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Abstract

An exchange option allows its holder to exchange one asset for an-
other at maturity. In this short paper, the martingale approach, which is
based on Continuous martingale representation theorem and Girsanov’s
theorem, is used to derive an explicit formula for the valuation of an
exchange option with counterparty default. The volatilities of financial
market considered here are all non-constant functions, which generalizes
the results in [1] (Ammann, 2001).
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1 The Financial Model

An exchange option allows its holder to exchange one asset for another at ma-
turity. This type of options now is used commonly in foreign exchange markets,
bond markets and stock markets amongst others. Black and Scholes in their
seminal paper [2] first provided a solution to the option pricing problem. Mar-
grabe in his paper [7] priced an exchange option between two correlated stocks
that each satisfy the assumptions in the Black-Scholes model. Ammann in [1]
used the probabilistic approach to derive an explicit formula for the valuation
of an exchange option with counterparty default, and then applied to pricing
the credit derivatives with counterparty default risk.

In this short paper, we apply the martingale approach to derive an explicit
formula for the valuation of an exchange option with counterparty default
under the assumption that the volatilities of market are non-constant functions.
Our result extends the Ammann’s result in [1], that the to the case that the
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volatilities are constants, and we also give a complete proof of our result. Our
main tools are 1t6’s formula, Girsanov’s theorem and Continuous martingale
representation theorem.

Let (Q, F,P) be a complete probability space with a filtration {F;} satisfy-
ing the usual conditions, and let W = (Wy, Wy, ..., Wy)* be a 5-dimensional
correlated standard {F;}-Brownian motion with the correlation matrix;

o 0 0 0
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0 pa1 pa2 paz 1

Here all p;; satisfy that |p;| < 1 and p;; = p;i. That is, each W is the standard
{F:}-Brownian motion such that Wy is independent of (W1,...,Wy), and the
cross-variation of W; and W; is given by (W;, W;)(t) = p;;t. In this paper, *
denotes the transpose of a vector or a matrix.

Consider a financial market that consists of two correlated underlying assets
whose prices are S; and S;. Meanwhile, there exists a counterparty firm whose
value is S3 and its liability is Sy. They are given by the stochastic differential
equations (SDEs):

ASi(t) = (1) Si(t)dt + oi(H)S;(AWi(t),  Si(0) =s;, i=1,....4, (1.2)

where s; > 0 and s3 > s4. The market also has a zero-coupon bond with
maturing time 7" > 0 whose price:

P, T) =e i 1twdn o<y < (1.3)

Here ~(t,u) is the instantaneous forward rate, which follows:

t t
y(t, u) = (0, u) +/ po(s, w)ds +/ oo(s,u)dWy(s), 0<t<u<T.
0 0
(1.4)
Assume that the coefficients p; and o; are {F;}-adapted, and such that for
w(s) = po(s,t) and o(s) = oo(s,t), or pu(s) = pi(s) and o(s) = o4(s), they
satisty E[ [y [14(s)|ds] < co and E[ [} |o(s)|?ds] < oo for each t > 0. Moreover,
oi(t) # 0 for all t > 0. Here E[-] denotes the expected value with respect to
P. For notational simplicity, denote 7iy(s,u) = [ po(s, t)dt and To(s,u) =
fsu oo(s,t)dt for all 0 < s < u. Then, by applying Fubini’s theorems, we get

P(t7T) = P(()?T) eXp{/O [7(078) - (EO(S’T) _ﬁo(s’t))]ds

_ /Ot (Go(s, T) — 50(8,15))dVV0(5)}7 0<t<T
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An exchange option is an option for which the promised payoff paid from
the counterparty firm at maturity 7" is given by X = (S1(T)—So(T ))+ Denote
the ratios of Sy to Ss, and S3 to Sy respectively by

0(t) = Si(t)/So(t) and 8(t) = Ss(t)/Sa(t), 0<t<T.  (L5)

Consider the option with counterparty firm default risk, i.e. the default or
bankruptcy of the counterparty firm will occur when S3(7") < S4(T). In case
of default, the payoff will be not X, but only a fraction thereof 6(7") X, where
d(T) is the recovery rate, the fraction of the promised payoff paid from the
counterparty firm in case of default. Hence, the actual payoff is given by

= S5(T)(0(T) = 1) (Lseryzny + 6(T)Lgsery<ny ) (1.6)

Here 1 4 is the indicator of A. We will introduce some useful results of Stochas-
tic Calculus in the following. Then, in Section 2, we will show that there exists
a forward martingale measure for the numéraire P(-,T'), and derive some auxil-
iary results for 6(¢) and 6(¢). Finally, under the assumption that the volatilities
are deterministic, we will derive the pricing formula of X¢ for the numéraire
P(-,T) in Section 3.

Let M be a continuous {Fi}-local martingale, and o be an {F;}-adapted
process with E[fo (s)ds] < oo such that (M)(t) = [, o*(s)ds, t € [0, T].

Theorem 1.1 Ifo(t) # 0, P-a.s. forallt € [0,T], then there exists a standard
{Fi}-Brownian motion W such that M has the representation:

M(t) = M(0) + /ta(s)dW(s), 0<t<T

This result is due to Doob (1953), and its proof can be found in [4] or [5].
Apply Theorem 1.1 and Girsanov’s theorem ([5]) we can prove a Girsanov’s

theorem for the correlated Brownian motion W. Let A = (Ao, )\1, ..., A1) bea
5- d1mens1onal {F;}-adapted process such that for each i, B fo (s ds}
Define Z,(t) = exp{ fo — % oA ds}, 0<t<T. Where

A(t) = (A(t )C’A( )* )%. For convenience, we also denote py; = p;p = 0 for all
1=1,---,4,and p; =1 forall e =0,1,--- ,4.

?

Theorem 1.2 If \ satisfies the Novikov’s condition that E[efoT %’\Q(S)ds] < 00,
then, Zy is an {Fi}-martingale, and cﬂ@) = Z\(T)dP define an equivalent prob-
ability on (Q, Fr). Moreover, under P

t 4
7=0

are standard {F,}-Brownian motions such that (W, W,)(t) = pi;t.
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This theorem implies that the correlation matrix of W = (Wo, Wi,... , Wy)*
is still C'. Finally, we recall a well-known fact that, if ¢ is deterministic with
fo ¢*(u)du < oo, and W is a standard {F;}-Brownian motion, then, for any

0<s<t<T n-= f ¢(u)dW (u) is a random variable, which is inde-
pendent of F,, having a normal distribution with zero mean and variance

o2 = [! ¢ (u)du

2 The Forward Martingale Measure

We assume that there exists a stochastic process A satisfies the following sys-
tem of equations:

who(t) = —Fig(t,u) + 505 (t,u),

oo(t,
()Ezlpu i) = ) =At,t), i=1,---,4 (2.1)

for any 0 <t < u < T. Then, under the assumptions of Theorem 1.2, there
is an equivalent probability P on (Q, Fr) such that W = (Wo, W1,..., Wy)*,
which is defined in (1.7), is a correlated 5-dimensional standard ({F;},P)-
Brownian motion whose correlation matrix is still C'.

Using the relations (1.7) and (2.1), we can verify that, under P, P(-,T) and
Siy 1 =1,...,4, have the following representation:

(2.2)

{dP(t,T) = () P(t,T)dt —o(t, T)P(¢,T)d ()
=1,...,4

dSi(t) = A(t,0)S:()dt + ai(t)Si()dWi(t),
Define the forward prices, forward value and forward liability respectively:
Si(t,T)=S;(t)/P(t,T), 0<t<T, i=1,...,4

Assume that 7 (t, T) satisfies the Novikov’s condition According to Girsanov’s
Theorem, dP* /dP = exp{ — fo 7o(s, T)dWy(s -3 fo (s,T)ds} defines an
equivalent probability on (€2, Fr) such that

WE(t) = Wo(t) + /t 7o(s, T)ds, 0<t<T, (2.3)

is a standard ({F;}, P")-Brownian motion. Since W is independent of each
W; for i # 0, each W; is still a standard ({F}, P )-Brownian motion such
that the correlation matrix of W = (W& Wy, ..., W,)* is still C. This new

probability P is called as the forward martmgale measure.
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Theorem 2.1 S;(¢t,T), i =1,...,4, are respectively given by
dSi(t,T) = Si(t, T) (o:(t)dAW;(t) + To(t, T)AW (2)). (2.4)

Hence, they are all ({F:}, ]fDF)-martmgales, i.e., PF is the equivalent martingale
measure for P(-,T),.

Proof. From (2.2) and (2.3), we get

Si(t, T) = 51(0,7) exp{ — %/0 (o7(s) +T5(s,T))ds
—i—/t (1 (s)dWi(s) —i—Eo(s,T)dW{(s))}, 0<t<T.

This implies that S1(¢,T) satisfies the first SDE in (2.4). Similarly, we can
verify other cases. a

For each i = 1,2, we introduce an ({F;}, PF)-martingale:
t _ t B
M;(t) = / oi(s)dW;(s) +/ Go(s, T)AW{L (s), 0<t<T,
0 0

and denote

N

o;(t,T) = (o7 (t) +75(t,T))*, 0<t<T. (2.5)

Then, since W and WO are 1ndependent each M; is a square integrable mar-
tingale with ( fo (s,T)ds, t € [0,T]. Thus,

t
Wkt = / o %(s, T)dM;(s), 0<t<T, i=1,2,
0
are two ({F;}, PF)-Brownian motions such that

Si(1.T) = 5,(0.7) exp { —%/Ot af(s,T)ds—i—/Ot s DAV ()}, (26)

for all t € [0,7] and ¢ = 1,2. Noting that 0(T) = Sy(T,T)/Se(T,T) and
§(T) = S3(T,T)/S4(T,T), from Theorem 2.1 it follows that the price of X¢
for the numéraire P(¢,T') at time ¢ € [0, 7] is given by

X(t) = Pt T)E" | Sy(T. T)(0(T) = 1) (Lisryzny + 0(T) Lseryeny) | 7).
2.7)
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Here EF [-] denotes the expected value with respect to P, Now, we derive
some representation of § and §. Define two ({F;}, P¥')-martingales:

AMy(t) = oy (£)AWy(t) — oo (t)dWs(t),  dM;s(t) = o3(t)dWs(t) — ou(t)dW,(t)

for all t € [0, 7], and denote

oolt) = () +03(t) — 2020 (D)a(8))
os(t) = (03(t) + 03(t) — 2psa03(t)aa(t))? (2.8)
oos(t) = o15(t) — 025(t)
for each t € [0, 7], where o15(t) and o95(t) are given by
O'Z'g(t) = pigo'l'(t)O'g(t) — pi4az( ) ( ) 0 S t S T, 1= 1, 2. (29)

Then, it is clear that, for each ¢ € [0, T7,

<Mj)(t):/0 o2(s)ds, j=0,0, and <M@,M5>(t):/0 oas(s)ds.

Assume that oy(t) # 0 and o4(t) # 0 for all ¢ € [0,T]. Then,

t t
Wo(t) = / o, (s)dMp(s) and W;(t) = / oy (s)dMs(s), 0<t<T,
0 0
are two standard ({}, P¥)-Brownian motions such that

[0 — (o0~ eV OO,
dé(t)/o(t) = (UZ(t)—P3403(t)04(t))dt+06(t)dW5(t)a .

for all te [0,7]. Assume that there are constants psg, pas and pgs such that
(WE W;)(t) = pajt for 5= 6,6, and (Wy, W5)(t) = pgst. Then, we have

p20 = (pr201(t)oa(t) — 03(t)) /oa(t, T)op(t),
p2s = 025(t) [o2(t, T)os(t), 0<t<T. (2.11)

pes = 0e5(t)/oa(t)os(t),

Define an equivalent probability P by dP/dPF = Sy(T,T)/S(0,T) on (£, Fr).
According to Girsanov’s theorem and using the relations in (2.11), under P,

A ~ ~

Wa(t) = WF(t) — /0 oa(s, T)ds,  W;(t) = W (t) — /0 pojoa(s, T)ds (2.12)

for each j = 6,0 and 0 < t < T, are standard {F;}-Brownian motions such
that

(Wo, Wo)(t) = pagt, (Wo, W5)(t) = past  and  (Wy, Ws)(t) = post,
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for all t € [0,T]. From (2.11) and (2.12), under P, we obtain
o(t) = 9 (0)exp{ — [5 3 2( )ds + [ og(s)dWy(s)},
o(t) = eXp{fO ( — 102(5) + 0u5(s)) ds (2.13)
+f0 0'5 dW5( )}
Now, letting Z»(t) = S(¢t,7)/5(0,T), from (2.7) it follows that

X(t) = Su(t) 25 (VE" | 2T (0(T) = 1) (L + (1) Laryeny) | ]

By the Bayes rule for conditional expectations we get
X(t) = Sz(t)fE[(@(T) — 1) (Lamysny + (D) syey) | ft} (2.14)

Here E[-] denotes the expected value with respect to P.

3 The Pricing Formula

For any fixed time ¢t € [0, 7], denote

T 3 . T Gps(s
o= / oHs)ds)", j =66 pr= / o) 4o (3
t t

0¢.t,1706,t,T

and

ilt) = %ai(t) _ %ag(t) + %ag(t) Foul), i—=1,2, (3.2)

where 04, 05 and g5 are given in (2.8), and o5, ¢ = 1,2, are given in (2.9).
We also denote N(zy, 29, p) as the bivariate standard normal distribution with
the correlation coefficient p, i.e.

z1 z2
N(z1, 22,p) = / / o(x1, 295 p)drrdry, —00 < 21, 29 < 00,

where

1 { T3 — 2p11 79 + T3
p —_—

T1,T9;p) = ———€X
) = T 21— )

Then we have the following main result.

}, —00 < T, X9 < +00.
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Theorem 3.1 Ifo;, i = 1,...,4, are all deterministic, then, under all our
assumptions, the price X (t) of claim X% at time t € [0,T) is given by

X(t) = Sl() (a17a27 ()N(b17b27 )
+S1(t)d(t) exp /wl N(cy, ca, —p)
—52 exp /% d1,d2: )

with parameters p = pyr, and

= (In6( t)+%0§t r)/00ur, az= (Ind(t +ft p1(s)ds %Ug,t,T)/UMT’
b (ln@ t) — % 3 )/Ue,t,T, by = (1115 + ft p2(s)ds — ;O'it,T)/O"Svth’
¢ = (In6(t) + ftTa s(s)ds + 303, 1) /o1,
Cy = —(ln 5(t) + ftT ©1(s)ds + %052’,51) /o&t,T,
di = (In6(t) + ftT 09s(s)ds — 503 ,1) /oo,

)
dy = —(Ind(t) + tT pa(s)ds + %Ug,t,T)/UMT'

Proof. By the representation (2.14), X (¢) is split into four separate terms:

X(t) = SQ(t)E[Q(T)l{B(T)>1}1{6(T)21} |7:t] So(t)E [1{9( ys13 1>y | Fr
+52()E | 0(T)S(T) Liscry>1y Lisery<ay | ft}
~S2()E |8(T) 1 orry>ny 1 or<y | ft]
= ki —FEy+ E3— E,.
Each of the four terms can be evaluated separately.

_ Evaluation of term Ey. Define an equivalent probability P? on (Q, Fr) by
dP? /dP = 0(T)/6(0). Then, according to Girsanov’s theorem,

W) = Walt) — /0 oo(s)ds,  WOE) = Wi(t) — /0 posoo(s)ds,  (3.3)

for 0 < ¢t < T, are two standard ({F,},P?)-Brownian motions such that
(WL WEH(t) = pest, t € [0,T]. By the Bayes rule for conditional expecta-
tions we have

= Si(t ) Loy sy 1smy=1y | Fil, (3.4)
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where I@e[-] denotes the expected value with respect to P?. On the other hand,
from (2.8), (2.11), (2.13) and (3.3), under P?, we have

o(T) = Q(t)exp{/tT %ag(s)ds—l—/tTag(s)de(s)},
ol

S(T) = o(t)exs { /t (5930 - %ag(s) T ous(s))ds + /t ' o5(s)ATE(s) ).
Thus, we have
OT)>1<=¢& >—a; and 6(T) > 1 <= £ > —ay,
where ff = ( ft o;(s dW‘9 ) / ojir, J = 0,0. Since oy and o5 are determinis-

tic, under P?, ¢4 and & are standard normal distributed with the correlation
coeflicient p; . Moreover, they are independent of F;. From (3.4) we get

By = S (t)E’ |:1{§nga1}1{£§27a2} = S1(t)N (a1, az, p).
Evaluation of term E. From (2.13) we have
OT)>1 <& >—b; and (T)>1<= & > —by.

Here & = (ftT O'j(S)d )/O']tT, = 0,6, are standard normal distributed

with the correlation coefﬁment per under IP, and they all independent of F;.
Thus, we get

SQ( ) |:1{§9> b1}1{€5> b2}i| = SQ(t)N(blab%p)'
Evaluation of term Es. Define two ({F,}, P)-martingales:
t . R t R
My(t) = / op(s)dWp(s) and Ms(t) = / os(s)dWs(s), 0<t<T,
0 0
and let M, (t) = My(t) + Ms(t) for all t € [0, T]. Denote

o) = (ag(t) + o) + za%(t))%, 0<t<T. (3.5)

Then, it is clear that ( fo s)ds for each t € [0,7]. Thus, there
exists a standard ({Ft}, IP) Browman motlon W, such that

/0 oo (8) AW, (5) = NL(t) = /0 oo(5)dT(5) + /0 os(s)dWs(s),  (3.6)



138 D. Ding

for all t € [0, T]. Let puy and p.s be constants such that (Wm W}}(t) = Pt
for all t € [0, 7] and for j = 6,§. Then, we have

t
(M., M;)(t) = / PrjOs(8)oi(s)ds, 0<t<T, j=486,0.
0
On the other hand, from the definition of MK we also have

(M, M;)(t) = /Ot (03(s) + 0ps(s))ds, 0<t<T, j=80,0

and so that p,;o.(t)o;(t) = o3 (t) +0s(t) for all t € [0, T] and for each j = 6, 6.
Define

Zﬂ(t):exp{ /t; o(s )d5+/0ta,i(s)dW,€(s)}, 0<t<T.

Then, it is clear that

on)S(T) = 0050 e { [ Ci(5)ds) Zu(1).

Define a probability P* on (9, Fr) by dP*/dP = Z.(T). According to Gir-

sanov’s theorem,

A

WE(t) = W,(t) — /0 ou(s)ds,  WE(t) = W;(t) — /0 prjox(s)ds,  (3.7)

for each j = 6,0 and all ¢t € [0, 7], are three standard {F;}-Brownian motions
with

(WEWINE) = post, §=10,6, and  (Wy,Wy)(t) = post, 0<t<T.
By the Bayes rule for conditional expectation we get
E; = S5(t)0(0)5(0) exp / Y1(s dS Z,(T )(1{9( )>13 Liar <1}) | ft]

= t) exp / (s ds (1{6T)>1}1{6(T <1}) |‘Fti|

where E“[] denotes the expected value with respect to P*. On the other hand,
from (2.13) and (3.7), under P* we have

1

o(T) = 0(t) exp{/t (503(3) +095(s))d3+/tT ag(s)dWé‘(s)},
0(T) = o(t)exp { /tT (¢1(s) + %ag(s))ds + /tT ag(s)dﬁ/f(s)}.
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Thus, we get
NT)>1<=¢& >—c and 0(T) <1< & < e,

where £f = (ﬁToj(s)dVAVf(s))/omT, j = 6,8. Under P*, 5,4 = 0,0, are
standard normal distributed with correlation coefficient p, 7. Moreover, they
are all independent of F;. Hence, F5 can be expressed by

T
By = Si(t)o(t)exp { / U1 (9)ds B 1gp ey Ligy <
t
T
= s { [ (s} e e )
t
FEvaluation of term E,. Denote
t 1 t R
Zs(t) = exp{ — / —03(s)ds —I—/ 05(S)dW5(S)}, 0<t<T.
0 2 0
Then, it is clear that
¢
5(t) = 6(0) exp { / ¢2(s)ds}25(t), 0<t<T.
0

Define a probability P? on (Q, Fr) by dP? /AP = Zs(T). According to Girsanov
theorem, under P,

W2(t) = Wa(t) — /0 tpg(;a(g(s)ds, W2(t) = Ws(t) — /0 ta(;(s)ds, (3.8)

for 0 <t < T, are two standard {F;}-Brownian motions with (W, W)(t) =
post. By the Bayes rule for conditional expectation we get

Ey = S5(t)6(0)exp / (s dS}E[Za(T)(l{e( y>13 Lgs(r <1})|ft]
= t) exp / Uy(s ds (1{9<T > lser)<iy) |ft}

where 1@5[-] denotes the expected value with respect to P°. Now, from (2.8),
(2.11), (2.13) and (3.8), we have

O(T) = 0(t)exp { /tT (- %03(8) + ops(s))ds + /tT UQ(S)dWéS(S)},
NT) = o(t)exp { /tT ((,02(3) + ;05( ))ds + /tT 05(8)dW§(8)}7
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for all t € [0,T]. Therefore, we get
O(T)>1 =& >—dy and 6(T) <1 <= £ < ds.

Here, under I@’é, 5‘? = (ft o,(s dW5 )/a]tT, j = 0,0, are standard nor-
mal distributed with the Correlatlon coefficient p; 7. Moreover, they are all
independent of F;. Hence, F,; can be expressed by

E, = t) exp /1/)2 ds 1{£‘S> d1}1{€a<d2}]

= Sy(t)o(t) exp /tw2(s)ds}N(d1,d2,—p).

Combining the evaluation from the first term F; to the fourth term Ej, we
finish the proof. a
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