Applied Mathematical Sciences, Vol. 2, 2008, no. 36, 1761 - 1772

Dynamic Portfolio Choice Problems
with Non-Monotone Utility Functions
Lili Pan'

Dept. of Applied Mathematics
Nanjing University of Science and Technology
Nanjing 210094, Jiangsu, P. R. China

Peibiao Zhao?

Dept. of Applied Mathematics
Nanjing University of Science and Technology
Nanjing 210094, Jiangsu, P. R. China
pbzhao@mail.njust.edu.cn
pb_zhao@yahoo.com.cn

Abstract

In this paper, based on a non-monotone utility function being revised to
a monotone utility function, we study the multi-period and continuous-time
optimal consumption-investment choice model, and give an optimal solution
to the model. This result can be regarded as the generalization of the portfolio
selection with monotone utility functions.
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1 Introduction

Dynamic portfolio choices consist of the discrete time model and the continuous-
time model which were studied by Merton(1973) and Lucas(1978) earlier. How to
generalize a standard one-period portfolio model to the multi-period one is an im-
portant subject in the financial field, the significance of the study is determined
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by that the modern financial decision needs to reflect a complex interaction of the
investment environment. For multi-period portfolios, the investors often choose in-
vestment strategies in every stage during in several continuous investment stage,
their purposes are the total maximizing utility functions at the end of investment
stage. If these portfolio stages are not correlative, then the multi-period strategy
can be divided by many single periods, if these portfolio stages are correlative, then
many investment choices become more complex. It is well know that in the practi-
cal investment environment, the returns of asset distributions change with the time.
Therefore, how to adjust investment strategies based on changes of environments are
the practical problem that every investor must be facing. The requests of the practi-
cal problems provide an important background for multi-period research investment
portfolio analysis.

There are many conclusions for multi-period portfolio selections, but these re-
sults are all associated with monotone utility functions, and the research conclusion
corresponding to the setting of non-monotone utility functions is little.

Recently, the authors [15,16] are studying the portfolio problem under the fric-
tional market, but just studying the problem of the fixed rate of transaction costs,
in particular, for a jump rate of transaction costs according to the real market, and
based on this, the authors get an optimal model of minimizing risk. For this model,
they use the Calculus of Variation to prove the existence of the optimal strategy.
Following [15], in this paper, based on a non-monotone utility function being revised
to a monotone utility function, we study the multi-period and continuous-time op-
timal consumption-investment choice model, and then give an optimal solution to
the model.

We now single out the arrangement of this paper as follows. The first two sections
of this paper are devoted to introducing some necessary notations and terminologies.
The third section studies the discrete time capital asset pricing model. In the fourth
section, we study the continuous time optimal consumption-investment portfolio
choice. We obtain a generalization of the corresponding conclusions associated with
the classical models.

2 Preliminaries

For convenience, we first give some necessary assumption conditions of the market
corresponding to our models.

H1. All securities holders are of only the limited liabilities, that is the prices of
securities are non-negative.

H2. There are no transaction costs, no taxes, the securities are perfectly divisible.
H3. There are many investors in the market, anyone can buy securities according
to the prices of securities in the market.

H4. The market always is in the balance setting, no balance price is not existing.
Further one can assume that the market is of being no-arbitrage.
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H5. Agents are price-takers, they believe that their choices do not affect the distri-
butions of asset returns.
H6. There are no institutional restrictions, so that agents are allowed to buy, sell or
short sell any desired amount of any security.
H7. Economy is to be discussed indefinitely
Additional Definitions and Notations that are of a more limited scope will be
introduced when needed. In most cases no proofs are given since these are read-
ily available in the standard literature dealing with this subject area. In partic-
ular we mention the literatures of R.C. Merton(1990), H. Markowitz(1952), J.P.
Bigelow(1993). In fact, a large portion of this material can be already found in the
original work of Merton(1990), and that of H. Markowitz. If a particular result is of
importance for our objectives and if it is not textbook material we will give a proof.
In fact, the first six assumptions are the same with the standard assumption of
CAPM. We consider the discrete time, it is reasonable that the economy is indefinite.

3 The Discrete Time Capital Asset Pricing Model

We may assume that the investors on the market are also the consumers, called
consumption-investors, the portfolio choice is of the multi-period model, and one
purpose of these consumption-investors is to maximize the multi-period utility func-
tion. Therefore, these consumption-investors are multi-period investors, choosing
security portfolios based on considering to the current and future returns, rather
than one-period investment decision-makers who do not consider the situation later.

t
Definition 3.1 If consumption utility functions satisfy p(cq,---,¢) = > u(c),
i=1

then we call consumption utility functions the time additive.

According to references [11], we know, when a utility function p(-) is of non-
monotone, we can find a monotone, minimal, concave function u(-) which is approx-
imating to f(-). In this paper we will use u(-) as a monotone utility function in
the process of calculation. Here, a multi-period discrete utility function can be ex-
pressed as the sum of single monotone utility functions p(-). From these statements,
one can obtain the following
Theorem 3.1 Let the initial wealth be Wy, W (t) be the gross wealth at t period.
Then, the optimization problem

max Fy[ p(c(t))]
ct)w(t)  t=0

stW(t+1)

N (3.1)
(W(t) = ) Do wia(rizpr = ren) + (14 7r4)]

i=1

gives the discrete time multi-period monotone capital asset pricing model by

Eirivi1] = ree1 + Bigr1 Et[rmas1 — Tesa]



1764 Lili Pan and Peibiao Zhao

Cov (VV (W (t4+1)) 71,011
Cov (VV (W (t4+1)) o e11 )
asset i at t-period, r; 41 are the expect returns of risk asset i att + 1 period, riyq s
the risk-free asset return, and c(t) are the t-period consumptions.

where B 111 = , wit are the investment proportion to invest risk

Proof By virtue of the idea given by Lucas (1978), we can arrive at the solution of
this model below.

In fact, we first definite the value function by

Vi(W(t)) = maX Ey ZMI (3.2)

t),w(t)

Let the value function be a Gateaux differentiable function and by the solving
approach to the dynamic programming, one gets

Vi(W(t)) = ax, Efp(c(t)) + Vi (W(E + 1))} (3-3)

w(c(t)) is to be known at ¢, so (3.3) is to be as

VW () = max E{n(e(t) + EVia(W(t+ )]} (3.4

The first order conditions for an optimum are

N
PG = Vule(®) = BIVVW(E+ 1) Swia(riss = rent) + el g
i=1 .

MWV — W (1) B[V V(W (¢ + 1)) (rigst — 7e1)]

According to the assumption condition, we know c¢(¢) is constant at ¢ moment,
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let Vu(e(t)) = Vi, for the value function, integration by parts w.r.t. w, we have

V(W) = VM;—VCV +E[VV(W(t+1)(W(t) - C(t))/[z Wi (Tig+1 = reg1) + rega]

N

+ (W(t) - C(t))[z Wig(Tigr1 = re1) + repa]']

i=1

Oc

N
= VNW +E[VV(W(t+1))(1— W)[Z Wit (P41 = Teg1) + Teg]
=1

W) — )Y St (i — 7]

= {Vu — E[VV(W(t + 1))[2 Wit (Tigr1 — Teg1) + Teg]]

=1

a
ow
il awz‘yt

— oW

E[VVW(E+ D)W () = () (ri — )]

N

+ B [VV(W(t + 1))(2 Wi t(Tite1 — Te1) + rt+1)} )

i=1
Using the first order conditions and rearranging terms, one gets
VV(W(t) = Viulc(t)). (3.6)

This is the so-called envelope condition.
Substituting (3.6) into (3.5), we obtain

N

VV(W(t) = E[VV(W(t+ 1)) wie(riee — rest) + 1] (3.7)

i=1
Substituting (3.6) into (3.7) we obtain

VVi(W (1)) = E[VV,(W(t 4+ 1))(1 + re41)] (3.8)
Since

EVV(W(t 4+ 1)) (ri — re1)]
= E[VV(W(t+1)]E[riz — rega] + Coo(VV (W (t+ 1)), r5001) (3.9)

Form (3.6) we know

EVV(W(t+ 1) E[rige — rewa] + Coo(VV (W (t+1)),75041) =0 (3.10)



1766 Lili Pan and Peibiao Zhao

Cov(VV(W(t+1)),7i441)
EVV(W(t+1))]

= Et[r’i,t-i-l - Tt—i—l] (311)

Then, for market portfolio m, we also arrive at the following

Cov(VV(W(t+1)), "m11)
E[VV(W(t+1))]

By virtue of (3.11), (3.12) we obtain
Cov (VV(W(t +1)), Ti,t+1) _ Et[ri,t—i—l — Tt

= Et[rlﬂm7t+1 - Tt—i—l] (312)

3.13
Cov (VV(W(t -+ 1)), Tm7t+1) Et [Tm,t+1 — Tt+1] ( )
Thus, we get
Et[ﬁ',tﬂ - 7°t+1] = ﬂz’,tHEt[?"m,tH - 7"t+1]
where §; 41 = Cov (VV(W(tH))’m’tH) . This ends the proof of Theorem 3.1. O

Cov (VV (W (t4+1)) o e11 )
This is the discrete time multi-period monotone capital asset pricing model, the
form of the model is the same with one period monotone capital asset pricing model,
but their contents are different. We naturally consider continuous time portfolio
after the discrete time multi-period monotone capital asset pricing model, we will
study in detail continuous time portfolio based on monotone utility functions

4 The Continuous Time Optimal Consumption-
investment Portfolio Choice

In this section we still consider a risk-free asset and n risk assets in a capital market,
the returns of assets are random, the investors enter this market at zero moment,
the initial wealth is W;. Assume that One part of the wealth is used to be as a
consumption, the other part of the wealth left is over used to invest the risk assets.
We also assume that the investment is continuous. In fact, if there are no transaction
costs or taxes and the security prices being perfectly divisible, then the investors
may invest in any scale, and adjust their security portfolios with gladly at any time,
so the investment is continuous with respect to time.
Definite 4.1 After the decision investment strategy in entire investment stage, there
18 no fund to be poured into and no fund to be pulled out for some portfolio, then we
say the entire transaction process is of self- financial or the transaction strateqy is
of self-financual.

Now we suppose that the prices of risk assets are P;(t),(i = 0,1,---,n), the
price process satisfy the following stochastic differential equations

dpo(t) = T’Po(t)dt,
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dpz(t) = Pi(t)ozi(t)dt + i O'Z‘dej(t),

Jj=1

where «;(t) are the instantaneous expected returns of the risk asset i at moment ¢;
BT(t) = (Bi(t),- -+, Bu(t)) is the n—dimension standard Brownian motion; o;; are
the instantaneous standard variances of j-th uncertainty factor which are influenced
the i-th risk asset price. To simplify computation, we assume that the assets are
self-financial. Let w;() are the investment proportions of risk assets and there holds

i=1
The process of the investment wealth
i=1 i=1

where w; are the risk asset weights, C(¢) is the instantaneous consumption at ¢
moment. It is easy to check that there holds the following

n n

Var(AW) = (W(t) = C(Hh)* > Y wjwioy;.

j=1 i=1

Theorem 4.1 The optimal consumption portfolio given by

‘ 1 1
FE —pt)U[C(t)]dt + ' EW(T + —E[y*] — —
oz B[ eaponUic@ldes | min | (EW (D)) + 5B - o
(4.2)
> wi(t) =1
' i=1
subject to C(t) <0 (4.3)
Wi(t) <0
admits a solution by
v oy
w(t) = —W\ijwwa_l(r —1rg) — V?;’\;Z} o — 1),
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where the consumptive utility function U(C') is strictly concave, the marginal utility
function is decreasing (that is U'(C) > 0, U"(C) < 0).

Proof In fact, the utility function just as above can be recognized as the cumulative
consumption utility and wealth utility, which is a monotone mean-variance utility
function posed in reference [14], so the wealth utility

1 1
i EW(T — E[y3] — — 4.4
yTeLiI(;l)l,%[yT}:l( (W(T)yr)) + 55 Elyr] = o5 (4.4)

is monotone. It is well know that (4.4) is a concave function, and the constraint
conditions are convex, it implies that (4.4) can achieve the minimum. On the other
hand, the references|9],[10],[11],[12] study deeply that the variational preference util-
ity functions of (4.4) have the smooth nature, and can do the Gateaux differential.
In the finite-dimensional space and by reference [14], one knows that when (4.4)
arrives at the minimal value, that is, y is a linear function of W, then (4.4) can be
written as

WOVTLy(WIT)) = min  (BW(T)yr)) + (Bl - 1) (45)

yreL? (p),Elyr]=1

Then, (4.2) turns into

max B[ exp(=pnVIC(OIdt + B (T), 5V (7))} (46)

We now define a value function by
OV (1), C(t).) = max Eif / exp(—pHUIC(1)]dt + W(W (T), y(W (1))}
(4.7)

Then, we have

max Et{/ exp(—pt)U[C(¢)]dt + (W (T), y(W(T)))}

w(t),C

t+h T
= max B /t exp(—pU[C(#)]dt + / exp(—pt)U[C(O)dt + W (W (T), y(W(T))}

w(t),C(t) t+h
t+h
- (rfl)l%)Et{/ exp(—pHUC(0)]dt + S(W (¢ +1),C(¢ +1),¢ + 1))} (4.8)
w(t), t

Considering Taylor explosions of ®(W (t + 1), C(t + 1),t + 1) at ¢, we obtain

00 0D 0
SW(t+1),Ct+1),t+1) = dW(t),C(t),t) + Eh + WAW + %AC
2 2
L IO e L P o0y (49)

2 W2 2 0C?2 oW oC
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Assume that the consumption is constant within very short time, so we get

9\ OV OV Oy

BT (6W + 8—y8W)AW (4.10)

and

Q

\Ilﬁy)

R . o A E (R )
aWQAW (8W2+8y8W+ S JAW (4.11)

Since y is a linear function of W, therefore

rv 7(%_3%)—0 4.12
oyow 7 ow (4.12)

Substituting (4.10),(4.11) and (4.12) into (4.9), we get
9D OV OV dy

W (t+1),Cl+ 1)t +1) = W), C0).0) + Grh+ (gpr + 5o AW
19%0
+ S AW +0() (4.13)

Taking the expectations of both sides of (4.13), we have
9o U U By

EJeW(t+1),Ct+1),t+1)] = EJ[@W(),C1),t)] + St Gt a—yw)& [AW]
b e BAW?] 4 0() (4.14)

Substituting (4.14) into (4.8) we obtain

t+h
(W (t),C(t),t) = w(rtr)l%x(t)Et{ [ exp(—pt)U[C(1)]dt + D(W (t+1),C(t+1),t +1)}

0 ov  ov Oy

= (Itl)lacx(t) Ey[exp(—pt)U[C()]h + @(W(t),C(t),t) + — 5 —h+ (8W + = 3y aW)AW
1 9?0 9
+ 58W2AW +0(t)] (4.15)
Since

t+h t+h
/t exp(—p)U[C(D)dt = / (exp(—pt)UC(1)

+(pexp(—pt)U[C(1)] + exp(—pt) UHC(1)])hdt
= exp(—pt)UCH)]R + O(h)

Substituting this formula above, Var(AW) and E[A] into (4.15) we know that

eW(1),C(t),1) = max E{exp(—pt)U[C(t)]h + (W (1), C(t),t) + aa—cfh
+(3—V‘I; - Z‘I’ ;VyV)E [AW] + ;SW [AW?] +O0(1)}



1770 Lili Pan and Peibiao Zhao

oo 9T QU dy

max B {exp(=phUIC(O] ++757 + (557 + 50557 (CCO + WD) Z Wiri )

1 0*W
2 ETE w2 Z ijwzaﬂ +0(t)} = (4.16)

7j=1 =1

Since Z w;(t) = 1, then there holds Z wi(t)r; = wor + Z w;(t)(r; — r). Compute
the partlal derivative in (4.16) with respect to C,w respectlvely, and get
o6 = exp(—p)U[C(t)] — (57 + S 4) =0

. 4.17
?9_&;]: ((98_1\/1[,/+%\§§I/$[’/)W(t)(7ﬂ )+3W2W22wjajz:0 ( )

To simplify calculation, we induct vector and matrix, and denote by r = (rq,- -+ ,7,,)
the n risk asset returns vector and by o = (0j;)nxn the covariance matrix. By (4.17)
we obtain

U OU oy ] 02U
77 ra) = —
Gw gy a0 = 1r0) = —5r

Then, one knows

W2ow(t)

W Wy Y -
t) =— Y —1
70lt) =~ + T (r — )
Thus, we get
U v Jy
wlt) = =jrg =0 = Tro) = V%Zy o~ (r — Iry). (4.18)
This completes the proof of Theorem 4.1. O

Although, we have calculated the solution form of the optimal investment- con-
sumption problem, the explicit optimal solution is difficult to find, from (4.18) we
know that the portfolio w(t) is a proportion of risk assets in continuous consumption-
investment choices, it is no relation to the investment. This also illustrates that the
different investors hold the same risk asset portfolio in equilibrium, and the coeffi-
cient —\I)I’;‘; is an inverse of the absolute risk aversion, that is, an optimal portfolio
is dependent on the degree of risk aversions.

Remark 4.1 Traditional continuous time optimal investment-consumption portfo-

lios are? as follows
* \Ilw a —
w; (t) = T Zgjil(rj

Based on the non-monotone utility function being revised to a monotone utility func-
tion, the solution of investment-consumption problem, in this paper, is given by

v 9y
Oy dw o (r —1ry).

v, _ -
w(t):_—\p o l(r—lro)—wqj
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This formula can be regarded as a natural generalization of that posed by [2].

Since the monotone utility function is decreasing of marginal utilities, that is,
ov oy

v, > 0,¥,, <0, thus we know that the coefficient —% > 0 and —jﬁ’y—i > 0.
Obviously, one has w(t) > w*(t), this implies that a investor associated with the
global monotone utility functions more grasps the investment opportunity than the
tradition investor associated with the mean-variance utility, so the investors with
the global monotone utility functions can take more returns. Therefore, the results
of the present paper are more close to the real marketplace, and further reduce the
gap between Theory and Reality wield. In other words, the results given here have

had certain actual meaningful.
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