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Abstract

We present a Lie symmetry analysis of the following special pipe flow
energy equation

uyy + uxx + (A − Bx2)uy + x−1ux = C − Dx2,

where u = u(x, y), (x, y) ∈ Ω ⊂ R+ × R, and A,B,C,D are constant
parameters. This equation is known in fluid mechanics for decades,
but none of its symbolic solutions. Known solutions could be used
to study the dependence of solutions on the parameters and to solve
boundary value problems. We give a point symmetry classification of
this equation, investigate invariant solutions and families of transformed
solutions.
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1 Introduction

In this paper, we present a specific example chosen from the vast amount of
possible applications of symmetry analysis to 2nd order PDEs: the symmetry
analysis of a special pipe flow energy equation. Pipe flow energy equations
describe the balance of thermal energy in the so-called Hagen-Poiseuille flow.
This is a steady, developed, laminar flow of an incompressible Newtonian fluid
through a pipe with circular cross section. A special version of this equation
with prescribed wall heat flux is described in [12] as

∂2T

∂z2
+

∂2T

∂r2
+
(

�cv

λ

vz,max

R2
r2 − �cv

λ
vz,max

)
∂T

∂z
+

1

r

∂T

∂r
= −

(
μ

λ

4v2
z,max

R4
r2 +

Q̇s

λ

)
.



1980 E. Hillgarter

Renaming leads to the equation mentioned in the abstract

uyy + uxx + (A − Bx2)uy + x−1ux = C − Dx2, (1)

where u = u(x, y), (x, y) ∈ Ω ⊂ R+ ×R, and A, C, B < 0, D > 0 are constant
parameters.

The structure of the paper, roughly oriented on a paper by Gazizov and
Ibragimov on differential equations in finance [5], is as follows: in Section 2 we
outline presumed knowledge on the side of the reader. The topics covered are
symmetry analysis basics and Whittaker functions. In Section 3, we reduce (1)
to a homogeneous equation, compute its symmetries and their invariant solu-
tions. One subsection also presents the corresponding transformation groups.
Finally, in Section 4 we deal with illustrations of some solutions found so far,
give some rough qualitative assessments on the influence of the model param-
eters, and also indicate how to get more general solutions via superposition
principles. The conclusion in Section 5 summarizes the achievements of this
paper and gives hints on further applications like boundary value problems.

2 Prerequesites

Generally, applications of Lie groups to differential equations include: re-
duction of order for ODEs, mapping solutions to other solutions, reduction of
the number of independent variables of PDEs, construction of invariant solu-
tions (also for boundary value problems), construction of conservation laws,
detection of linearizing transformations of DEs, and many other applications
[2, 8, 9, 7, 11]. The last decades have seen a huge resurgence in interest of the
application of Lie groups to differential equations. Indeed, Daniel Zwillinger
[13] in his Handbook of Differential Equations remarks: “Lie groups analysis
is the most useful and general of all the techniques presented in this book”.

For a thorough understanding of this paper, I recommend the reader non-
familiar with any of the concepts such as multi-parameter groups, Lie algebras
of vector fields, Lie (point) symmetries of PDEs, to browse through corre-
sponding sections in [8]. We further introduce notation for two types of Whit-
taker functions1 that appear among the invariant solutions of the homogeneous
pipe flow energy equation:

M(k | m | x) = e−x/2xm+1/2F1,1(
1

2
+ m − k | 1 + 2m | x),

W (k | m | x) = e−x/2xm+1/2U(
1

2
+ m − k | 1 + 2m | x),

1The standard notation in the literature is Mk,m(x) and Wk,m(x). We chose a slightly
different notation for better readability (parameter parsing). A similar remark is true for
the notation of the hypergeometric functions F1,1 and U .
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where

F1,1(a | b | x) =
∞∑

k=0

(a)k

(b)k

xk

k!
,

U(a | b | x) =
1

Γ(a)

∫ ∞

0
e−xtta−1 (1 + t)b−a−1 dt.

For further details on special functions we refer to [1].

3 Symmetry Analysis of the Pipe Flow Energy

Equation

3.1 Reductions

Equation (1) is a nonhomogeneous linear second order PDE that can be re-
duced to the following homogeneous equation in elliptic normal form

zxx + zyy +
zx

x
+ (A − Bx2)zy = 0 (2)

by the change of function

u(x, y) = z(x, y) + v(x),

where v(x) = −D
16

x4 + C
4
x2 is a solution of the original equation (1)

v′′(x) +
v′(x)

x
= C − Dx2.

3.2 Symmetries

To determine the point symmetries of the homogeneous equation (2), we use
the package DESOLV written for the computer algebra system Maple by
Carminati and Vu [3]. We obtain an infinite-dimensional Lie symmetry al-
gebra LG = 〈X1, X2, XG〉 spanned by

X1 = ∂y, X2 = z∂z , XG = G(x, y)∂z,

where G(x, y) is a solution of (2). By [X1, X3] = Gy∂z we conclude that
Gy(x, y) is a solution of (2), too.

The two generators X1, X2 form a 2-dimensional subalgebra 〈X1, X2〉.
They represent a translation in y and a scaling transformation in z, respec-
tively. Bigger finite dimensional subalgebras, that serve as a source of addi-
tional group-invariant solutions in Section 3.4, may be found in the two cases
Gy = 0, or Gy = G.
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(Case Gy = 0) In this case LG is restricted to the four-dimensional subalgebra
L1 = 〈X1, X2, X3, X4〉, where

X3 = ln(x)∂z , X4 = ∂z.

(Case Gy = G) In that case LG is restricted to the four-dimensional subalgebra
L2 = 〈X1, X2, X5, X6〉, where

X5 = eyM(x)∂z , X6 = eyW (x)∂z,

with M(x) = x−1M(k | 0 | √Bx2), W (x) = x−1W (k | 0 | √Bx2), k = A+1
4
√

B
.

Remark The two finite-dimensional symmetry algebras L1, L2 can be found
in the (my) classification [6] to be of type ip9,C [L = [[2]]] and ip9,C [L = [[1, 1]]],
respectively.

3.3 Transformed Solutions

The symmetry transformation groups corresponding to the symmetry genera-
tors X1,. . .,X6, XG, are obtained by solving the Lie equations

d

da
(x̄, ȳ, z̄) = (ξ1, ξ2, η), (x̄, ȳ, z̄)|a=0 = (x, y, z) ,

for each corresponding generator X = ξ1∂x+ξ2∂y +η∂z. Symmetries transform
solutions to solutions, and hence any known solution z = F (x, y) of (2) is a
source of a multi-parameter family of new solutions.

Generator X.
Transformation
Group (x̄, ȳ, z̄) =

Transformed Solution
z = F̄a(x, y) =

X1 = ∂y. (x, y + a1, z). F (x, y − a1).
X2 = z∂z . (x, y, ea2z). e−a2F (x, y).
X3 = ln(x)∂z. (x, y, z + a3 ln(x)). F (x, y) − a3 ln(x).
X4 = ∂z . (x, y, z + a4). F (x, y) − a4.
X5 = eyM(x)∂z . (x, y, z + a5e

yM(x)). F (x, y) − a5e
yM(x).

X6 = eyW (x)∂z. (x, y, z + a6e
yW (x)). F (x, y) − a6e

yW (x).
XG = G(x, y)∂z. (x, y, z + a7G(x, y)). F (x, y) − a7G(x, y).

Here a1,. . .,a6 are the parameters of the one-parameter groups generated
by X1,. . . , X6, respectively, and G(x, y) is an arbitrary solution of (2). The
group of dilations generated by the operator X2 reflects the homogeneity of
equation (2), while the infinite group with the operator XG represents the
linear superposition principle. These transformations are common to all linear
homogeneous differential equations.
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3.4 Invariant Solutions

The majority of exact solutions of nonlinear PDEs in fluid mechanics are in-
variant solutions [4]. They describe steady-state gas flows, as well as one-
dimensional, planar, axially symmetric and other particular types of flows.
We provide a complete classification of L1 and L2 invariant solutions of (2).
All subalgebras of L1 = 〈X1, X2, X3, X4〉 = 〈∂y, z∂z, ln(x)∂z , ∂z〉 that admit
invariant solutions contain X1. The following table lists 8 combinations of
generators representing those subalgebras of L1 together with their indepen-
dent invariant solutions.

Subalgebra of L1 Independent Invariant Solutions

〈X1〉 . S1.
〈X1, X2〉 . S4(λ), S5(λ).
〈X1, X3〉 . S1, S3.
〈X1, X4〉 . S1, S2.
〈X1, X2, X3〉 . S1, S4(λ), S5(λ).
〈X1, X2, X4〉 . S4(λ), S5(λ).
〈X1, X3, X4〉 . S1, S2, S3.
〈X1, X2, X3, X4〉 . S1, S4(λ), S5(λ).

The independent L1 invariant solutions S1, S2, S3, S4(λ), S5(λ) of (2) are

S1 := ln(x), S2 := Bx4 − 4Ax2 + 16y, S3 := 2S1S2 − Bx4 + 8Ax2,

S4(λ) := x−1 exp(λy)Mλ, S5(λ) := x−1 exp(λy)Wλ,

where for an arbitrary constant λ we let Mλ := M(k(λ) | 0 | ±√
Bλx2),

Wλ := W (k(λ) | 0 | ±√
Bλx2), with k(λ) = ∓1

4

√
λ/B(A + λ). A similar

procedure for L2 leads to two additional solutions S6, S7:

S6 := yS4(1) + 2
√

B
(
S5(1)

∫ M2
1N(x)

D(x)
dx − S4(1)

∫ M1W1N(x)
D(x)

dx
)
,

S7 := yS5(1) + 2
√

B
(
S5(1)

∫ M1W1N(x)
D(x)

dx − S4(1)
∫ W 2

1 N(x)

D(x)
dx
)
,

N(x) := x(2 + A −Bx2), D(x) := 4
√

BW ∗M1 + 2
√

BM∗W1 + (A + 1)M∗W1,

and M∗ := M(k | 0 | √Bx2), W ∗ := W (k | 0 | √Bx2), k = (1+A)

4
√

B
+ 1.

4 More on Solutions

In this section, we provide illustrations related to the physically meaningful
solution S4(x, y, λ). For complex values of λ, Re(S4(λ)) and Im(S4(λ)) provide
additional real solutions of (2). Finally, we show how to use the superposition
principle w.r.t. λ.
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4.1 Interpretation of Solutions

Any solution of (1) is of the form S + V , where S is a solution of the homo-
geneous equation (2), and V (x) = −D

16
x4 + C

4
x2 a particular solution of (1).

The parameters C and D occur in V (x) only, which hence determines their
influence on the solution completely. Since D > 0 and by assuming C < 0,
both coefficients in V (x) are negative. The following picture shows the graph
of V (x) for the parameter choice C = −4, D = 16 :

Figure 1: V (x) = −x2(x2 + 1), radial variable x ∈ ]0, 1].

Among the invariant solutions S1, S2, S3, S4(λ), S5(λ) of (2), only S2 and S4

have no singularity at x = 0. Since limy→∞ S2(x, y) = ∞, we will not consider
S2 as a solution of physical relevance. We note that S4(x, y, λ) = exp(λy) ·
F (x, λ), where F (x, λ) = x−1M

(
∓1

4

√
λ/B(A + λ) | 0 | ±√

λBx2
)
, i.e. the

influence of x and y on S4 can be analyzed by investigating the corresponding
factors separately.

4.1.1 The y-component of S4

For λ ≤ 0, S4 may assume values in the complex plane. In this case, the real
and imaginary part of S4 form real solutions of equation (2). We hence also
assume a complex parameter λ = λ1 + iλ2 and write F (x, λ) = F1(x, λ) +
iF2(x, λ). Then S4(x, y, λ) = exp(λ1y + iλ2y) · (F1 + iF2) =

= exp(λ1y) [(cos(λ2y)F1 − sin(λ2y)F2) + i (cos(λ2y)F2 + sin(λ2y)F1)] ,

showing that the solution components are of the form [exp(λ1y) · trig(λ2y)] ·
Fi(x, λ), where trig ∈ {cos, sin} and i ∈ {1, 2}. The following picture shows the
effect of such a damped oscillation (λ1 < 0) acting on Fi(x, λ) in y-direction:
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Figure 2: exp(λ1y) · sin(λ2y), for λ1 = − 1
10

, λ2 = 1.

The next subsubsection investigates the qualitative behavior of the func-
tions Fi(x, λ) on which these (un)damped oscillations act on.

4.1.2 The x-component of S4

In the following we assume2 F (x, λ) = x−1M
(
−1

4

√
λ/B(A + λ) | 0 | +

√
λBx2

)
.

The following pictures gives a rough qualitative assessment of the influence of
the model parameters A, B on F (x, λ) for (fixed) real λ (all parameters neg-
ative). The rule of thumb is: a growing value of |A| (in relation to |B|) has
the effect to increase the number of oscillations of F (x, λ) in the domain of
definition.

A growing value of |B| (in relation to |A|) has the effect to decrease the
number of oscillations of F (x, λ) in the domain of definition and forces the
graph to start its ascent (descent) to ±∞ faster and earlier.

The same qualitative assessments stay true for complex λ = λ1+iλ2, where
the influence of λ1 resembles that of the parameter A, whereas the influence
of λ2 resembles that of the parameter B.

2The other branch of signs just corresponds to a multiplication by ±i.
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Figure 3: F (x, λ) for A = −10k (k = 0, 1, 2, 3), B = λ = −1.

4.2 Superposition of Solutions

The coefficients of (2) depend only on x. It was already known to Lie [10] that
a PDE of the form R(x)zxx +S(x)zxy +T (x)zyy +P (x)zx +Q(x)zy +Z(x)z = 0
admits two particular solutions of the form exp(λy)Fi(x, λ), where F1, F2 are
two independent solutions of the linear second order ODE RF ′′+(λS+P )F ′+
(λ2T + λQ + Z) = 0. For (2), these two solutions are given in Subsection 3.4
as S4(x, y, λ) and S5(x, y, λ). New solutions can be generated from them by
superposition w.r.t. the parameter λ as

∫
Γ1

f(λ)S4(x, y, λ)dλ +
∫
Γ2

g(λ)S5(x, y, λ)dλ,

where Γ1, Γ2 are curves in the complex λ-plane, and f , g arbitrary functions3.

5 Conclusion

We found several solutions of the pipe flow energy equation (1) of the form
S + V , where S ∈ {S1, S2, S3, S4(λ), S5(λ), S6, S7} and V (x) = −D

16
x4 + C

4
x2.

Solutions of possible physical interest seem to arise from the real and imaginary

3The same is true for discrete superpositions
∑

k≥0 f(λk)S4(x, y, λk) +∑
k≥0 g(λk)S5(x, y, λk).
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Figure 4: F (x, λ) for B = −2k (k = 1, 2, 3, 4), A = λ = −1.

part of S4(x, y, λ) for Re(λ) ≤ 0 by series and integral superpositions. It might
even be possible to solve boundary value problems by analyzing the range of
the integral operator I(f) =

∫
f(λ)S4(x, y, λ)dλ. The implicitly given solutions

S ∈ {S6,S7} are, at least in theory, a source of further solutions of the form∑∞
i=0 λi∂y(i)S. Finally, I invite the interested reader to request a more detailed

version of this paper from the author.
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