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Abstract 
 

Operational equations for the 8-point cube are used to develop interpolating 
equations for the 27-point cube. Many new representations of the 27-point design 
can be constructed by the method of substituting expressions instead of data into 
the trilinear equation. Pearson’s equation and a least squares equation for the 15-
point cube are compared. Pearson’s equation often performs better on monotonic 
data if the criterion of merit is the sum of squares of deviations. 
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1. Introduction 
 
The foundation of new methods for data treatment in two and three dimensions appeared 
in 1985 [1]. Interpolating equations are generated by means of the shifting operator, 
exp(hx)F(x) = F(x+h),  applied to trigonometric expressions.  Curvature is estimated by  
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means of four or five data in the rectangle and diamond arrays, and eight or nine data in 
the cubical array [2-7]. This paper illustrates the generation of interpolating equations for 
the 27-point cubical array. It also illustrates Pearson’s approach to the 15-point cubical 
array. 
 
 
2. The 27-point cube 
 

Recent papers have described a method for generating interpolating equations for 
symmetrical six- and nine-point rectangles [8,9]. It partitions the six-point rectangle into 
two halves and the nine-point rectangle into four quadrants. In the latter case, the four-
letter bilinear equation, or a four-letter operational equation, is used to represent each 
quadrant [10]. The interpolating expression for a quadrant replaces a letter in the bilinear 
equation as it is applied to the four corners of the nine-point rectangle. Replacements are 
made on a letter-by-letter basis after making changes in the expressions for the quadrants. 

 
The 27-point cube consists of three horizontal nine-point rectangles as its bottom, 

middle, and top planes. The nine points of each of the three parallel rectangles constitute 
the 27-point cube. Fig. 1 illustrates the nine-point cube but it does not denote the points at 
the centers of the faces and the edges that make the cube a 27-point design. 

 
The 27-point cube can be partitioned into eight octants just as the nine-point 

rectangle can be partitioned into four quadrants. Every octant of the parent cube is a 
smaller eight-point cube. Each octant can be represented by the trilinear equation or by an 
8-point operational equation. There are four operational equations that can be used for 
this purpose: a polynomial-type equation that contains quadratic-term coefficients, an 
exponential-type equation, a trigonometric-type equation that uses the circular or 
hyperbolic sines and cosines, and a polynomial equation that contains third-order terms 
[4-6]. Each octant can therefore be represented in five ways. 

 
There are eight letters in the trilinear equation for the eight-point cube without a 

center point datum: see Fig. 1. The subdivided cube with a center point datum contains 
eight octants. Every letter in the trilinear equation for the whole cube is replaced by an 
interpolating expression for its corresponding octant. Since each octant can be 
represented in five ways, there are many different representations of the 27-point design. 
Laboratory data are commonly such that many of the possibilities are compromised by 
vanishing denominators or imaginary terms. The theoretical potential of many distinct 
interpolating equations for the 27-point cube is seldom realized in practice. An easy 
method for selecting the best interpolating expression for a particular octant or for a 
particular problem is not presently known. All octants need not be represented by the 
same 8-point equation. 
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To illustrate the method, let the cube in Fig. 1 be used in the –1 .. 1 coordinate 

system and let the numbers applied to the 27 vertices follow the expression 
(14+x+3y+9z) applied in that system. Thus, A is assigned the number 1, D is assigned 9, 
E is assigned 14, and I is assigned 27. Let every number be treated by a monotonic 
function to generate trial data: M2 indicates that the number at each vertex is squared. 

 
The octants of the cube in Fig. 1 can be identified by the letters of their isolated 

vertices. Thus, the lower-left-front octant of the cube is denoted octant A. The upper-
right-back octant is octant I. The interpolating equation for each octant is chosen as the 
trilinear equation or an 8-point operational equation. Replace the x, y, and z coordinates 
in the interpolating equations for the octants according to the instructions in Table 1. For 
example, change x, y, and z in the equation for octant A into (2x+1), (2y+1), and (2z+1), 
respectively. Let the modified equation for octant A be abbreviated as R=f(x,y,z). 

 
Replace the letter A in the trilinear equation for the eight-point cube with the 

expression f(x,y,z). Proceed in this manner until all of the letters A .. I in the trilinear 
equation are replaced by modified interpolating expressions for their respective octants. 
In other words, replace the eight letters in the trilinear equation for the largest cube in 
Fig. 1 with modified interpolating expressions for the individual octants of the cube. The 
replacement process is performed on a letter-for-letter basis as described above and as 
described for the analogous cases of the six- and nine-point rectangles [8,9]. 
 

Let the first of four, 27-point equations be constructed by representing each octant 
by its trilinear equation. The resulting equation is denoted LinLin in Table 2. The 
notation means that the right-hand sides of the trilinear equations for the octants are 
substituted into the trilinear equation for the whole cube: a trilinear expression for the 
corresponding letter in the trilinear equation for the parent cube. The notation QuadLin 
means that each octant is represented by Eq. (10) in Ref. [4] and each such expression is 
substituted into the trilinear equation by the method of corresponding substitutions. The 
notation CubLin means that Eq. (1) in Ref. [6] is used to represent the octants of the cube. 
The notation TrigLin means that Eq. (28) in Ref. [4] is used to represent the octants in the 
27-point cube. These choices are illustrative only. 

 
Table 2 lists the sums-of-squares-of deviations of the 27-point equations from the 

“true” surfaces. The “true” surfaces are derived by applying the operators in the first 
column to the term (14+x+3y+9z) as described above. For purposes of comparisons, 
Table 2 also contains entries for the trilinear equation for the parent or largest cube in 
Fig. 1. This juxtaposition can be considered unfair because the trilinear equation uses 
only eight corner-point data whereas the other equations have the advantage of more data. 
However, the trilinear equation is a basis for comparisons. In every case in Table 2, the 
27-point equations exhibit lower sums of squares of deviations than the trilinear equation 
for the whole cube. 
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The results in Table 2 reflect easy choices: the data are derived from simple 

operations applied to trilinear numbers. Problems are encountered when applying the 
method in the laboratory. The need for twenty-seven data makes the method expensive. 
The division-by-zero error may be a problem. Imaginary numbers as coefficients in the 
27-point equations may be a problem. The complicated equations may suggest curvature 
that is unrealistic for the experiment that they purport to represent, or they may generate 
extrema that are impossible for the problem. The equations are long and tedious so it may 
be desirable to abbreviate them [8]. These difficulties deserve notice but they do not 
interfere with every application of the method. The results in Table 2 help to illustrate the 
principal that a space is comprised of its subspaces no matter how the subspaces are 
represented [9]. 
 
 
3. The 15-point cube 
 

The burden of acquiring 27 measurements in a cubical array, as well as 
unanticipated problems associated with the method of substitutions, suggests the need for 
simpler approaches. One of these is the method of least squares. If fifteen data can be 
afforded, they may be arranged symmetrically around the center point of the cube such 
that data are equidistant from the center point datum. This approach does not maintain the 
cubical array because six of the data lie outside the domain of the cube. If the cubical 
array is to be used, and fifteen data are available, another approach can be considered.  

 
Pearson’s equation is an old but easily-applied method for the nine-point 

rectangle illustrated by Fig. 1 in Refs. [1,9]. His equation appears as Eq. (1). It has the 
advantage of exactness on bilinear numbers and the squares of bilinear numbers. It is 
invariant under rotation and translation of the data. It has the disadvantage that it requires 
nine measurements for a two-parameter design. Ordinarily, Pearson’s equation is exact 
only at the center of the rectangle and the midpoints of its sides [11]. 
 
 
R = E + (1/2)(F – D)x + (1/2)(H – B)y + (1/4)(A – C – G + I)xy 
+ (1/2)(F – 2E + D)x2 + (1/2)(H – 2E + B)y2 
+ (1/4)[A + C + G + I + 4E – 2(F + D + B + H)]x2y2                               (1) 

 
 
Eq. (2) is a three-dimensional analog of Pearson’s nine-point equation. It applies 

to the 15-point cube. A datum is obtained at the center (E) of the cube and at each of its 
eight vertices as illustrated in Fig. 1. The remaining six measurements are obtained at the 
centers of the faces of the cube. They are denoted by four-letter combinations. For 
example, BDIG represents the center point of the corresponding rectangular face of the 
cube. R represents a predicted or an interpolated number. 
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R = E + (BDIG – ACHF)(x/2) + (CDIH – ABGF)(y/2) + (FGIH – ABDC)(z/2) 
+ (A – C + I – H – B – G + F + D)(xy/8) + (I – H + C – D + A – F – B + G)(xz/8) 
+ (I + H – C – D + A – F + B – G)(yz/8) + (C – A + I + F – H + B – G – D)(xyz/8) 
+ (BDIG – 2E + ACHF)(x2/2) + (CDIH – 2E + ABGF)(y2/2) 
+ (FGIH – 2E + ABDC)(z2/2) 
+ [A + B + C + D + F + G + H + I + 16E – 4(ABDC + FGIH + ACHF + BDIG 
+ ABGF + CDIH)](x2y2z2/16)             (2) 
 

As with Eq. (1), Eq. (2) replicates the center point and the centers of the faces of 
the cube in Fig. 1. It estimates the data at the remaining vertices of the cube. Eq. (2) is 
invariant under rotation and translation of the data. It is exact on trilinear numbers and 
their squares. It requires fifteen data to estimate first- and second-order effects on three 
parameters so it may be expensive to apply. 

 
Table 3 illustrates the fidelities of three equations for the cube in Fig. 1. The first 

equation is Eq. (2). The second equation represents a least-squares approach to the same 
15-point design. It uses Eq. (3) in which the suffix letter c (as in xc) denotes coefficients 
that are to be estimated from the data. 
 
R = cpc + (xc)x + (yc)y + (zc)z + (xyc)xy + (xzc)xz + (yzc)yz + (xyzc)xyz 
+ (x2c)x2 + (y2c)y2 + (z2c)z2.              (3) 
 

 
The third equation is an operational equation for the nine-point design, Eq. (D) in 

Ref. [7]. It does not use the data at the centers of the faces of the cube. Eqs. (2), (3), and 
(D) are exact on the first and second powers of linear numbers. The nine-point 
operational equation is included for the sake of interest. 
 

An index of the fidelities of the three equations is the sums of squares of the 
deviations from typical monotonic test surfaces. Those sums are obtained by triple 
integration. The test surfaces are generated by applying the monotonic functions (M) in 
the first column of the table to the first nine integers 1 .. 9 at the vertices of the cube. This 
means that the center point of the cube has value M(5) while vertex ABDC, the center 
point of the bottom face of the cube, has value M(5/2). The center point values of the 
other cube faces are M(4), M(9/2), M(11/2), M(6), and M(15/2) for faces ABGF, ACHF, 
BDIG, CDIH, and FGIH, respectively. 
 

The entries in Table 3 suggest that there are many occasions when Eq. (2) and the 
nine-point operational equation are superior to a least squares equation selected for the 
15-point design. The conclusion is based on monotonic data derived from simple 
functions applied to linear numbers. Such data are not typical of laboratory experience. 
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4. Discussion 

 
The 27-point equations are invariant under rotation of the data. They are invariant 

under translation if the equations interpolating the octants are also invariant under 
translation. Equations that use the circular and hyperbolic trigonometric functions do not 
supply translational invariance. 
 

A recent paper illustrated the adverse effects that curvature can have on 
interpolating equations. Three curvilinear data are [1,2,20] at the x-axis coordinates [–
1,0,1], respectively [12]. The parabola interpolating them is y=2+9.5x+8.5x2. It has a 
minimum that is a negative number between the first two data. If the data represent 
bacterial counts on equidistant, successive occasions, the parabola predicts their number 
decreases between the first and second measurements. This impression is not sustained 
by only three equidistant, monotonic measurements. Moreover, the number of bacteria 
can never be negative. Unrealistic curvature effects can arise when only one parameter is 
modeled by a simple equation applied to three curvilinear data. When unrealistic effects 
are predicted, they put the interpolating instrument into question. 

 
Operational equations have the advantage of estimating curvature on two- and 

three-dimensional arrays. That advantage was formerly thought to be impossible to 
realize. The capacity to estimate curvature should not be confused with the capacity to 
estimate curvature satisfactorily. The two things are different. As interpolating 
instruments, two- or three-parameter equations can generate surfaces with questionable 
curvature effects just like one-parameter equations. For these reasons, the operational 
equations can be inferior to the familiar, linear equations. In known cases, the inferiority 
can be recognized by larger sums of squares of deviations than arise with the linear 
equations. 

 
Suspicious behavior in two or three dimensions is detected in the same manner as 

in one dimension: by plotting the edges or the surfaces that bound the arrays. Edges or 
surfaces that have unanticipated curvature effects, or spurious extrema, suggest an unwise 
choice of the interpolating instrument. These tests are crude and time-consuming but they 
are easy. The author knows of no better method that is as easy. 

 
The preceding remarks are illustrated by rectangle ACIG with trial numbers 

assigned to its vertices as below: 
 
 

G = 128   I = 512 
 

A = 2    C = 8 
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The four-point operational, polynomial-type equation, Eq. (2) in Ref. [8] or Eq. 

(6) in Refs. [9,10], yields Eq. (4) as the interpolating equation of the example surface.  
Plotting the equation reveals extrema on two of the boundaries. The four-point 
exponential-type equation, Eq. (29) in Ref. [10] or Eq. (3) in Ref. [8], yields Eq. (5) as its 
representation of the four-point surface. Eq. (5) does not display unanticipated extrema 
on the sides of the rectangle or within the rectangular surface. The sign of the slope of 
every boundary remains the same. Without contrary evidence, Eq. (5) is a better choice 
for the trial data. 
 
 
R = 56.9 + 97.5x + 157.5y + 94.5xy + 29.3x2 + 76.3y2         (4) 
 
R = (2)(2)(x+1)(8)(y+1)               (5) 
 
 

The problem of unrealistic effects like spurious extrema can arise when the 
parabola is used to represent curvilinear data. However, the parabola is not abandoned for 
that reason. The problem is exacerbated in two or three dimensions because unrealistic 
effects can appear simultaneously. Operational equations represent opportunities to 
estimate curvature but the opportunities can likewise be compromised by untoward 
effects. Greater care is needed in multidimensional problems but the requirement does 
not mean that parabolic surfaces should be abandoned. 
 

 
 
 
 
 
Table 1. Instructions for changing the coordinates in octant equations prior to substitution 
into the trilinear equation. 
 
 
Octant Change x to: Change y to: Change z to: 
A 2x + 1 2y + 1 2z + 1 
B 2x – 1 2y + 1 2z + 1 
C 2x + 1 2y – 1 2z + 1 
D 2x – 1 2y – 1 2z + 1 
F 2x + 1 2y + 1 2z – 1 
G 2x – 1 2y + 1 2z – 1 
H 2x + 1 2y – 1 2z – 1 
I 2x – 1 2y – 1 2z – 1 
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Table 2. The 27-point cube represented by four polynomial-type equations and one sine-
and-cosine equation. The entries in the table are the sums of squares of deviations of the 
interpolating surfaces from the true surfaces. 
 
 
Function* Trilinear LinLin QuadLin CubLin TrigLin 
M 0 0 0 0 ––– 
(M/5)2 54.67 0 0 0 1.218 
(M/5)3 3960 20.76 5.190 0 115.0 
(M/5)3+5(M/5)2 9919 20.76 5.190 0 149.4 
(M/5)4 166823 2678 660.5 42.31 6270 
(12/10)M 4010 104.0 15.42 3.532 0 
(100)sin(3Mo) 273.2 0.9979 0.2705 0.005083 0 
sinh(M/5) 2837 84.85 12.15 3.240 0 
100/M 2367 123.8 50.83 26.88 19.37 
100/M2 2927 176.2 91.42 42.83 15.90 
*M = (14 + x + 3y + 9z) 

 
 
 
 
 

 
Table 3. Approximate sums of squares of deviations of two 15-point equations and one 
9-point equation from typical three-dimensional, monotonic surfaces. The least-squares 
equation and Eq. (2) are based on 15 data whereas Eq. (D) uses 9 data. 

 
 

Function* Eq. (2) Least squares Eq. (D) 
M4 132000 313000 10600 
M3 323 776 0 
M2 0 0 0 
100/M 68.3 241 96.1 
100/M2 190 661 357 
cosh(M/2) 7.66 20.5 2.92 
ln(M!) 0.0135 0.0373 0.00395 
*M = (5 + x/2 + y + 5z/2) 
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Fig. 1. The nine-point cube. The additional vertices at the centers of the faces and 

the edges of the 27-point cube are not shown. 
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