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Abstract 

 
 In this paper we introduce new types of tiling for some manifolds which 

have covering spaces. The relations between tilings of manifolds and their 
covering space are discussed. Theorems governing these relations are achieved. 
Some application in medicine, chemistry and environment are presented. 
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Introduction 
 
In Grunbaum and shephard’s book Tillings and Patterns [7], a tilling is defined as 
a countable family of closed sets (tiles) that cover the plane without gaps or 
overlaps. Tilings are known as tesselations or pavings, they have appeared in 
human activities since prehistoric times. Their mathematical theory is mostly 
elementary, but nevertheless it contains a rich supply of intresting problems at 
various levels. The folding of a manifold was, firstly introduced by S.Robertson in 
1977 [8]. While the unfolding of a manifold appeared in [3]. Since then many 
authors have studied some types of conditional foldings of manifolds such as in 
[1,2,4-6]. 
 
Definitions  
 
(1) A tiling of the plane is a collection of closed topological discs (tiles) which 
covers the Euclidean plane 2Ε and is such that the interiors of the tiles are disjoint 
[7]. 
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(2) Let M and M  be arcwise connected, locally arcwise connected space, and let 
P :M M→ be continuous. The pair ( )M,P is called a covering space of M  if:   
(i) P is surjective, and  
 (ii) For each x M∈ , there exist open sets U in M containing x such that 

( )-1p U is a disjoint union of open sets, each of which is mapped 
homeomorphically onto U by P . Such an open set U will be called adimissible 
[9]. 
(3) let  M and N be two smooth manifolds of dimension m  and n  respectively. 
A map f :M N⎯⎯→  is said to be isometric folding of M into N if for every 
piecewise geodesic path :I Mυ ⎯⎯→  the induced path f :I N,  Iυ ⎯⎯→o is  a 
closed interval [0,1] , is piecewise  geodesic and of the same length as [ ]8υ . If 
f does not preserve length it is called topological folding [4].  
(4) let  M and N  be two smooth manifolds of the same dimension. A map 
g:M N⎯⎯→  is said to be unfolding of M into N if every piecewise geodesic 
path :I Mυ ⎯⎯→ ,  the induced path go :I Nυ ⎯⎯→ is piecewise geodesic with 
length grater than [ ]3υ .  
 
 
Main results 
 
      To obtain the main results in this article, we will introduce the following 
definitions: 

(1) Any tiling of any fundamental region F of a space S corresponding to a 
tiling for the space S, as in Fig.(1)  

 
Fundamental region 

Fig. (1) 
      
From this figure, if any tiling it for F. Then, there are induced tilings 1

i i,t t −  for 
the space S which is similar to it . This type of tiling is called the fundamental 
tiling. 
(2) There are two types of tilings for the torus, the first is a tiling by patch and the 
second is tiling by a finite cylinder, which is called the cylindrical tiling, see 
Fig.(2). 
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Second type 

Fig. (2) 
 
Theorem (1): Any tiling of a manifold homeomorphic to 1S  induce an n-
fundamental tiling for it covering space, where n 2≥ . 
Proof 
Let 1 1P:R S⎯⎯→  be a covering projection where ( ) 2 π i rP r e= , then ( )1,PR  is a 

covering space of 1S , as in Fig.(3). 
 

 
Fig. (3) 

      If we consider any tiling of 1S  its interiors are open intervals, then we get an 
induced tiling to the fundamental region for the space 1R . Also, for any tiling of 

1R  its interiors are open intervals for an infinite number of closed bounded 
intervals, which induced a tilling for 1S . Thus the following diagram is 
commutative. 
 
 
 
 
 

i.e., ii 2 1t oP P ot≡ . 
Corollary (1): The 1-fundamental tiling of a covering space of a manifold M , 
which homeomorphic to 1S  is not corresponding to a tiling for M . 
Proof: 
 Consider 1R  is covering 1S  and tiling of 1R  by its 1-fundamental region then 

1S is not a tiling, as in Fig.(4). 
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Fig.(4) 

Theorem (2): The folding of a manifold M , which is homeomorphic to 1
nS  

(folding of it tiles) corresponding to folding without singular point for the 
fundamental region of its covering space (similar to it).  
Proof: Let 1f  be defined by ( ) ( )1f a cosθ, a sinθ b cosθ, b sinθ⎯⎯→ where a > b , 

which induce a type of conditional folding of 1
1S  to 1

2S  as in Fig. (5).  
 

 
Fig. (5). 

      Then we have any fundamental tiling of the folded circle 1
1S . There is an  

induced tilling for its covering space, for all i = 1,...,n . But in the limit case 
1
nn

limS
→∞

=  a point, which is not a covering space for 1R . Thus, we get the following 

diagram.  

 
i.e., i i i i + 1P  o f f oP≡ , i = 1,2,...,n∀ . 
Which means that the diagram is commutative for all i = 1,...,n . But in the limit 
case the diagram is not commutative.  
 
Theorem (3): The unfolding of a manifold M , which homeomorphic to 1

nS  
(unfolding of its tiles) corresponding to unfolding for the fundamental region of 
its covering space up to ∞ .  
Proof: Let unf be given by ( ) ( )a cosθ, a sinθ b cosθ, b sinθunf : ⎯⎯→  where 

a < b , which induced unfolding of 1
1S  to 1

2S , see Fig.(6). 
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Fig.(6). 

     
  Then we have any fundamental tiling of the unfolded circle 1

1S  induced a tiling of 

its covering space, for all i = 1,...,n . Bur in the limit case 1
nn

limS R
→∞

′= , which is a 

covering space for R′ . Thus the following diagram is obtained.  
 
 

 
 
 
i.e., i i i i + 1P  ounf u n f oP≡  , i = 1,2,...,n∀ . Which means that the diagram is 
commutative for all i . 
Theorem (4): The folding which preserves the tiling but does not preserve the 
curvature of the covering space is the same tiling folding of M  which is 
homeomorphic to 1

nS .  
Proof: If we consider the folding which preserves the curvature of 1R , given by 

1 1
iF:R R⎯⎯→ , where the curvature of 1

iR  is not equal to zero. Then any tiling for 
1
iR  is corresponding to tiling of 1

nS , as in Fig. (7) below. 
 
 

 
Fig. (7). 
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Thus the following diagram is obtained. 

 
i i i i + 1P  o F  F oP≡  , i = 1,2,...,n∀ .  

Corollary (2): 
    The convers of the above theorem is true. 
Theorem (5):  
The folding of the covering space with singular points corresponding to folding of 
M  which is homeomorphic to 1

nS  with singular points.  
Proof: Let 2f : M M⎯⎯→ , M  is homeomorphic to S  is a folding from 1S into 
itself, does not homeomorphic to 1S , like ( ) ( )1f : a c o s θ , a s i n θ a c o s θ , a s in θ ⎯⎯→ ,  
see Fig.(8). 

 
Fig. (8) 

 
      Then, the tiling of folding of 1S  into a subspace of 1S , which is not 
homeomorphic to 1S , not induces a tiling for its covering space.  
Theorem (6):  The two types of fundamental tilling for a tours of its covering 
space.  
Proof: If 1 1T S SΧ = = = , 2RΧ = , P:Χ⎯⎯→Χ  be given by 

( ) ( )1 22ni r 2n i r
1 2P r ,r e ,e= , then ( ), PΧ  is a covering space of Χ , as in Fig. (9).  

 
 

 

 
Fig. (9). 
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      If we consider any tiling of 1T , then we get an induced tiling to the 
fundamental region of the space 2R . Also, for any tiling of the fundamental 
region of 2R  induced tiling to 1T . Thus the following diagram is commutative.  

 
i.e., 1 2 1 1t  o P P o t≡ . 
Theorem (7): The folding of  the fundamental region of the torus by cylindrical 
tilling does not induce folding with singular points to its covering space. 
Proof: From the following figures we can see that the folding is not a covering 
space, but the sum ( )if t  is a covering space, see Fig.(10).. 
 

 
Fig. (10). 

Theorem (8): The first type of following a tours without singular points is 
equivalent to folding of the fundamental region of its covering space.  
 
Proof: Let f  be given by  
( ) ( ) ( )

( )
1 2 1 2 2 1 1 2

1 1 2 1 2

f : a cosψ b cosψ , a cosψ b sinψ , a sinψ a cosψ b cosψ , 

                                                                                    a cosψ b sinψ , a sinψ

+ + = +

+
 

                     1, o < ψ < 2 x  and 

2o < ψ 2 x≤  
where 1 xa < a , then this type of folding induced a folding of the fundamental 
region of its covering space, as in Fig.(11).  
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Fig. (11). 

 
 
 
Theorem (9): The unfolding of a torus is equivalent to unfolding of the 
fundamental region of its covering space. 
Proof: Let u n f be defined by  

{ ( ) ( ) } { ( )
( ) }

1 2 1 2 2 1 1 1 2

1 1 1 2 1 1

unf a cosψ b cosψ , a cosψ b sinψ , a sinψ a cosψ b cosψ , 

                                                                                          a cosψ b sinψ , a sinψ

+ + = +

+
 
where 1a > a , 1b > b , 1o < ψ < 2x  and 2o < ψ < 2x . Then we get the unfolding of 
the fundamental region of its covering space, see Fig.(12). 
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Fig. (12). 

 
Thus the following diagram is obtained  

 
Corollary (3): The sectional curvature of the  fundamental region is an invarent. 
Applications:  

The medical study of any section of human body as blood, tissues, bones 
…etc., we can take a part of these or any cells of liver. Take a section if these, 
which are homogenous then it will give the medical general study on all parts of 
body.. 
        In chemical reaction to determine the properties of some substance, the labor 
takes an isotropic section from the medium, from homogeneity; any character 
covers the whole medium. 
     In the environment the pollution discussed from a homogeneous part air, 
sea,…, etc. any homogeneous medium. 
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