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Abstract
Let D be any square-free positive integer. In this note we give a

proof of two conjectures in [1] on the recurrence relations of integer
solutions of the Pell equation z? — Dy? = +4.
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1. Introduction

Let D be any square-free positive integer. In [1], A. Tekcan considered
the Pell equation 22 — Dy? = 44 and proved some interesting results. He
also proposed two conjectures on the recurrence relations of integer (actually
positive) solutions in terms of the fundamental solution of the equation.

The aim of this note is just to show that these conjectures hold and follow
immediately from the main results shown in [1], which, together with the
conjectures, we record as follows.

Lemma 1.1. Let (x1,y;) be the fundamental solution of the Pell equation
2?2 — Dy? =4, and let

Unp, [ T Dy, "1
()= ) () 2
for n > 1. Then all the positive integer solutions of the Pell equation 22— Dy? =

Un Un

4 are given by (7,,Yn) = (5i21, 3021)-

Lemma 1.2. Let (x1,4;) be the fundamental solution of the negative Pell
equation 22 — Dy? = —4, and let

()= ) (6) g
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for n > 0. Then all the positive integer solutions of the Pell equation 22— Dy? =

. __ (U2n41 V2n41
—4 are given by (Zan41, Y2nt1) = ( on s oI )

Conjecture 1.3. Let (z1,y;) be the fundamental solution of the Pell equation

22 — Dy? = 4, then (z,,y,) satisfy the following recurrence relations

Tp = (21 = 1)(Tn1 + Tp2) = Tn_s
Yn = (xl - 1)(%4 + yan) — Yn-3

for n > 4.

Conjecture 1.4. Let (z1,y;) be the fundamental solution of the Pell equation
22 — Dy? = —4, then (22,11, Yons1) satisfy the following recurrence relations

Topnt1 = (IE% + 1)(@2n-1 + Ton—3) — Tan—s
Yont1 = (3 + 1) (Y2n—1 + Y2n—-3) — Yon—5

for n > 3.

2. Proof of conjectures

Proof of Conjecture 1.3. Since (2,,yn) = (5221, 5u21), we need only to show

that
Uy, _ 2(xy — 1) (up_1 + 2up_2) — 8uy_3
U 2(xy — 1) (vp_1 4+ 20,2) — 8uy_3
~aeen () () s (i)
/Unfl /U'n,72 /UTL73
In view of (1), it suffices to show
z1 D 571 z; D 2 z1 D 10 1

(o 2 ) ()= (e (o 2o ) (i 2)) (o D)) (6)

It is easy to see that

2
1 Dy \" _ [ 2i+Dyf 2Dy
Y1 T 2x1y1 @} + Dyj

and

z1 Dy \° _ (@} +3Dxy; 3Daty + Dy
v 3riyr + Dy o} + 3Dxwyt
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Using 22 — Dy? = 4, we have
2
1 Dy T Dy1 1
2(xy — + 2

(= ) (( Y1 T ) yl 1 ) ) ( 0
23 + Dy? x 1
=2z, — 1 L L2
(21 =1) (< 2x11 Hh 0

_ ( 2(xy — 1)(27 + Dyi 4 221) — 8 )
O\ 2(z = D)2z + 2u1)
(2 et 42 8
o\ 2(z — 1) (2191 + 2u1)
B ( 4(zy — 1) (22 + 21 —2) — 8 )
O\ 2(z = D)2z + 2u01)
41 (22 — 3)
B ( 4(x = Dy )
and
i Dy \° (1N [ 23 +3Dmy?\ [ 2%+ 3wi(a?—4)
( i ) (0 ) —\ 3ziy + Dy} ) B ( 3adyr +yi(af —4) )
_ [ Azi(2f - 3)
-\ 4@t - Dy )
This completes the proof. O

Proof of Conjecture 1.4. Since (2an41, Y2n+1) = (“pt, S5+ ), we need only
to show that

( U1 ) _ ( (z3 + 1)Eu2n1 + Ugn—3) — Unn—s )

Vop41 (23 + 1) (van—1 + V2n—-3) — Vo5
_ (wg +1) U2n—1 + U2n—3 [ U2n—5
! Von—1 Von—3 Von—5

In view of (2), it suffices to show
z1 D 671 z1 D 4 z1 D 2 1 0 1
(yll xlyl) (O)<4($%+1)<(yi x?il) +4(y11 x1y1)>_64(0 1))(0
It is easy to see that
2 2 2
1 Dy _ [ #t Dyi 2Dz,
YT 2r1y1 zi + Dyi

x1 Dy ! _ (22 + Dy?)? + 4Dx%y? ADxyy (22 + Dy?)
1T Azyi (7 + Dyi) (21 + Dyi)? + 4Dy}
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and

v Dy \° _ ( (a3 + Dy?)® +12Day3 (e} + Dy?) 6Dz (af + Dy3)? + 8D%aly?
v T 8Dx3y3 + 6z1y1 (23 + Dy?)? (22 + Dy?)3 + 12Dz3y3(z1 + Dy?)
Using 22 — Dy? = —4, we have

(om0 a5 )G )) ()

i + Dyi)? + 4Daty; i + Dy} 1
=4zt +1) (( dxyy1 (22 + Dy?) )+4( 221, )>_64<O)
( xl + 1)(( xl + D?h) +4D$1yl +4(x1 + Dyl) — 64) )

Azt + 1)(435191(% + Dyi) +4 - 221y1)
( 4(22 + 1) (22 + 22 + 4)? + 423 (22 + 4) +4(2? + 22 +4)) — 64 )
4(x3 + 1)(Azyyr (3 4+ 23 + 4) + 8x111)
( 32((2? + 1)2%(22 4 4) — 2) )

322191 (22 + 1) (2% + 3)

and

I Dyl 6 1
Y1 2 0

( (z} + Dy?)® + 12Dzjy; (27 + Dy?) )
8Dxty} + 6xyy1(af + Dy3)?
(22 + 22+ 42 + 1223 (22 + 4) (22 + 23 + 4) )
8r3y (23 + 4) + 6z1y (22 + 23 + 4)?

( 32((x2 + 1)%(2? +4) — 2) )

32z1y1 (22 + 1) (2% + 3)

This completes the proof.
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