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Abstract
Let {e;| — o0 < i < 0o} be a sequence of identically distributed neg-
atively associated random variables and {a;| — co < i < oo} a sequence
o0

of real numbers with Z la;] < oco. Set the moving average S, =

1=—00

n n [e.o] [e.o]
E Xk = E E a;i+k€i, k> 1, precise asymptotics E ne E(|S,| —
k=1 k=1i=—00 n=1
1 p 2(r—p) X
enr)y = ——E(|N]) 277 as e \, 0 are established, where N has a
r—p

o0
normal distribution with mean 0 and variance 72 = o2( E ai)?.

1=—00
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1. Introduction and main results
Let {g;| — 00 <i < oo} be a sequence of identically distributed random

o0
variables and {g;| — 0o < i < oo} a sequence of real numbers with Z la;| <
1=—00
00, put
o0

Xp= > iy, k>1 (1.1)

1=—00
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When {e;] — 0o < i < oo} is a sequence of some suitable conditions there
have been some authors who studied limit properties for the moving average
processes { Xi|k > 1}. In particular, Ibragimov(1962) had established the cen-
tral limit theorem for {Xy|k > 1}. Burton and Dehling (1990) had obtained
large deviation principle, Yang(1996) had obtained the central limit theorem
and the law of the iterated logarithm, Li et al.(1992) and Zhang(1996) had
obtained the result on the complete convergence and Hall(1992) had obtained
convergence rates in the central limit theorem for means of autoregressive and
moving average sequences, etc. Moreover, many authors obtained a conver-
gence of weighted sums of negatively associated random variables, including
moving average processes, Yu and Wang (2002) and Baek, et al.(2003) obtained
some general results on the convergence of moving average processes under de-
pendent conditions. When {X;|k > 1} is a sequence of i.i.d random variables
with common distribution function F, mean 0 and positive, finite variance,
Chen(1978) and Gut and Spataru(2000) and Lanzinger and Stadtmiiller(2004)
obtained the precise asymptotics in the Baum-Katz law of large numbers as
£ \\ 0, Cheng et al.(2004) obtained precise asymptotics of partial sums, and Li,
Li et al.(2004,2006) and Li, Nguyen and Rosalsky(2005)obtained a supplement
to precise asymptotics in the law of the iterated logarithm and Chow(1988)
obtained the complete moment convergence. Some of their results are as fol-
lows.

Theorem A. Suppose that { Xy |k > 1} is a sequence of i.i.d random variables
with FX; =0 and 0 < EX 2 =42 < 0o. Then, for 1 < p < r,

o0 n
. 20-p) r_y 1 p 2(r—p)
lime 2-» E ne P E X > enr ) = EIN| 2=
=\.0 — (‘ i k ’ = ) r—p ‘ ‘ )

where N has a normal distribution with mean 0 and variance 2.

Theorem B. Suppose that { Xy |k > 1} is a sequence of i.i.d random variables
with EX; = 0. If E(|Xq|" + | Xi|log(1 + |X1])) < oo, then for any ¢ > 0,
1<p<2andr>p,

(9]
r_o_1

ne 5E(|2Xk|—5n%)+ < 00.

n=1 k=1

Our purpose in this paper is to show that this kind of result also holds for
moving average processes under negatively associated random variables. First
we shall give the definition of negatively associated random variables.
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Definition. A finite family of random variables {g;|]1 < ¢ < n} is said to be
negatively associated(/NA) random variables if for every pair of disjoint subsets
A and B of {1,2,...,n}, we have

Cou(f(ei, i€ A), g(ej, j€B)) <0,

whenever f and g are coordinate wise non-decreasing and the covariance exists.
An infinite family is N A if every finite subfamily is N A.

Set S, = ZX’“’ n > 1, where {X}} is as in (1.1). Our result is as follows.
k=1
Theorem 1.1. Suppose {Xj|k > 1} is defined as (1.1), where{a;| — 0o <

i < oo} is a sequence of real numbers with Z la;| < oo and {g;| — 00 <
1=—00

i < oo} is a sequence of identically distributed NA random variables with
Eey =0, Fei? < 0o. Suppose Eei? <ooandif 1 <p<r <2,
2(r—p) 2(r—p)

. r_ 1 P
lime 2-» ne 2E(|S,| —enr), = ——F(|N|) > .
e 45 S0 (1] ent) = L BN

2. Some Lemmas

Lemma 1(Burton and Dehling(1990)). Let Z a; be an absolutely con-

1=—00

vergent series of real numbers with a = Z a; and b = Z la;|. Suppose
¢ : [—b, b] — R is a function satisfying the following conditions:

i) ¢ is bounded and continuous at a.

ii) There exist § > 0 and C' > 0 such that for all |z| <6, |¢(x)| < Clz|. Then

1 0o i+n

Jim =D 0() a) = ola).

i=—o00  j=i+1

Remark. Taking ¢(x) = |z|?, ¢ > 1, from Lemma 1, we have
[e'¢) i+n

lim Z | Z a;|? = |a|?.
n—oo

i=—o0 j=i+1

Lemma 2(Shao(2000)). Let {¢;|]1 < i < n} be a sequence of NA random
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variables with Fe; = 0 and Elg;|P < oo for some 1 < p < 2. There exists
constant C, > 0 such that

k k
|P |P
Fps 2 sl <G Bel
1= =

Lemma 3(Li(2006)). Let {g;] — 00 < i < oo} be a sequence of random

variables with Ee; = 0 and Fei? = 02, and let X, = Z aivk i, k> 1,

1=—00
0o

where {a;| — 00 < i < oo} is a sequence of real numbers with Z la;| < oo.

i=—00

Then \75 5 N(0,1), where S, —ZXk, T=0 Z a;.

1=—00

Proof of Theorem 1.1

Let a(e) = 522, Theorem 1.1 will be proved via three propositions.

Proposition 3.1. For any 1 < p < r < 2, we have

(r—p) (r—p)
lime =7 Y i 2E(|N| —ens™ %):—wa—i
e\0 r—

n>1

Proof. Let y = ex»”2 Then

2(r—p) __2 1
lime™2=»" nr “E(|N —epye
g 5 S 0 BN )
2(r—p) o [
= lime z» nr ., P(IN| > t)dt
SN0 n>1 np 2
20-p) [ pE2
= lime 2> ., P(IN| > t)dt dz
e\0 1 2P 2
2 (r—p) *
= 2 im y22fpp 2/ P(IN| > t)dt dy Dby letting y = ex xr
2 —p N0 J, y
20y OOP(!N! > ¢) /t Ny dt
= —— lim —p
2 —Pp N0, N 5 Y Y
2 2 — 0 2(—p)
_ P P i [ =0 P(IN| > t)dt
2—p Q(T _p) N0 Je
(r—p)
- L BN
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Proposition 3.2. Forany 1 <p <r <2 and M > 1, we have

lime = 3 nE2|(E|S,| - end) — E(IN| - ens 1) = 0.

N0 n<a(e)M
(r—p) r
Proof. <57 3" ni ?(E(|S, |~ ent) ~ B(N| - ent )
e\.0
n<a(e)M
. 2(r—p)
= lime 2z» nr~ ‘/ (1Sl >5np + z)dx
e\0
n<a(5
[T PNz i
’ 1
np
2(r—p)
< lime 2-» |/ |S|>€np—i—x)d
e\.0

n<a(5

l\.’)\»—‘

—l—/ (\S\>€np + x)dzx| — ]/ \N\>5np 2+x)d

1
P

+/ P(IN| > eny 7 + z)dx|

! 1.1
2(r—p) 9 np 2 .
< lime 2 i |/ Z€n5_5 + )
e\.0 n<a(6
N RV
— P(IN| > en» "2 + z)|da.
(r—p) r
— lime = Z ne 2(I; + I).
N0 n<a(e)M
Note that

A, = sup|P(|S,| > zn?) — P(|N| > z),

then A,, — 0 as n — oo, from a well-known corollary of C'LT.
For p > 1, we estimate I;.

1
ny S, 11 11
I, = / \P(| |>5nzl) é+:zc) P(]N]zan; é+:zc)\alyc
0

_1 | S
2 su P(— >zx)— P(|N| >«
Sup [P > ) = P(IN| > )

11
nr 2A, — 0 as n — oo.

IA
N
)

IN

269
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So we get
(r—p) r
lim522—z’p n5_2_71
e\0
n<a(e)M
. 2(r—p) r_9
S P
n<la(e)M]
(r—p) T T T
= lime 7 [a(e)M]» a(e)M]' "> Z ne I
e\0
n<la(e)M]
(T‘—) — T T T
— lime [5%]\/[]571[@(5)M]175 ne 21
e\0
n<la(e)M]
. T_1 -7 T2
< ll\{r&Mp [a(e)M] "> Z nr "I
n<la(e)M]
= 0.

Now, we estimate I5.
By Lemma 3, note that for 1 < a < 2, E|%|a < 00, and by Markov’s

1 1
inequality, for x > n»~ 2,

> S| 11 11
L - / P2 > b 42y~ PN| > end b 4 2)|da

< cn —0 as n—oo, for 1<a<2, 1<p<r<2.
So, we get
(r—p) r
lim 522—; ne 21,
SN0 n<a(e)M
(r—p) T T T
- 1irr(1)€22—zf la(e) M7 ale) M]' i 21,
. n<a(e)M
< lim My Ya(e) M) > nr 21,
) n<la(e)M]
= 0.
. 2(r—p) T_
T‘hU_S7 ll\r%é 2-p Z ne 2(]1 +IQ) = 0.
n<a(e)M

Proposition 3. For any 1 < p < r < 2 and M > 1, uniformly with respect
to € > 0, we have

(r—p) r
]\}im lir%sup 522—pp nE_QE((|Sn| - 671%) — E(|N| - 571%_%)) =0.
—ooeN n>a(e)M
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Proof. It suffices to show that

(r—p) r
Tim e vy n» 2E(|N|—enr~2) = 0 (3.1)
o n>a(e)M
and
2(r—p) 772 o
A}{ﬂ@l{%sups 2-p Z nr “E(|S, |—5np) =0. (3.2)
n>a(e)M
2(r—p)
First, we estimate that hm = Z n» 2E(|N]| —enp 2) = 0.
n>a(e) M
. 2(7'__17) __2 1
Jin S5 S RN - e
n>a(e)M
(r=p) r
< C lim e / xr *P(IN| > 5$%_%)dx
M—oo0 a(e)M

2p

2 (5-2)
T t 2 2 1
< o S ()T ez 02 0
clae)M) 57 2-p

M —o0 g g

e
by letting t = T

- -2 i 5PN 2 t)dt — 0

as uniformly in 0 < ¢ < 1. Thus (3.1) is now proved.
Note that a,; = a,;t—a,;~, where a,; 7 = max(ay;, 0) and a,;~ = max(—ay;, 0).
Secondly, it suffices to show that for every ¢ > 0,

2(r—p) T_
Nl{linooll{nsups 2=p Z nr 2E(| Z |lani t el —5n1)) = (3.3)
n>a(e)M 1=—00
and
2(r—p) r_9 .
Nl{linooll{r(l)sups 2-p Z nr “E(| Z i~ &4 5np) =0. (3.4)
n>a(e)M 1=—00

We prove only (3.3), the proof of (3.4) is analogous.
Consider the decomposition

e = ani el (|anTei| < @) + xl(anTe; > ) — al(anTe; < —x).
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Then

o0
2(r—p) r_o9
A}Enooilinsupe 2=p Z nr /l P(] Z an; €] > x)dx

’ti

n>a(e)M 1=—00
2(r—p) __2
< 2—
< gl S [0S
n>a(6 1=—00
2(r—p) __2
+ A}linooilinsupe 7=p Z /n% (Z lani e > x)dx
n>a(e)M 1=—00
2(r—p) ro [ =
— P ] -
A}Enooll\r—%supe =P Z nr [/En% P(] Z ;] > 2)dx
n>a(e) M 1=—00
00 [e.e]
+ / L P( Z lan; ;| > x)dz]
en’p 1=—00

==. [1 -+ IQ.

Next, we observe that

n n o0 n
E Xi = E E Qf+i€i, St Qp; = E foti -
k=1 k=1

k=1 i=—o00
Then
ZXk > o
i=—00

From Lemma 1, we can assume, without loss of generality, that

(o]

Z anim <n, n>1and a,;" <1

1=—00

According to Markov’s inequality and Lemma 2, we have

r_ > ’ Xz
L= wit [LP1 Y > o

P

n>a s)M 1=—00
00
< /l 2N Eleidr
n>a(6 P 1=—00
= / 1 E|ani+€i|2j(|ani5i| > 1)
n>a(6 P i=—00

+ Z (|laniTes| > x))dx

1=—00

= I3+I4
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Set I; = {i € N|(j+1)7 <lan|<j7}, j=1,2- Then | JL; = N, it
j>1
is easy to verify from Lemma 1 that

k
S Ly < Cnlk +1)5. (3.5)
j=1
For I3, using (3.5), we have

I; < C Z __2/1 722]3’E’51‘ I(‘€1’>l”’)

n>a 6 1=—00

'U

< C Y n%*/ lx*QZ(#znj)ﬁ > Ela Ik < el < k+1)da

n>a(e)M =1 k>jap
o o [2]
<03 b e 3 S LT BRIk < [P < k1)
n>a(e)M enP k=[zP] j=1
. o (5]
< c i~ /lﬂ SO S G Eler P < a1l < i+ 1)da
n>a(e)M enP k=[zP] j=1

+ 1) Ele Ik < |e1|P < k+ 1)da

IA
Q
(]
3

|
T

=
|
(]
i
| o

1
n>a(e)M n k=[zP]
oo . oo k
< o[y et S i < 1P < b 1oy
a(s)M enP ]CZ[IP] xp

< C yil/ 3 kv ElePI(k < |ey|? < k + 1)dady

IN

Ce’"/ / -3 Z k» E]al\ I(k <|e1]P < k+ 1)dxdy

e(a(e)M k=[zP]

'tﬂ'—‘

by letting t = 5y%

—r r—1 -3
< Ce /8 ;(/QiMpt dt) ZkE]al\ Ik <|e|f < k+1)dx

2— k= [mp]
. (kt1)P
< cer Y MBI < \51]p<k+1)/_p e,
2 52*_PM5

k=[e 7P M]
1 r—=2
< Ce Y REl Ik < gl <k+D)(E+1)T

_p2
k=[e2-P M]
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r—2

< G Y WEEPIk< 8P <k+ 1) 25 M

2
—_p=
k=[e2-r M]

< CefrJr

p(T 2)

M E|51| I(Jeq] > ez pM ?)

By Ele1|? < oo, it follows that, for 1 < p < r < 2, we have

lim lime 55" I3 <C hm MF =0 (3.6)
M—o0 e\ 0

For I, we have

I, = __2/ ) P(laniTei| > z)dz

D .
n>a(e)M 1=—00

C Z / ZZ*_OO am i dx

n>a(e)M

SCZ——111

n>a(e)M

= C Y e'w! 5
n>a(e)M
< Ce_l(a(e)]\/[ﬁ*%

—2r4p

= Cg2pMp

IN

Since 1 < p < r < 2, we can conclude that % < 0 and % > 0. Thus we
have
2(r—p)

lim limsupe 2> Iy
M—o0 e\ 0

—1

< lim limsupe®» M7
M—00e\,0

= 0. (3.7)

Therefore combining (3.6) and (3.7), (3.2) is now proved.
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