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Abstract

This paper applies variational iteration method (VIM) and Ado-
mian decomposition method (ADM) for finding analytical approxima-
tion traveling wave solutions to the Kawahara and modified Kawahara
equations. We obtain the exact traveling wave solutions to the Kawa-
hara and modified Kawahara equations by using ADM. To illustrate
the simplicity and reliability of the methods, two examples are pro-
vided. The results obtained by VIM are compared with those of ADM,
and then the capability of each method is also discussed.
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1 Introduction

Variational iteration method, which was proposed originally by the Chi-
nese mathematician He [1], has been used by many authors [2-4] as a powerful
mathematical tool for various kinds of nonlinear problems. The reliability of
the method and the reduction in the size of computational domain gave this
method a wider applicability. Unlike Adomian decomposition method, where
specific algorithms are usually used to determine the Adomian polynomials,
VIM handles linear and nonlinear problems in a similar manner without any
additional requirement or restriction. This method does not depend on small
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parameters, such that it can find wide application in nonlinear problems with-
out linearization or small perturbations.

In this paper, we present VIM and ADM to obtain the solutions to the
Kawahara and modified Kawahara equations. We consider the Kawahara equa-
tion of the following form [5]:

ut + uux + uxxx − uxxxxx = 0, (1)

with the initial condition

u(x, 0) = f(x), x ∈ R. (2)

Eq.(1) occurs in the theory of magneto-acoustic waves in plasmas [6] and in
the theory of shallow water waves with surface tension [7].

Next we consider the modified Kawahara equation

ut + ux + u2ux + puxxx + quxxxxx = 0, (3)

where p and q are nonzero real constants [5]. This equation arises in the theory
of shallow water waves [6] and its exact solution was obtained by using the
tanh-function method in [7]. The solution of the equation was also obtained a
direct algebraic method [5]. We solve Eq.(3) subjected to the initial condition

u(x, 0) = f(x), x ∈ R. (4)

2 Variational iteration method (VIM)

Consider the following functional equation,

Lu + Nu = g(x, t), (5)

where L is a linear operator, N is a nonlinear operator and g(x, t) is a known
analytical function. According to variational iteration method, we can con-
struct a correction functional as follows:

un+1(x, t) = un(x, t) +

∫ t

0

λ(τ)(Lun(x, τ) + Nũn(x, τ) − g(x, τ))dτ, (6)

where λ is a general lagrange multiplier [8], which can be identified opti-
mally via variational theory, and ũn is considered as a restricted variation,
i.e. δũn = 0. In this method, we first determine the lagrange multiplier λ that
will be identified optimally via integration by parts. The successive approx-
imations un+1, n ≥ 0, of the solution u will be readily obtained upon using
the determined lagrange multiplier and by using the initial approximation u0.
Consequently, the solution is given by

u(x, t) = lim
n→∞

un(x, t). (7)
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3 Adomian decomposition method (ADM)

According to the analysis of Adomian decomposition method, Eqs.(1) and
(3) can be re-written in an operator form as the following:

Lu + Ru + Nu = 0, u(x, 0) = f(x), (8)

where L = ∂
∂t

is an invertible linear operator, R is the reminder of the linear
operators and N represents the nonlinear operator. Adomian decomposition
method [9,10] assumes that the solution u(x, t) as the summation of a series
in the form

u(x, t) =

∞∑
n=0

un(x, t). (9)

The nonlinear term Nu can be decomposed into an infinite series of polyno-
mials given by

Nu =

∞∑
n=0

An(u0, u1, . . . , un), (10)

where the components un(x, t) are usually determined recurrently and An(u0, u1,
. . . , un) are called Adomian polynomials that are defined by

An =
1

n!
[
dn

dλn
N(

∞∑
i=0

λiui)]λ=0, n = 0, 1, 2, . . . . (11)

The Adomian polynomials can be calculated for all forms of nonlinearity
according to algorithms set by Adomian [9]. There are also the other different
methods to calculate Adomian polynomials (for example, see [11] and the
references therein).

The inverse operator L−1 is an integral operator given by L−1(·) =
∫ t

0
(·)dt.

Applying L−1 on Eq.(8) and using the initial condition we have

u(x, t) = u(x, 0) − L−1(Ru + Nu). (12)

Substituting Eqs.(9) and (10) into (12) gives

∞∑
n=0

un(x, t) = u(x, 0) − L−1[R(
∞∑

n=0

un) +
∞∑

n=0

An(u0, u1, . . . , un)]. (13)

From (13) we define:

u0(x, t) = u(x, 0), (14)

un+1(x, t) = −L−1(Run + An) n = 0, 1, 2, . . . . (15)
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4 Applications

In this section, we apply VIM and ADM to obtain the traveling wave
solutions to the Kawahara and modified Kawahara equations.

4.1 The Kawahara equation

Consider Eq.(1) which has the traveling wave solution, and let the initial
condition in (2) be given by

u(x, 0) = − 72

169
+

105

169
sech4(kx), k =

1

2
√

13
. (16)

VIM: According to VIM for Eq.(1), we derive a correct functional as follows:

un+1(x, t) = un(x, t) +

∫ t

0

λ(τ)(unt + ũnunx + ũnxxx − ũnxxxxx)dτ. (17)

Making the above correction functional stationary, we have

δun+1(x, t) = δun(x, t) + δ

∫ t

0

λ(τ)(
∂un(x, τ)

∂τ
)dτ, (18)

so, we have

δun+1(x, t) = δun(x, t) + δλ(τ)un(x, τ)|τ=t −
∫ t

0

δλ′(τ)un(x, τ)dτ = 0. (19)

This yields the following stationary conditions

λ′(τ) = 0, 1 + λ(τ) = 0|τ=t, (20)

which gives

λ = −1. (21)

Substituting (21) into the correction functional equation (17) gives the follow-
ing iterative formula:

un+1(x, t) = un(x, t) −
∫ t

0

(unt + ununx + unxxx − unxxxxx)dτ. (22)

Selecting u0(x, t) = − 72
169

+ 105
169

sech4(kx) as an initial approximation into
Eq.(22), we can obtain the following components:

u1(x, t) =
−3

371293
(52728 cosh5(kx) − 76895 cosh(kx)
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+2520 sinh(kx)
√

13t)sech5(kx),

u2(x, t) =
−3

137858491849
(−199311840 cosh7(kx)t2 + 935658360 sinh(kx)

√
13t cosh6(kx) + 19577537304cosh11(kx) + 15876000 sinh(kx)

√
13t3

−12700800 sinh(kx)
√

13t3cosh2(kx) + 249139800cosh5(kx)t2

−28550575235cosh7(kx))sech11(kx),

and so on; in this manner the rest of components of the iteration formula (22)
can be obtained by using Maple Package.

ADM: Applying Eqs.(14) and (15), we obtain the following components:

u0(x, t) = − 72

169
+

105

169
sech4(kx),

u1(x, t) = −7560 ×√
13t

371293
tanh(kx)sech4(kx),

u2(x, t) =
68040t2

62748517
sech6(kx)[4cosh2(kx) − 5],

...

Thus:

u(x, t) = − 72

169
+

105

169
sech4(kx) − 7560 ×√

13t

371293
tanh(kx)sech4(kx)

+
68040t2

62748517
sech6(kx)[4cosh2(kx) − 5] + . . . .

Consequently, using Taylor series, we find the closed form of above solution
as follows:

u(x, t) = − 72

169
+

105

169
sech4[k(x + ct)], (23)

where k = 1
2
√

13
and c = 36

169
[5].

4.2 The modified Kawahara equation

We consider Eq.(3) which has the traveling wave solution with the following
initial condition:

u(x, 0) =
3p√−10q

sech2(kx), k =
1

2

√
− p

5q
. (24)
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VIM: The correction functional for Eq.(3) can be expressed as follows:

un+1(x, t) = un(x, t) +

∫ t

0

λ(τ)(unt + ũnx + ũ2
nunx + pũnxxx + qũnxxxxx)dτ.

(25)

Similar to before, the stationary conditions give λ = −1. Therefore, we have
the following iteration formula:

un+1(x, t) = un(x, t) −
∫ t

0

(unt + unx + u2
nunx + punxxx + qunxxxxx)dτ. (26)

Substituting u0(x, t) = 3p√−10q
sech2(kx) as an initial approximation into

Eq.(26) we have:

u1(x, t) =
3

250
(p
√

2(−25 sinh(kx)(−p/q)(1/2)tq + 4p2 sinh(kx)(−p/q)(1/2)t

−25
√

5q cosh(kx)))/ cosh3(kx)(−q)(3/2),

u2(x, t) =
3

312500000
(p
√

2(31250000q6
√

5 cosh8(kx)+1728p10t4
√

5+1152p10t4

√
5 cosh4(kx) − 2880p10t4

√
5 cosh2(kx) − 32400p8t4q

√
5 − 421875p4t4q3

√
5

+202500p6t4q2
√

5−192000p7t3q2 sinh(kx)(−p/q)(1/2) cosh(kx)+5625000p3t3q4

sinh(kx)(−p/q)(1/2) cosh3(kx) + 144000p7t3q2 sinh(kx)(−p/q)(1/2) cosh3(kx)

−1800000p5t3q3 sinh(kx)(−p/q)(1/2) cosh3(kx) − 7500000p3t3q4

sinh(kx)(−p/q)(1/2) cosh(kx) + 2400000p5t3q3 sinh(kx)(−p/q)(1/2) cosh(kx)

−5000000p2tq5 sinh(kx)(−p/q)(1/2) cosh7(kx) + 120000p5t2q3
√

5 cosh6(kx)

+1000000p3t2q4
√

5 cosh8(kx) − 3125000pt2q5
√

5 cosh8(kx) − 281250p4t4q3

√
5 cosh4(kx) − 337500p6t4q2

√
5 cosh2(kx) − 1500000p3t2q4

√
5 cosh6(kx)

+4687500pt2q5
√

5 cosh6(kx) + 31250000tq6 sinh(kx)(−p/q)(1/2) cosh7(kx)

+135000p6t4q2
√

5 cosh4(kx) + 703125p4t4q3
√

5 cosh2(kx) − 80000p5t2q3
√

5

cosh8(kx) + 54000p8t4q
√

5 cosh2(kx) − 21600p8t4q
√

5 cosh4(kx)))

/ cosh10(kx)(−q)(13/2),

...

The other components of the iteration formula (26) can be obtained by using
Maple Package.
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ADM: Applying Eqs.(14) and (15), we will have:

u0(x, t) =
3p√−10q

sech2(kx),

u1(x, t) =
3 ×√

2p

250

√
−p

q
(4p2 − 25q)t

sinh(kx)

(−q)(3/2) cosh3(kx)
,

u2(x, t) =
3

125000(−q)7/2 cosh4(kx)
(
√

10p2(1250q2 cosh2(kx) − 1875q2

+32p4 cosh2(kx) − 400p2q cosh2(kx) + 600p2q − 48p4)t2),

...

Therefore:

u(x, t) =
3p√−10q

sech2(kx) +
3 ×√

2p

250

√
−p

q
(4p2 − 25q)t

sinh(kx)

(−q)(3/2) cosh3(kx)

+
3

125000(−q)7/2 cosh4(kx)
(
√

10p2(1250q2 cosh2(kx) − 1875q2 + 32p4 cosh2(kx)

−400p2q cosh2(kx) + 600p2q − 48p4)t2) + . . . .

Using Taylor series, the closed form of above solution is in the form below:

u(x, t) =
3p√−10q

sech2[k(x − ct)], (27)

where k = 1
2

√
− p

5q
, c = 25q−4p2

25q
, p > 0 and q < 0 [5].

5 Conclusion

In this article, Variational iteration and Adomian decomposition methods
have been employed to find the analytical approximation traveling wave so-
lutions to the Kawahara and modified Kawahara equations with the initial
condition. It is apparently seen that in this case VIM obtains series solutions
not exactly like ADM. The illustrations show that ADM unlike VIM provides
closed form of the solutions. VIM has the repeated calculations and the un-
settled terms. Because unsettled terms in VIM will deteriorate solution, series
solution obtained by ADM more accurate than that by VIM. Also in VIM,
the repeated calculations and the unsettled terms lead to use large computer
memory and time if compared with ADM. The computations associated with
the examples in this article were performed using Maple 10.
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