
Applied Mathematical Sciences, Vol. 2, 2008, no. 58, 2891 - 2901

On Polygonal Domains with Trigonometric

Eigenfunctions of the Laplacian under

Dirichlet or Neumann Boundary Conditions

Brian J. McCartin

Applied Mathematics, Kettering University
1700 West University Avenue, Flint, MI 48504-4898, USA

bmccarti@kettering.edu

Abstract

A classification of all polygonal domains possessing a complete set of
trigonometric eigenfunctions of the Laplacian under either Dirichlet or
Neumann boundary conditions is developed. Polygonal domains which
possess a partial set of trigonometric eigenfunctions are also completely
characterized. Consideration is also given to the case of a mixture of
Dirichlet and Neumann boundary conditions.
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1 Introduction

The Dirichlet/Neumann eigenvalue problems are defined, respectively, by

Δu(x, y)+k2u(x, y) = 0, (x, y) ∈ D; u(x, y) /
∂u

∂ν
(x, y) = 0, (x, y) ∈ ∂D (1)

where Δ is the two-dimensional Laplacian, ∂2

∂x2 + ∂2

∂y2 , D is a planar domain with

outward pointing normal ν, and k2 is an eigenvalue with corresponding eigen-
function u(x, y). The physical contexts in which these eigenvalue problems
arise are many and diverse.

At the outset, we assume that either exclusively Dirichlet or exclusively
Neumann boundary conditions are specified on the periphery of D with no
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mixing of the two allowed. It is known that the eigenfunctions so defined are
all finite trigonometric sums of the form

u(x, y) =
∑

i

Ai sin (λix + μiy + αi)+Bi cos (λix + μiy + βi); λ
2
i +μ2

i = k2 (2)

for the rectangle (including the important special case of the square) [1], the
isosceles right triangle [2], the equilateral triangle [3], and the 30◦ − 60◦ − 90◦

“hemiequilateral” triangle [4, 5] (see Figure 1).

Figure 1: Polygons with All Trigonometric Eigenfunctions

In what follows, it will be proven in an essentially geometric fashion that the
polygons shown in Figure 1 and listed above are in fact the only ones possessing
a complete set of eigenfunctions of the trigonometric form of Equation (2).
Those polygonal domains which possess a partial set of such trigonometric
eigenfunctions are then completely characterized. Finally, consideration is
given to such trigonometric eigenfunctions for the case of a mixture of Dirichlet
and Neumann boundary conditions.

2 Polygonal Domains with a Complete Set of

Trigonometric Eigenfunctions

Motivated by earlier work in crystallography, Lamé [3] made the following
(unproven) result the cornerstone for his study of heat transfer in right prisms.

Theorem 1 (Lamé’s Fundamental Theorem) Suppose that u(x, y) can be
represented by the finite trigonometric series given by Equation (2), then

1. u(x, y) is antisymmetric about any (“nodal”) line along which it vanishes.

2. u(x, y) is symmetric about any (“antinodal”) line along which its normal
derivative, ∂u

∂ν
, vanishes.

Proof: See [4, p. 269]. �
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The Fundamental Theorem has the following immediate consequences.

Corollary 1 With u(x, y) as defined by Equation (2),

1. If u = 0 along the boundary of a polygon D then u = 0 along the bound-
aries of the family of congruent and symmetrically placed polygons ob-
tained by reflection about its sides.

2. If ∂u
∂ν

= 0 along the boundary of a polygon D then ∂u
∂ν

= 0 along the
boundaries of the likewise defined family of polygons.

Proof:

1. For the Dirichlet problem, use Part 1 of Theorem 1 to reflect antisym-
metrically about any side of D.

2. For the Neumann problem, use Part 2 of Theorem 1 to reflect symmet-
rically about any side of D. �

This corollary has far-reaching implications for determining those polygonal
domains possessing trigonometric eigenfunctions of the form of Equation (2).

Corollary 2 With nonconstant u(x, y) defined by Equation (2), if u / ∂u
∂ν

= 0
along the boundary of a polygon D′ but u / ∂u

∂ν
does not vanish along any line

segment lying in the interior of the polygon, then D′ must be one of the eight
prototiles admitting the monohedral tilings [6, p. 20] of the plane displayed in
Figure 2. Moreover, if u / ∂u

∂ν
= 0 along the boundary of a polygon D, then D

must be composed of a patch [6, p. 19] of these tiles.

Proof: We will prove this for the case of the Dirichlet boundary condition.
The proof for the case of the Neumann boundary condition may be obtained
by simply replacing antisymmetric reflection by symmetric reflection and nodal
line by antinodal line.

Repeated antisymmetric reflections (Corollary 1) about the sides of D′ tile
the entire plane. This requires that D′ be convex since otherwise reflection
about one of the sides forming an obtuse angle would produce an overlap and
ipso facto an interior line segment along which u would vanish.

By definition, the resulting tiling of the plane with prototile D′ must be
isohedral [6, p. 31]. There are precisely 107 types of such convex tilings [6, p.
474] and they have been tabulated and displayed in [6, p. 475-478]. Of these,
the 8 tilings displayed in Figure 2 are the only ones displaying the requisite
reflectional symmetries about the sides of the prototile. Since a domain may
have only finitely many nodal lines [2], any polygon D along whose boundary
u vanishes may be dissected into reflections of some such D′. �
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Figure 2: Isohedral Tilings Generated by Repeated Reflection [6]
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The difficulty with Lamé’s Fundamental Theorem and its corollaries is
that they supply necessary but not sufficient conditions for a complete set of
trigonometric eigenfunctions. For example, it is known that the eigenfunctions
of the regular hexagon (P6 − 13) are not all trigonometric [7]. In order to
completely characterize those polygonal domains possessing a complete set of
trigonometric eigenfunctions, we make the following fundamental observations.

Figure 3: Line of Antisymmetry/Symmetry

Lemma 1 Suppose that u(x, y) can be represented by the finite trigonometric
series given by Equation (2), then

1. If u(x, y) vanishes along a line segment L′ then it vanishes along the
entire line L containing L′.

2. If ∂u
∂ν

(x, y) vanishes along a line segment L′ then it vanishes along the
entire line L containing L′.

Proof:

1. If u vanishes along L′ ⊂ L then we may transform, via a translation
and a rotation by an angle π/2 − θ, to an orthogonal coordinate system
(x′, y′) where L corresponds to x′ = 0 (see Figure 3). In these trans-
formed coordinates, Equation (2) may be rewritten (using trigonometric
identities) as

u(x′, y′) =
∑

i

vi(y
′) sin (λ′

ix
′) +

∑

i

wi(y
′) cos (λ′

ix
′), (3)

where λ′
i = λi sin θ − μi cos θ, μ′

i = λi cos θ + μi sin θ, vi(y
′) = Ci ·

cos (μ′
iy

′ + φi), wi(y
′) = Ci · sin (μ′

iy
′ + φi), for appropriate amplitudes

Ci and phase angles φi. Observe that (λ′
i)

2 + (μ′
i)

2 = k2. Applying now
the condition u = 0 along x′ = 0, ε1 ≤ y′ ≤ ε2 yields

∑
i wi(y

′) = 0 which
is possible only if those wi(y

′) �= 0 cancel in groups comprised of terms
whose corresponding μ′

i all have the same absolute value. Within such
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a group (say i ∈ I), the λ′
i must also have the same absolute value (say

λ′). Thus the corresponding terms of the second series of Equation (3)
may be collected together as

∑

i∈I

wi(y
′) cos (λ′

ix
′) = cos (λ′x′)

∑

i∈I

wi(y
′) = 0. (4)

This effectively eliminates the second series of Equation (3) leaving us
with only

u(x′, y′) =
∑

i

vi(y
′) sin (λ′

ix
′). (5)

Clearly, u vanishes for x′ = 0, i.e. along the entire line L.

2. In an entirely analogous fashion, if instead we apply ∂u
∂ν

= 0 along
x′ = 0, ε1 ≤ y′ ≤ ε2 then it is the first series of Equation (3) which
is eliminated, leaving only

u(x′, y′) =
∑

i

wi(y
′) cos (λ′

ix
′). (6)

Clearly, ∂u
∂ν

vanishes for x′ = 0, i.e. along the entire line L. �

This lemma may now be combined with Corollary 2 in order to provide the
sought-after characterization of those polygonal domains possessing a complete
set of trigonometric eigenfunctions.

Theorem 2 (Classification Theorem) The only polygonal domains possess-
ing a complete set of trigonometric eigenfunctions of the form of Equation (2)
are those shown in Figure 1: the rectangle, the square, the isosceles right tri-
angle, the equilateral triangle and the hemiequilateral triangle.

Proof: We will prove this for the case of the Dirichlet boundary condition.
The proof for the case of the Neumann boundary condition may likewise be
obtained by simply replacing nodal line by antinodal line.

By Corollary 2, if u(x, y) as defined by Equation (2) vanishes on the bound-
ary of a polygon D′ but has no nodal lines in its interior, then D′ must be one
of the prototiles displayed in Figure 2. Furthermore, by Lemma 1, u(x, y)
must vanish along the extensions of the sides of D′. Thus, D′ cannot be the
60◦ − 90◦ − 120◦ kite (P4 − 41), the 60◦ − 120◦ “regular” rhombus (P4 − 42)
or the regular hexagon (P6 − 13). As previously pointed out, complete sets of
trigonometric eigenfunctions of the form of Equation (2) for the five remaining
prototiles are available in the literature. �

Of course, the square is a special case of the rectangle but due to its addi-
tional symmetry we choose to list it separately. Also, observe that the eigen-
functions of the isosceles right/hemiequilateral triangle correspond to a subset
of the eigenfunctions of the square/equilateral triangle, respectively.
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3 Polygonal Domains with a Partial Set of

Trigonometric Eigenfunctions

The Classification Theorem may be refined to produce a complete character-
ization of those polygonal domains possessing a partial set of trigonometric
eigenfunctions of the form of Equation (2).

Theorem 3 (Extended Classification Theorem) The only polygonal do-
mains possessing a partial set of nonconstant trigonometric eigenfunctions of
the form of Equation (2) are comprised of a patch of the monohedral tilings
of the plane whose prototiles are those polygons shown in Figure 1: the rect-
angle, the square, the isosceles right triangle, the equilateral triangle and the
hemiequilateral triangle.

Proof: We prove this for the case of the Dirichlet boundary condition. The
proof for the case of the Neumann boundary condition may likewise be ob-
tained. The extension of the sides of the prototile of the 60◦ − 90◦ − 120◦

kite (P4 − 41) produces the hemiequilateral triangle tiling (P3 − 8) while the
extension of the sides of the prototiles of the 60◦ − 120◦ “regular” rhombus
(P4 − 42) or the regular hexagon (P6 − 13) produces the equilateral triangle
tiling (P3−14). Thus, by Corollary 2, if nonconstant u = 0 along the boundary
of a polygon D and satisfies Equation (2), then D must composed of a patch
of one of the five tilings of the plane by the prototiles appearing in Figure 1.�

Figure 4: Equilateral Triangular Lattices

We next look at some examples of polygonal domains possessing a par-
tial set of trigonometric eigenfunctions formed from patches of the equilat-
eral triangular tiling, P3 − 14 (see Figure 4). In this and subsequent figures,
solid/dashed lines signify nodal/antinodal lines, respectively, while signs of
unlike/like parity denote antisymmetric/symmetric reflection.
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Figure 5: Trigonometric Modes of Regular Rhombus

Figure 6: Non-Trigonometric Modes of Regular Rhombus

Any mode (i.e. eigenfunction) of the regular rhombus may be decomposed
into the sum of a mode symmetric and a mode antisymmetric about the shorter
diagonal. As shown in Figure 5 and first observed by F. Pockels [2], the an-
tisymmetric/symmetric Dirichlet/Neumann modes may all be constructed by
antisymmetric/symmetric reflection of the corresponding modes of the equi-
lateral triangle. However, as shown by Figure 6, the symmetric/antisymmetric
Dirichlet/Neumann modes cannot be so constructed by such reflections since
this always leads to sign conflicts such as those circled (the same/different sign
appearing in symmetrical positions about a Dirichlet/Neumann line and hence
positions of antisymmetry/symmetry).

A similar situation obtains for a regular hexagon which, of course, can be
decomposed into six equilateral triangles. As shown in Figure 7 and first ob-
served by F. Pockels [2], any fully antisymmetric/symmetric Dirichlet/Neumann
mode (i.e. one where all of the edges of the component equilateral triangles are
nodal/antinodal lines) can be constructed by antisymmetric/symmetric reflec-
tion of the modes of the equilateral triangle. Yet, as shown in Figure 8, any
fully symmetric/antisymmetric Dirichlet/Neumann mode, which is composed
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Figure 7: Trigonometric Modes of Regular Hexagon

Figure 8: Non-Trigonometric Modes of Regular Hexagon

of symmetric/antisymmetric reflections about the interior triangle edges (i.e.
the diagonals of the hexagon), cannot be so constructed due to the inevitable
sign conflicts shown circled.

A closer inspection of Figures 6 and 8 reveals the following [4, 5]:

• Eigenfunctions of the equilateral triangle with two Dirichlet boundary
conditions and one Neumann boundary condition are not trigonometric.

• Eigenfunctions of the equilateral triangle with two Neumann boundary
conditions and one Dirichlet boundary condition are not trigonometric.

We next extend our classification of polygonal domains with trigonometric
eigenfunctions to such mixed Dirichlet/Neumann boundary conditions.
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Figure 9: Mixed BC Hemiequilateral Triangles: Trigonometric Eigenfunctions

4 Polygons with Trigonometric Eigenfunctions

under Mixed Boundary Conditions

Now consider the case of a mixture of Dirichlet and Neumann boundary con-
ditions (BCs) on a polygonal domain with the restriction that each edge of
the boundary be of a single type. In that event, the Classification Theorem
becomes:

Theorem 4 (Mixed BC Classification Theorem) The only polygonal do-
mains possessing a complete set of trigonometric eigenfunctions of the form of
Equation (2) under a mixture of Dirichlet and Neumann BCs are:

• the rectangle (square) under any combination of BCs,

• the isosceles right triangle under any combination of BCs,

• the hemiequilateral triangle under the BCs displayed in Figure 9 [8].

The only polygonal domains possessing a partial set of such nonconstant trigono-
metric eigenfunctions are composed of a patch of the monohedral tilings of the
plane with precisely these prototiles.

Proof: As previously noted, the equilateral triangle does not possess trigono-
metric eigenfunctions under such a mixture of boundary conditions. Similar
pictorial constructions reveal that combinations of boundary conditions other
than those shown in Figure 9 for the hemiequilateral triangle lead to inevitable
sign conflicts and consequently must likewise be excluded. The remaining cases
listed above lead to tilings of the entire plane by appropriate reflections without
sign conflict and thus possess trigonometric eigenfunctions. �

Observe that such trigonometric eigenfunctions for the rectangle (square)
are products of their well-known one-dimensional counterparts while those for
the isosceles right/hemiequilateral triangle are the restriction of eigenfunctions
of the square/equilateral triangle, respectively.
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5 Conclusion

In the foregoing, an exhaustive classification of those polygonal domains pos-
sessing either a complete or a partial set of trigonometric eigenfunctions has
been provided. These results were then extended to the case of a mixture of
Dirichlet and Neumann boundary conditions.
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