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Flow Generated by Stokeslets
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Abstract

In this paper the Fourier expansion solution for the steady two-
dimensional Stokes equations is applied to flows generated by stokeslet
inside circular cylinder with no-slip boundary condition. The stokeslets
consider here lying in a plane containing the cylinder axis. The general
interior boundary value problem is formulated and solve in terms of a
stream function. The solutions for single and double stokeslets in the
presence of a cylinder are found. The flow fields for a pair of stokeslets
located on x-axis and y-axis are also presented. In those flows eddies
of different sizes and shapes exist for various stokeslets locations. We
also investigate into the way the streamline topologies change as the
parameters are varied.

Mathematics Subject Classification: 76D07, 76D99

1 Introduction

As mentioned in the previous paper (part 1) ref([6]) it is expected that the
slow motion of a viscous fluid inside a circular cylinder can be treated also by
a type of Fourier expansion solution to the Stokes equations of motion. The
general form of this type of stream function can be expressed by ψ = Γ lnR
with R =

√
r2 − 2rc cos θ + c2 where (r, θ) are the polar coordinate and the

constants c and Γ are the position and strength of the stokeslet respectively. In
the case of two-dimensional bounded creeping flows, a study of many area of
practical interest such as journal bearing, stirring and mixing of viscous fluids,
etc. has been the topic of many researchers. To gain such insight, it is usually
desirable to design models that retain the basic flow features of the complex
problem, yet simple enough to be analyzed accurately using a combination of
analysis and numerics. The most common model used to demonstrate stirring
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process is the two-dimensional Stokes flows generated by singularities inside
a circular cylinder. In these models, a line rotlet, which may be regarded
as a rotating cylinder of infinitesimal radius, has been used as a model for a
stirrer. Incidentally, this flow is topologically equivalent to the flow between
two eccentric circular cylinders with inner or both cylinders rotating which
models flow in a journal bearing (see [3] for a comprehensive analysis of jour-
nal bearing flows). It is worth citing the work of Jana et al. [7] who have
recently attempted to explain vortex mixing flows using two finite cylinders
rotating slowly in a cylindrical volume of viscous fluid. There are many studies
of mixing and other interior Stokes flows which are not cited here but can be
found in the literature. All these studies make use of the no-slip conditions at
the boundary of the cylinder. In this paper, we use no-slip conditions at the
boundary to study interior Stokes flows induced by line singularities of the type
that can be used to model various physical effects. There are many situations
where such boundary conditions could be more appropriate. For example, if
the boundary were coated with polymer. In the presence of such boundary
conditions in the interior of a circular cylinder, we derive exact representation
of solutions induced by following types of line singularities: (i) Stokeslets with
axes tangential to the cylinder, (ii) Stokeslets with axes radial (normal) to
the cylinder. Using Gsharp, we have explored various flow features of these
flows which are discussed later in this paper. Some of these interior flows with
no-slip boundary condition have been considered before by other investigators.
For example, rotlet-induced flows with no-slip boundary conditions have been
considered by Ranger [11] and Meleshko et al. [10] independently. These works
have shown the existence of attached eddies in some cases. The flow patterns
possible in these studies are limited by the fact that the fluid does not slip
at the surface. The stokeslet flows examined in this paper exhibit some inter-
esting features including existence of saddle points which have been noticed
in studies with no-slip boundary conditions. The solution for a source- sink
combination located at diagonally opposite boundary points has been obtained
by Rayleigh [9] with no-slip boundary conditions. The solutions for Stokeslet
problems have not been addressed in the literature even with no-slip conditions.
It is well known that incompressible two-dimensional flows may be viewed as
Hamiltonian dynamical systems. In the theory of dynamical systems, interior
saddle points (more commonly termed hyperbolic fixed points in the theory)
play an important role. A hyperbolic fixed point in steady Hamiltonian sys-
tem with one degree of freedom is responsible for producing a homoclinic or
heteroclinic orbit. A time-periodic perturbation of a steady flow possessing
such orbits generally disrupts them causing homoclinic or heteroclinic tangles,
a phenomenon indicative of nonintegrable or chaotic dynamics for passively
advected particles in the flow (see [8] for an examination of chaos in Hamilto-
nian systems). This idea has been used in [4], [2] and [12] to generate chaos
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in numerical simulation of a time-modulated version of journal bearing flow.
Furthermore, it is known that chaotic advection can be used to cause efficient
stirring [1]. Consequently, a time-periodic perturbation, e.g. resulting from
a periodic motion of the stokeslet, of the singularities of some of the flows
considered in this paper may exhibit chaos, and therefore enhanced stirring
efficiency for cases in which the unperturbed flow possesses a hyperbolic fixed
point. Hence, the results given in this article be relevant for the design of
efficient stirring devices. The paper presents a collection of formulae, derived
here for the first time, and streamline topologies for various singularity driven
two-dimensional Stokes flows inside a cylinder. These are assembled in one
place here where they might be more accessible for comparison with solutions
obtained by numerical computation. The layout of the paper is as follows.
The general problem is formulated in terms of stream function in Section 2.
The solutions for flows induced by a stokeslets are given in Section 3. The
detailed discussion of the flow features and velocity components in each case
is also provided in the respective subsections. Finally, the concluding remarks
are made in Section 4.

2 General View on the Solution

We consider the creeping flow of a viscous incompressible fluid past a finite
circular cylinder of radius a. The governing equations are the linearized steady
Navier-Stokes equations given by

μ∇2u = ∇p, (1)

∇.u = 0. (2)

Here u is the two-dimensional velocity vector with components (ur, uθ) in the
radial and transverse directions (r, θ) , respectively, p the pressure, and μ the
coefficient of viscosity of the fluid . It is well-known that the equations (1) and
(2) (in two-dimensions) when expressed in terms of stream function ψ(r, θ),
reduce to

∇4ψ = 0, (3)

where

∇2 =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2

The velocity components in r and θ directions are given by

ur = −1

r

∂ψ

∂θ
, (4)
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uθ =
∂ψ

∂r
. (5)

We assume that the cylinder is impenetrable and there is no slip on the
surface. In terms of stream function these boundary conditions become

ψ =
∂ψ

∂r
= 0, on r = a. (6)

The far-field boundary condition could make the problem ill-posed in several
situations. The simplest example of this kind is the ”Stokes paradox” which
illustrates that there is no solution to Eq. (3) subject to the boundary condi-
tions Eq. (6) and a uniform flow at infinity. However, in the case of singularity
driven flows, the ill-posedness disappears and one could obtain the solutions
of the two-dimensional creeping equations with finite velocities at large dis-
tances from the cylinder. In other words, the singularity driven creeping flow
problems in two-dimensions are well-posed. For singularity driven flows, one
must also have

ψ ≈ ψs, as R −→ 0, (7)

where ψs corresponds to the stream function only due to the singularity and R
is the distance of the field point measured from the singularity. We now proceed
to present solutions for two-dimensional creeping flows inside a circular cylinder
due to a double stokeslets. The exact solutions have been used to depict the
flow topologies for a number of cases where the cylinder is either stationary
or rotating about its own axis. If the cylinder rotates in the presence of the
stokeslets, then the stream function is taken to be

Ψ(r, θ) = ψ(r, θ) − k ln(
r

a
), k > 0.

Here, ψ(r, θ) refers to the stream function when the cylinder is stationary.
The second term arises when the cylinder rotates about its axis. Below we
refer to k as the rotation parameter. The negative sign in front of the second
term indicates the rotation in the counterclockwise direction for our purposes
below.

3 Stokeslets induced flows inside a cylinder

As in part 1, the center of the cylinder is taken to be the origin of the coordinate
system and the primary singularities are assumed to lie on the x-axis but inside
the cylinder r < a . The basic formulation for this interior Stokes flow is similar
to that of part 1. Therefore, we follow here the notations used in the previous
paper. Furthermore, we adopt here the terminologies used in ref [5]. Below
R1, R̂1, R2, R̂2 are given by the same formulas as in the combining paper part
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1. Now, we discuss the various stokeslets generated flows inside a cylinder.

A. Pair of stokeslets with their axes along x-direction

Now we consider a pair of stokeslets of strengths Γ1 and Γ2 positioned at
(r, θ) = (c, 0), and (r, θ) = (ĉ, π), respectively. Here c, ĉ < a. The axes of
these stokeslets are taken to be along the x-direction. Since the derivation is
straightforward, we omit the details for the sake of brevity and give the final
solution of the stream function:

ψ(r, θ) = Γ1r sin θ

[
lnR− ln

cR1

a
+

(
r2 − a2

) (c2 − a2)

2c2R2
1

]

+ Γ2r sin θ

[
ln R̂− ln

cR̂1

a
+

(
r2 − a2

) (c2 − a2)

2c2R̂2
1

]
. (8)

The solution for a single stokeslet located inside a cylinder may be obtained by
putting Γ2 = 0 in Eq. (8). It may be worthwhile to point out that this solution
has not been derived before in the literature. Below, we use the solution in
Eq. (8) to discuss the flow topologies for a pair of stokeslets.

The flow patterns for a pair of equal stokeslets with their axes parallel to
the x-axis for several values of k are shown in Fig. 1. Here, the equidistant
stokeslets are located very close to the wall. For smaller values of k, different
sets of eddies are generated in the flow region as shown in Fig. 1(a). In
the upper half of the cylinder, a pair of symmetric eddies appears each in
the neighborhood of the stokeslets. Right below these eddies, the streamlines
between the stokeslets have nonuniform curvature, yielding an attached eddy
which is symmetrical about the y-axis. In the lower half of the cylinder, the
structure of the flow topologies is qualitatively the same as those in the upper
half but quantitatively different. A pair of symmetric eddies appears each in
the neighborhood of the stokeslets but with their sizes smaller than those in the
upper half. Right below these eddies, the fluid migrates between the stokeslets
as it does in the upper half, but with nearly uniform curvature. At the center
the flow is circulatory as expected. It is interesting that the streamlines due
to the migration of the fluid in the two regions cross each other, giving birth
to a pair of stagnation points in the lower half of the cylinder [not shown in
Fig. 1(a)]. The flow structure described above continues for all smaller values
of the rotation parameter k as seen from Figs. 1(b) - 1(c). The locations
of the stagnation points are displayed in these plots. It is also clear from
these plots that the structure of the different eddies changes as we increase k.
Indeed, the symmetric eddies (in the upper as well as in the lower half) shrink
while the attached eddy (in the upper half) grows as we gradually increase the
value of k. We also notice that the circulatory flow region around the center



1908 T. B. A. El Bashir

grows. The symmetric eddies continue to shrink as we increase the value of k
as shown in Figs. 1(d) - 1(e). When k = 0.8, the symmetric eddies in the lower
half disappears while the size of those in the upper half become smaller [see
Fig. 1(f)]. It may be worthwhile to point out that for higher values of k,the
fluid migration increases and the circulatory flow around the center becomes
intense.

In Fig. 2, the flow topologies due to a pair of equal stokeslets are shown for
various stokeslet locations with fixed k = 0.1. When the stokeslets are close to
the center located at c = ĉ = 1, two attached eddies in each half symmetrical
about the x-axis appear as shown in Fig. 2(a). If we move the stokeslets away
from the center (c = ĉ = 2), a pair of smaller eddies are generated within each
attached eddy as seen from Fig. 2(b). The streamline crossing seems to occur

at the y-axis and so one would expect a pair of stagnation points on this
axis. The circulatory flow around the center increases as we move the stokeslets
away from it. The flow structures for nonequidistant stokeslets are illustrated
in Figs. 2(c) - 2(d). The flow in this case is symmetrical about the x-axis but
not about the y-axis.

The flow patterns for a pair of opposite stokeslets for two different locations
are shown in Fig. 3. For a fixed value of k = 0.1, the flow has quantitatively
different features for the two stokeslets positions as seen from Figs. 3(a) - 3(b).
If the stokeslets are equidistant, a larger eddy with two cores and enclosing the
center appear as in Fig. 3(a). This eddy has the shape of a figure eight. An
interior streamline of this eddy appears to collide with a circular streamline
of the circulatory flow region around center indicating the birth of a pair
of stagnation points. Right outside the figure eight shaped eddy, a pair of
symmetric eddies appears at diagonally opposite flow regimes. In the case of
nonequidistant stokeslets, the figure eight shaped eddy occurs away from the
center. Here it appears that there is a single stagnation point in the flow which
possibly occurs on the x-axis. This stagnation point appears to be the center
of a double homoclinic orbit. The eddies at the diagonally opposite regimes
are smaller in the present case.
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(c) (d)

(a) (b)

(e) (f)

Figure 1: Streamlines for a pair of stokeslets along x-direction for equal
strengths Γ1 = Γ2 = 1 and equidistant c = ĉ = 3.5 in the presence of cylinder
rotation for several values of k. (a)k = 0.05(b) k = 0.1(c) k = 0.15 (d) k = 0.2
(e) k = 0.4 (f) k = 0.8.
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(c) (d)

(a) (b)

Figure 2: Streamlines for a pair of stokeslets along x-direction for equal
strengths Γ1 = Γ2 = 1 and variou locations in the presence of fixed cylinder
rotation k = 0.1. (a)c = ĉ = 1;(b) c = ĉ = 2;(c) c = 1, ĉ = 2; (d) c = 2, ĉ = 3.
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(a)

(b)

Figure 3: Streamlines for a pair of stokeslets along x-direction of opposite
strengths Γ1 = −Γ2 = 1 and variou locations in the presence of fixed cylinder
rotation k = 0.1. (a)c = ĉ = 2;(b) c = 1, ĉ = 3.

B. Pair of stokelets with their axes along the y-direction

We consider a pair of stokeslets of strengths Γ1 and Γ2 positioned at (r, θ) =
(c, 0), and (r, θ) = (ĉ, π), respectively. Here c, ĉ > a. The axes of these
stokeslets are taken to be along the y-direction. The complete solution in the
presence of a cylinder is

ψ(r, θ) = Γ1

[
−(r cos θ − c) lnR+ (r cos θ − a2

c
) ln(

cR1

a
)

+
(c2 − a2)(

r2

a2
− 1)

2c

r(r − a2

c
cos θ)

R2
1

) − (c2 − a2)

c
ln
cR1

a

⎤
⎥⎥⎥⎦

+Γ2

[
(r cos θ + ĉ) ln R̂ − (r cos θ +

a2

ĉ
) ln(

ĉR̂1

a
)

+
(ĉ2 − a2)(

r2

a2
− 1)

2ĉ

r(r +
a2

ĉ
cos θ)

R̂2
1

) − (ĉ2 − a2)

ĉ
ln
ĉR̂1

a

⎤
⎥⎥⎥⎦ . (9)

The solution for a single stokeslet located inside a cylinder may be deduced
from Eq. (9) by taking Γ2 = 0 and this solution does not seem to have been
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obtained before. Next we use the solution in Eq. (9) to discuss the flow
topologies in the case of a pair of stokeslets along the y-direction.

The flow topologies for a pair of equal stokeslets with their axes parallel
to the y-direction for various values of k are displayed in Fig. 4. Here, the
stokeslets are located equidistant from the center (c = ĉ = 1.0). A symmetric
pair of attached eddies occur adjacent to each stokeslet. The fluid exhibits a
rotational flow surrounding the origin in the region between these two eddies
[see Figs. 4(a) - 4(b)]. For the values of k > 0.5, two symmetric pairs of smaller
eddies are generated in the vicinity of the origin in addition to the already
existing eddies as seen from Figs. 4(c)-4(f). Furthermore, the streamline
crossing occurs near the center yielding four stagnation points. These interior
saddle points are seen more clearly in Fig. 4(e).

In Fig. 5, the flow patterns for a pair of equal stokeslets for various
stokeslets locations with fixed k = 0.9 are shown. When the stokeslets are
equidistant from the center, several eddy patterns are seen in the flow field.
For the values of c = ĉ = 2, three concentric circulatory flow regions are seen in
the flow field. The first circulatory region appears in the vicinity of the center
and is trapped between a pair of symmetric eddies. The second region occurs
engulfing the first circulatory region, the pair of eddies, and the stokeslets.
Just outside this second circulatory region, another pair of symmetric eddies
are generated as shown in Fig. 5(a). Finally, the third circulatory region is
seen adjacent to the wall. If the stokeslets are moved further away from the
center (c = ĉ = 3), the flow again has three circulatory regions but the size
of those symmetric eddies change considerably [see Fig. 5(b)]. The symmetric
pair of eddies adjacent to the first circulatory region grow in size while the pair
adjacent to the second region shrinks. The above flow structure prevails even
in the case of nonequidistant stokeslet positions. However, in the latter case
the sizes of the eddies change due to eccentric locations of the stokeslets. The
eddy that appears next to the stokeslet closer to the center is bigger and the
one that exists next to the stokeslet away from the center is smaller. These
features are shown in Figs. 5(c)-5(d).

The streamline patterns for a pair of opposite stokeslets for two different lo-
cations with fixed k = 0.9 are shown in Fig. 6. If the stokeslets are equidistant
(c = ĉ = 1), an attached larger eddy enclosing the stokeslets and the center
appears as depicted in Fig. 6(a). Just outside this, another attached eddy
smaller in size exists. Of course, the flow is circulatory around the center. If
the stokeslets are at nonequidistant positions (c = 1.0, ĉ = 2.0), the larger eddy
grows and the smaller eddy shrinks as shown in Fig. 6(b). The streamlines
due to the stokeslet closer to the origin and the circular streamlines around
the origin intersect yielding a pair of stagnation points in the flow. These two
saddle points appear on the positive side of the x-axis.
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(c)
(d)

(a) (b)

(e) (f)

Figure 4: Streamlines for a pair of stokeslets along y-direction for equal
strengths Γ1 = Γ2 = 1 and equidistant c = ĉ = 1 in the presence of cylin-
der rotation for several values of k. (a)k = 0.3(b) k = 0.5(c) k = 0.7 (d)
k = 0.85 (e) k = 0.9 (f) k = 0.95.
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(c)
(d)

(a)
(b)

Figure 5: Streamlines for a pair of stokeslets along y-direction for equal
strengths Γ1 = Γ2 = 1 and variou locations in the presence of fixed cylinder
rotation k = 0.9. (a)c = ĉ = 2;(b) c = ĉ = 3;(c) c = 1, ĉ = 2; (d) c = 1, ĉ = 3.
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(a) (b)

Figure 6: Streamlines for a pair of stokeslets along y-direction of opposite
strengths Γ1 = −Γ2 = 1 and variou locations in the presence of fixed cylinder
rotation k = 0.9. (a)c = ĉ = 1;(b) c = 1, ĉ = 2.

4 Conclusion

Stokeslets induced two-dimensional creeping flows outside a circular cylinder
are studied by careful investigation of the level sets of stream functions of these
flows. The types of singularities considered here include double stokeslets with
their axes along x-direction or y-direction. The exact expression for the stream
function for each of these flows is obtained by using the straightforward Fourier
expansion method. In all of these flows, the axes of the line singularities are
assumed to be parallel to the axis of the cylinder and all of these axes lie in
one plane. In the plane of flow, the x-axis contains all of these singularities
and the center of the cylinder.

The paper investigates flows past a cylinder for various combinations (strengths
and locations) of the stokeslets. The streamlines are plotted in each case in
order to display interesting flow patterns and eddies of different shapes, sizes,
and structures. The rotation parameter significantly influences the eddy struc-
ture.
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