 0

such that y(T4) ≥ m2 when y(0) < m2. Obviously, denote T = max{T3, T4}
such that {x(t), y(t)} ∈ K2 for all t > T and any positive initial value. Hence,

system (1.4) is permanent. The proof is complete.

3. Existence and stability of periodic solution

In this section, we suppose all the coefficients in system (1.4) are continu-

ous and positive ω−periodic functions about time t, thus system (1.4) is an

ω−periodic system .

Theorem 3.1. If (2.2), then system (1.4) has at least one strictly positive

ω−periodic solution.

Proof. Let Z(t, z0) = {x(t, z0), y(t, z0)|t>0} is the unique periodic solution of

periodic system (1.4) for initial value z0 = {x0, y0}. Now we define Poincare

periodic map

A : R2
+ −→ R2

+, A(z0) = Z(ω, z0), z0 ∈ R2
+,

where ω is the periodic of system (1.4). Theorem 2.1 implies that the compact

region K2 ⊂ R2
+ is a positive invariant set of system (1.4), meanwhile, K2 is a

closed bounded convex set. Thus it follows that A(K2) ⊂ K2. The mapping A

is continuous as a result of the solution is continuous about the initial value.
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Fig 1. Dynamical behavior of system (4.1). [a] Time-series of the species x with t over
[0, 100].

[b] Time-series of the species y with t over [0, 100]. [c] Phase portrait.

By the Brower Fixed Point theorem, it derives that A has at least one fixed

point in K2, and then there exists at least one strictly positive ω−positive

solution of system (1.4).

Obviously, we can deduce the uniqueness of the periodic solution if it’s globally

asymptotically stable.

Theorem 3.2. Suppose that system (1.4) satisfies the condition (2.2) and

rL
0

kM
+

gLh2L

(h2M + N2
1 )2

>
gMN2

1

(m2
1 + h2L)2

+
cMN2

(dL + m1)2
+

sM
0 qMN2

m2
1

, (3.1)

sL
0 qLm1

N2
1

>
cM(dM + N1)

(dL + m1)2
, (3.2)

where N1, N2, m1 are defined in (2.1) and (2.3). Then system (1.4) has a unique

positive ω−periodic solution which is globally asymptotically stable.

Proof. Suppose that F (t) = {u(t), v(t)} is any solution with positive

value of system (1.4), F̄ (t) = {x(t), y(t)} is a positive ω−periodic solution of

system (1.4). By Theorem 2.1 we know F (t) and F̄ (t) are ultimately bounded

at K2, without loss of generality. Suppose that F (t), F̄ (t) ∈ K2 for t ≥ T (T

is sufficiently large). Let X(t) = ln x(t), Y (t) = ln y(t), U(t) = ln u(t), V (t) =
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ln v(t). Consider a Lyapunov function as following

W (t) = |X(t) − U(t)| + |Y (t) − V (t)|
= | ln x(t) − ln u(t)| + | ln y(t) − ln v(t)|.

Calculate the upper right derivative W (t) along the solution of system (1.4)

D+(|X(t) − U(t)|)
= ln x(t)−ln u(t)

| ln x(t)−lnu(t)| [r0(t)(1 − x(t)
k(t)

) − g(t)x(t)
h2(t)+x2(t)

− c(t)y(t)
d(t)+x(t)

− r0(t)(1 − u(t)
k(t)

)

+ g(t)u(t)
h2(t)+u2(t)

+ c(t)v(t)
d(t)+u(t)

]

≤ −r0(t)
k(t)

|x(t) − u(t)| − g(t)h2(t)
(h2(t)+x2(t))(h2(t)+u2(t))

|x(t) − u(t)|
+ g(t)u(t)x(t)

(h2(t)+x2(t))(h2(t)+u2(t))
|x(t) − u(t)| + c(t)y(t)

(d(t)+x(t))(d(t)+u(t))
|x(t) − u(t)|

+ c(t)d(t)
(d(t)+x(t))(d(t)+u(t))

|y(t) − v(t)| + c(t)x(t)
(d(t)+x(t))(d(t)+u(t))

|y(t) − v(t)|
≤ − rL

0

kM |x(t) − u(t)| − gLh2L

(h2M+N2
1 )2

|x(t) − u(t)| +
gMN2

1

(h2L+m2
1)2

|x(t) − u(t)|
+ cMN2

(dL+m1)2
|x(t) − u(t)| + cM (dM +N1)

(dL+m1)2
|y(t) − v(t)|,

D+(|Y (t) − V (t)|)
= ln y(t)−ln v(t)

| ln y(t)−ln v(t)| [s0(t)(1 − q(t)y(t)
x(t)

) − s0(t)(1 − q(t)v(t)
u(t)

)]

≤ s0(t)q(t)y(t)
x(t)u(t)

|x(t) − u(t)| − s0(t)q(t)x(t)
x(t)u(t)

|y(t) − v(t)|
≤ sM

0 qMN2

m2
1

|x(t) − u(t)| − sL
0 qLm1

N2
1

|y(t) − v(t)|.

Therefore,

D+W (t) ≤ −[
rL
0

kM + gLh2L

(h2M+N2
1 )2

− gM N2
1

(h2L+m2
1)2

− cMn2

(dL+m1)2
− sM

0 qMN2

m2
1

]|x(t) − u(t)|
−[

sL
0 qLm1

N2
1

− cM (dM +N1)
(dL+m1)2

]|y(t) − v(t)|.

By (3.1) and (3.2), it derives that
rL
0

kM + gLh2L

(h2L+m2
1)2

− gM N2
1

(h2L+m2
1)2

− cMN2

(dL+m1)2
−

sM
0 qMN2

m2
1

> 0 and
sL
0 qLm1

N2
1

− cM (dM +N1)
(dL+m1)2

> 0. Denote

α = min{ rL
0

kM + gLh2L

(h2M+N2
1 )2

− gM N2
1

(m2
1+h2L)2

− cMN2

(dL+m1)2
− sM

0 qMN2

m2
1

,
sL
0 qLm1

N2
1

− cM (dM +N1)
(dL+m1)2

}
> 0,

then D+W (t) ≤ −α(|x(t) − u(t)| + |y(t)− v(t)|), integrating both sides of the

above inequality leads to

W (t) + α

∫ t

T

[|x(s) − u(s)| + |y(s) − v(s)|]ds ≤ W (T ) < +∞.

That is ∫ t

T

[|x(s) − u(s)| + |y(s) − v(s)|]ds ≤ W (T )/α < +∞.
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Therefore, |x(t) − u(t)| + |y(t) − v(t)| ∈ �L(T, +∞). By Theorem 3.2 and sys-

tem (1.4), it follows that |x(t) − u(t)|, |y(t) − v(t)| and their derivatives re-

main bounded on [0, +∞). As a consequence, |x(t) − u(t)| + |y(t) − v(t)| is

uniformly continuous on [0, +∞). By Barbalat’s Lemma [5], it then follows

that limt→+∞ |x(t) − u(t)| + |y(t) − v(t)| = 0, i.e., limt→+∞ |x(t) − u(t)| =

0, limt→+∞ |y(t) − v(t)| = 0.

The result implies that system (1.4) has a unique positive ω−periodic solution

which is globally asymptotically stable. This completes the proof of Theorem

3.2.

4. Example and numerical simulation

In this section, we investigate the periodic of system (1.4) by numeric method.

Consider the following system{
ẋ(t) = (6 + 0.1sinπt)x(t)[1 − x(t)

1.5+0.1cosπt
] − (1.2+0.1sinπt)x2(t)

1.4+0.1sinπt+x2(t)
− (0.5+0.1cosπt)x(t)y(t)

1.1+0.2sinπt+x(t)
,

ẏ(t) = (3.7 + 0.1sinπt)y(t)[1 − (0.4+0.1sinπt)y(t)
x(t)

].

(4.1)

It is easy to verify the assumptions in Theorem 3.2. Based on this model,

applying Matlab to draw the Fig 1, which shows that our theoretical analysis

is true.
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