
Applied Mathematical Sciences, Vol. 2, 2008, no. 47, 2341 - 2348

Permanence and Extinction of an Impulsive

Single-Species Model with Hereditary Effect1

Ronghua Tan, Zhijun Liu 2 and Yiping Chen

Department of Mathematics

Hubei Institute for Nationalities

Enshi, Hubei 445000, P.R. China

Abstract

In this paper we establish an impulsive single-species model with
hereditary effect. Easily verifiable criteria for permanence and extinc-
tion of system are derived, respectively. A brief discussion is also given.

Keywords: Single-species model; permanence; extinction; delay; pulse

1. Introduction

In recent twenty years impulsive different equations have stimulated the inter-

est of many researchers since they provide a natural description of several real

processes subject to certain perturbation whose duration is negligible in com-

parison with the duration of the process. Such processes are found in almost

every domain of applied sciences. Numerous examples are given in [1,14]. Es-

pecially, some impulsive equations have been recently introduced in population

dynamics in related to: chemotherapeutic treatment of disease [2], vaccination

[3,4], population ecology [5,6,8], and integrated pest management [7], etc.
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tor Foundation of Hubei Institute for Nationalities.
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In this paper, with the idea of impulsive perturbations we consider the

following impulsive single-species model with hereditary effect⎧⎨
⎩

y′(t) = y(t)
[
r(t) − a(t)y(t)− b(t)y(t − τ (t))

] }
, t �= tk,

y(t+k ) = (1 + βk)y(tk)
}

, t = tk, k ∈ N .
(1.1)

with

y(t) = φ(t), for − τ ≤ t ≤ 0, φ ∈ L([−τ, 0], [0,∞)), φ(0) > 0, (1.2)

where N is the set of positive integers. L([−τ, 0], [0,∞)) denotes the set of

Lebesgue measurable functions on [−τ, 0], τ = maxt∈[0,ω]{τ (t)}. The delay

τ (t) ∈ ([0,∞), [0,∞)), the intrinsic growth rate r(t) ∈ ((−∞,∞), [0,∞)), the

undelay competing rate a(t) ∈ ([0,∞), (0,∞)) and the delay competing rate

b(t) ∈ ([0,∞), [0,∞)) are locally summable ω-periodic functions. Clearly, the

first equation of system (1.1) involves a negative feedback term [−b(t)y(t −
τ (t))] which can be regarded as the passive effect on the growth rate of the

species (see [9,10,11]). The impulsive perturbations βk are constants, and when

βk > 0 the perturbations stand for stocking while βk < 0 imply harvesting.

The main purpose of this paper is to discuss the permanence and extinction

of system (1.1). To do so, we need to introduce the following hypotheses (H1)-

(H3) and two definitions.

(H1) 0 < t1 < t2 < · · · are fixed impulsive points with limk→∞ tk = ∞, k ∈ N ;

(H2) {βk} is a real sequence and βk > −1, k ∈ N ;

(H3) there exists a positive integer q such that tk+q = tk +ω, βk+q = βk, k ∈ N
Definition 1.1. A function y(t) ∈ ([−τ,∞), [0,∞)) is said to be a solution

of Eq.(1.1) on [−τ,∞) if

(1) y(t) is absolutely continuous on each interval [0, t1] and (tk, tk+1] (k ∈ N );

(2) For any tk (k ∈ N ), y(t+k ) and y(t−k ) exist and y(t−k ) = y(tk);

(3) y(t) satisfies (1.1) for almost everywhere (a.e.) in [0,∞)\{tk} and satisfies

y(t+k ) − y(tk) = βky(tk) for t = tk, k ∈ N .

Definition 1.2. A function x(t) is an ω-periodic solution of Eq.(1.1) if it is

a solution of Eq.(1.1) and satisfies y(t + ω) = y(t).

The organization of this paper is as follows. Two lemmas are introduced in

the next section. In Section 3, we establish sufficient conditions for permanence

and extinction of system (1.1), respectively. A brief discussion is given in the

last section.
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2. Two lemmas

In order to discuss the permanence and extinction of system (1.1), we will

introduce two lemmas in this section.

Lemma 2.1 [12,Lemma 4.1]. Consider a single-species model with impulsive

perturbations {
y′(t) = y(t)

[
g(t) − h(t)y(t)

]
, t �= tk, k ∈ N ,

y(t+k ) = (1 + βk)y(tk),
(2.1)

where g(t) and h(t) are all locally summable ω-periodic functions and h(t) > 0

for all t ≥ 0. βk > −1 are constant and there exists a positive integer q such

that tk+q = tk + ω, βk+q = βk. If

q∏
k=1

(1 + βk)e
� ω
0

g(t)dt > 1. (2.2)

Then system (2.1) has a unique positive ω-periodic solution y∗(t, y∗
0) for which

y∗(0, y∗
0) = y∗

0 and y∗(t, y∗
0) > 0, t ≥ 0, and y∗(t, y∗

0) is globally asymptotically

stable in the sense that limt→∞ |y(t, y0) − y∗(t, y∗
0)| = 0, where y(t, y0) is any

solution of system (2.1) with positive initial value y(0, y0) = y0 > 0.

It follows from Lemma 2.2 in Ref.[13] that we have the following Lemma.

Lemma 2.2. Suppose that y(t) is the solution of system (2.1) with initial

value y0 > 0, s(t) satisfies the following inequality

⎧⎪⎨
⎪⎩

s′(t) ≤ s(t)
[
g(t) − h(t)s(t)

]
, t �= tk, k ∈ N ,

s(t+k ) = (1 + βk)s(tk), t = tk,

s(0) ≤ y0

(2.3)

and m(t) satisfies the reversed inequalities in system (2.3). Then

s(t) ≤ y(t) ≤ m(t). (2.4)

Here g(t) and h(t) are defined in Lemma 2.1.

3. Permanence and extinction

In this section, we will establish sufficient conditions for the permanence and

extinction of system (1.1), respectively.
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From Lemma 2.1, it is easy to see that if

q∏
k=1

(1 + βk)e
� ω
0 r(t)dt > 1, (3.1)

then the following system (3.2) has a positive ω-periodic solution y∗(t) which

is globally asymptotically stable.{
y(t) = y(t)

[
r(t) − a(t)y(t)

]
, t �= tk, k ∈ N ,

y(t+k ) = (1 + βk)y(tk), t = tk.
(3.2)

Theorem 3.1. Under the assumptions (H1)-(H3), if the following inequality

q∏
k=1

(1 + βk)e
� ω
0 (r(t)−b(t)y∗(t))dt > 1 (3.3)

holds. Then system (1.1) is permanent, that is, there exist constants δ̂ ≥ η̂ > 0

such that for each solution y(t) of system (1.1), there exists a constant T > 0

such that η̂ ≤ y(t) ≤ δ̂ for t ≥ T . Here y∗(t) is as above.

Proof. From system (1.1), we obtain{
y(t) = y(t+k−1)e

� t
0 [r(s)−a(s)y(s)−b(s)y(s−τ(s))]ds, t ∈ (tk−1, tk],

y(t+k ) = (1 + βk)y(tk), k ∈ N .
(3.4)

It is easy to see that when t ≥ 0, if y(0+) ≥ 0, then we have y(t) ≥ 0, and

further if y(0+) > 0, then y(t) > 0. Suppose that y(t) is a positive solution of

system (1.1) with y(0) > 0. Let us consider the following impulsive system{
m′(t) = m(t)

[
r(t) − a(t)m(t)

]
, t �= tk, k ∈ N ,

m(t+k ) = (1 + βk)m(tk), m(0) = y(0) > 0, t = tk,
(3.5)

and denote its solution by m(t). Note that (3.3) implies that the inequality

in (3.1) holds. So by Lemma 2.1, we have limt→∞(m(t) − y∗(t)) = 0, which

implies that there exists a T1 > 0 such that m(t) ≤ y∗(t) + δ for t ≥ T1, where

δ > 0 is a sufficient small constant. By Lemma 2.2, we have

y(t) ≤ m(t) ≤ y∗(t) + δ for t ≥ T1.

Now, let us consider the impulsive equation{
s′(t) = s(t)

[
r(t) − a(t)s(t) − b(t)(y∗(t) + δ)

]
, t �= tk,

s(t+k ) = (1 + βk)s(tk), t = tk, k ∈ N .
(3.6)
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Since the constant δ > 0 is sufficient small, it follows from the inequality in

(3.3) that we can choose the constant δ such that

q∏
k=1

(1 + βk)e
� ω
0 [r(t)−b(t)(y∗(t)+δ)]dt > 1. (3.7)

From a(t) > 0 and Lemma 2.1, we know that system (3.6) has a unique positive

ω-periodic solution denoted by y∗(t). We denote the solution of (3.6) satisfying

s(T1) = y(T1) by s(t), and continue to choose a positive constant η > 0 such

that η < mint∈[0,ω] y∗(t). By Lemma 2.1, Lemma 2.2, and the asymptotic

property of y∗(t), there exists T2 > T1 such that

y∗(t) − η ≤ s(t) ≤ y(t), for t > T2. (3.8)

Let

η̂ = min
t∈[0,ω]

{y∗(t) − η}, δ̂ = max
t∈[0,ω]

{y∗(t) + δ}. (3.9)

So we get η̂ ≤ y(t) ≤ δ̂ for t > max{T1, T2}. The proof is complete. �

Now, we will discuss the extinction of system (1.1).

Theorem 3.2. Under the assumptions (H1)-(H3), if

q∏
k=1

(1 + βk)e
� ω
0 r(t)dt < 1. (3.10)

Then every solution y(t) of system (1.1) satisfies

lim
t→∞

y(t) = 0, (3.11)

that is, system (1.1) is extinct in the end.

Proof. Consider the impulsive differential equations

⎧⎨
⎩

z(t) = z(t)r(t)
}

, t �= tk,

z(t+k ) = (1 + βk)z(tk)
}

, t = tk, k ∈ N .
(3.12)

Similar to (3.4), we can prove that when t ≥ 0, if z(0+) > 0, then z(t) > 0. By

(3.12), suppose t ∈ (nω, (n + 1)ω] and B =
∏

t∈[0,ω](1 + βk), a straightforward
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calculation shows that

z(t) =
∏

0<tk<t

(1 + βk)e
� t
0 r(s)ds(0+)

=
∏

0<tk<nω

(1 + βk)
∏

nω≤tk<t

(1 + βk)e
� t
0 r(s)dsz(0+)

=
( ∏

0<tk<ω

(1 + βk)e
� ω
0 r(s)ds

)n ∏
0≤tk<t−nω

(1 + βk)e
� t
nω r(s)dsz(0+)

=
( q∏

k=1

(1 + βk)e
� ω
0 r(s)ds

)n ∏
0≤tk<t−nω

(1 + βk)e
� t
nω r(s)dsz(0+)

≤
( q∏

k=1

(1 + βk)e
� ω
0 r(s)ds

)n

BerUωz(0+),

(3.13)

where rU = maxt∈[0,ω] r(t). By (3.10) we know that limt→∞(
q∏

k=1

(1+βk)e
� ω
0 r(s)ds)n =

0. As a consequence, it follows from (3.13) that we have

lim
t→∞

z(t) = 0. (3.14)

By(1.1), (3.14) and the comparison theorem for the impulsive equation, we

have

0 ≤ y(t) ≤ z(t). (3.15)

So by (3.14)-(3.15) we can see that every solution y(t) of system (1.1) satisfies

lim
t→∞

y(t) = 0. (3.16)

The proof is complete. �

4. Discussion

In this paper, we discuss a periodic impulsive single-species model with

hereditary effect. By applying the property of globally asymptotical stability

of an impulsive single-species growth population model and the comparison

theorem, sufficient conditions are derived that guarantee the permanence and

extinction of the above system, respectively. Our main results, Theorems 3.1

and 3.2 indicate that the impulsive perturbations have effect on the perma-

nence and extinction of system (1.1) while the delay has not effect under some

appropriate conditions. Especially, Theorem 3.1 implies that if the impul-

sive perturbations are suitable large while the delay competing rate is suitable

small, then system is permanent. Theorem 3.2 implies that if the impulsive

perturbations and the intrinsic growth rate are suitable small, then system

(1.1) is extinct.
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