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Abstract

In this paper the new coloring of planar, VEF-coloring, will be intro-
duced. A VEF coloring of a simple planar graph G is a proper coloring
of all elements, including vertices, edges and faces of G. We will give
two conjectures for the upper bound of VEF and VEF-list coloring of
a simple planar graph. However, we will prove these conjectures for
planar graphs with a maximum degree of at least 12.
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1 Introduction

In 1965, Ringel[8] specifically studied the vertex-face coloring of planar graphs.
He came up to this conjecture that the vertex-face chromatic number, denoted
by χvf , of any planar graph, is at most 6. This conjecture had been proved by
Borodin[2] in 1984.

Theorem 1.1 (Borodin) For every planar graph G, χvf (G) ≤ 6.

Furthermore, Ringel gave a class of planar graphs for which this upper
bound is sharp. Edge-face coloring problem of planar graphs was introduced
by Jucovic[6]. χef is the minimum number of colors that we need to color edges
and faces of a planar graph properly and is called the edge-face chromatic num-
ber. Mel’nikov[7] had a conjecture for the upper bound of an edge-face chro-
matic number. He stated that for a planar graph G, the edge-face chromatic
number is at most Δ + 3, where Δ is the maximum degree of graph G. This
bound is also sharp for odd-cycles. Recently, Waller proved this conjecture for
any planar graph [10].
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Theorem 1.2 (Waller) For every planar graph G with maximum degree Δ,

χef(G) ≤ Δ + 3.

All graphs in this paper are finite and simple. For convenience, the defini-
tions of some notations are given. For definitions that are not included here,
we refer to a standard text on graph theory, for example, see [5].

2 Vertex-Edge-Face Coloring

Let G be a planar graph. For a positive integer k, planar graph G is k-vertex-
edge-face-colorable, or k-VEF-colorable, if there is coloring of all elements of
G with k colors such that all adjacent and incident elements have different
colors. A vertex or an edge is incident to a face if it is on the boundary of
face, and two faces are adjacent if they have at least one common edge on their
boundary.

The VEF chromatic number of a planar graph G is the minimum positive
integer k, for which G is k-VEF colorable. This number is denoted by χvef .

Conjecture 1 For every simple planar graph G with maximum degree Δ,

χvef (G) ≤ Δ + 4.

Since the total chromatic number of any n-cycle (n �≡ 0 mod 3) is 4 [9],
the upper bound of VEF chromatic number is sharp for cycles Cn with n �≡ 0
mod 3. Borodin [1] proved that χvef (G) ≤ Δ + 2 for all planar graphs with
Δ(G) ≤ 12.

3 List VEF-Coloring of Planar Graphs

Let G be a planar graph for which each element has a list of colors assigned. A
VEF-list coloring of G is a proper coloring of all vertices, edges and faces of G
such that each element has a color from its assigned list. VEF-list chromatic
number of G is the minimum k. For each color list having a size of at least k,
there exists a proper list VEF coloring of G. This number is denoted by χvef

l .
Second conjecture gives an upper bound for the VEF-list chromatic num-

ber. Clearly this bound is sharp.

Conjecture 2 For every planar graph G,

χvef
l (G) ≤ Δ + 4.
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Graph G is said to be semi-planar if there exists a partition of vertex
set V like V = X ∪ Y , such that subgraphs K = G[X], F = G[Y ], H =
G[E \ (E(F ) ∪ E(K))], H ∪ F and H ∪ K are planar.

Lemma 3.1 Let G be a semi-planar graph with respect to the vertex parti-
tion V = X ∪ Y . If Δ = min{Δ(G[X]), Δ(G[Y ])} ≤ 3, then χl(G) ≤ 8.

Proof By considering the given assumptions and Euler’s formula, the mini-
mum degree of semi-planar graph G is at most 7. The proof can be completed
by induction on the number of vertices.

Theorem 3.2 Let G be a semi-planar graph with partition V = X ∪ Y . If
Δ = min{Δ(G[X]), Δ(G[Y ])} ≥ 4, then χl(G) ≤ Δ + 4.

Proof We prove this theorem by induction on the number of the edges of G.
Suppose K = G[X], F = G[Y ] and H = G[E \ (E(F ) ∪ E(K))].

claim. δ(G) ≤ Δ + 3. w.l.o.g suppose Δ = Δ(K). For proving this claim
we consider two cases.
case 1. |X | ≥ |Y |. The minimum degree of a planar bipartite graph is at
most 3. Hence, subgraph H in part X contains a vertex of degree at most 3.
Therefore, G has a vertex of degree at most Δ + 3, in part X.
case 2. |X | < |Y |, so |Y | > n/2. If there is no vertex of degree at most Δ + 3,
then dH∪F (x) ≥ 4 and dH∪F (y) ≥ Δ+4 for every x ∈ X and y ∈ Y . Therefore

2|E(H ∪ F )| =
∑

x∈X

dH∪F (x) +
∑

y∈Y

dH∪F (y) ≥ 4|X | + (Δ + 4)|Y | > 4n + Δn/2

Since H ∪ F is planar, by Euler’s formula we have |E(H ∪ F )| ≤ 3n − 6. So,
we have Δn/4 < n − 6, which implies a contradiction to this fact that Δ ≥ 4.
Therefore, G has a vertex of degree at most Δ + 3.

Now, let u be a vertex of G with minimum degree δ. The graph G1 = G\{u}
is semi-planar. If Δ1 = min{Δ(F1), Δ(K1)} ≤ 3, then by Lemma 3.1 the proof
is complete. Otherwise, by induction hypothesis, the graph G\{u} has a proper
list coloring with lists of size Δ + 4. By considering the way we chose vertex
u, this coloring can be extended to a proper list coloring for G.

Semi-planar graphs are useful tools for VEF-coloring of planar graphs. For
each planar graph there is a semi-planar graph which preserves all properties
that we need for VEF-coloring.

Theorem 3.3 Let G be a planar graph, with maximum degree Δ(G) ≥ 12,
then χvef

l (G) ≤ Δ + 4.

Proof Let G = (V, E, F ) be planar graph embedded on the plane. We
construct a new graph G′ from G as follows:
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The vertex set of G′ corresponds to V ∪ F , where V and F are vertex and
face sets of planar graph G, respectively. The vertex f in V (G′), corresponds
to the face f in F , is adjacent to vertex v in V (G′) corresponds to vertex v
in V , if and only if, v is on the boundary of f in graph G. Two vertices, f1

and f2 in G′, are adjacent, if and only if, the corresponding faces in G have
a common edge on their boundary. Finally, two vertices, v1 and v2 in G′, are
adjacent, if and only if, the corresponding vertices in G are adjacent. By this
definition, the graph G′ is planar.

Claim: G′ is semi-planar
As we know, the dual of a planar graph is still a planar graph. Therefore,

the induced graph on vertex set F is a planar graph. In addition, by definition
of graph G′, the induced graph on vertex set V , is isomorph to G, therefore is
planar. Since G is planar, the induced graph on the edges between the vertices
of F and V is a planar bipartite graph. Hence, G′ is a semi-planar graph with
vertex partition V ∪ F .

We assigned the color list of each component of V and F in G to its
corresponding vertex in G′. Now, by Theorem 3.2 and Lemma 3.1, there
exists a proper vertex-list coloring of G′. This coloring of G′ gives a proper list
vertex-face coloring of G. Remove the color of the adjacent vertices and faces
of each edge from its list. Since each edge of G is adjacent to two vertices and
two faces of G, the remaining list of each edge is at least a size of Δ. Borodin,
Kostochka and Woodal[3], proved that for a planar graph, G, with maximum
degree, Δ ≥ 12, χ′

l(G) = Δ and χ′′
l (G) = Δ + 1. Therefore, there is a proper

edge list coloring of G, with this remaining list. This coloring gives a proper
VEF-list coloring.
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