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Abstract

In this paper we extend some statistical techniques of MANOVA,
where the data are vectors in R

d, to the case where the observations are
real functions. We consider the model

Y (t) = x′β(t) + σε(t), t ∈ [0, 1]

where x = (x1, . . . , xp)′ ∈ R
p is known, σ > 0 is an unknown real

parameter, and β = (β1, . . . , βp)′ ∈ Lp
2 is a vector of square integrable

and unknown functions. It is estimated and its estimator β̂ is shown
to have some optimal properties. We also develop a test statistic for
testing H0 : Kβ = C versus H1 : Kβ �= C. Our results are natural
extensions of the classical ones.
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1 Introduction

Multivariate analysis of variance (MANOVA) is a well established statistical
technique for analyzing data where the measurements depend on several fac-
tors. It mainly deals with data where each observation can be represented by
a finite dimensional vector of real numbers. With modern technology for data
acquisition, functional data are present in a natural way in many applied con-
texts. They can also result from finite sets of observations to which smoothing
and interpolation procedures have been applied. This could be the case in
some situations where a functional approach is quite natural. Examples of
such situations, (see [7]) are averages of temperatures or precipitation levels at
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given regions, where data are available continuously in time but are collected
on a daily or monthly basis. Statistical procedures as regression analysis for
functional data appeared in the early sixties (see e.g. [6]) in the context of
time series analysis. The interest for functional data of many researchers, [7]
and the references therein, has become considerable. This is explained by the
wide fields of applications involving observations which are best represented
by functions. However, despite their importance, statistical inference issues
for functional data have not been fully explored. The rank that linear models
occupy in both theory and applications suggests that an extension to the func-
tional case merits some attention. For functional data where the measurements
depend on several factors, a user who wishes to estimate the factors effects or
test for their presence using the current techniques, would have to discretize
each data point and summarize it into a few values. This might result in losing
some potentially useful information. Our aim in this paper is to develop pro-
cedures which permit the researcher to use the entire information contained
in the data. Our results are a natural generalization of the well known results
from the theory of classical linear models. Theoretic computations are done
in L2, the Hilbert space of square integrable functions. However, the practical
calculations are based on simple numerical integrations. In our approach it is
assumed that the user has some idea about the error covariance structure. This
could be provided by some other methods of analysis of continuous processes
like time series.

In section 2 we introduce the general framework of this paper. The third
section contains our main results on estimation. Section 4 contains our results
on testing linear hypotheses.

1.1 General sittings

Let (S,S, μ) be a measure space, with μ a σ-finite measure. The separable
Hilbert space L2(S, μ) =

{
f : S → R;

∫
S
f 2(s)dμ(s) < ∞}

, is endowed with
its usual inner product:

∀ f, g ∈ L2(S, μ) < f, g >=

∫
S

f(s)g(s)dμ(s),

and its usual norm ‖.‖2
2 =< ., . >.

Let κ : S × S → R be a function that is symmetric , i.e., for every (s, t) ∈
S × S, κ(s, t) = κ(t, s), and μ × μ-square integrable. The integral operator
Tκ, with kernel κ, is defined onto L2(S, μ) by: f �−→ Tκ f , where Tκ f is a the
real-valued function defined on S by

∀t ∈ S Tκ f(t) =

∫
S

κ(s, t)f(s)dμ(s).
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It can easily be seen that Tκ is linear and self-adjoint, i.e., < Tκ f, g >=<
f, Tκ g > for all f, g ∈ L2(S, μ). Moreover, see e.g. [1, Proposition 4.7], Tκ is
continuous and compact. Therefore, see [1, Theorem 5.1 and Corollary 5.3],
there exist a sequence (λk) of real numbers and an orthonormal basis (ϕk) for
(ker Tκ)

⊥ such that for all f ∈ L2(S, μ)

Tκ f =
∑
k≥1

λk < f, ϕk > ϕk. (1)

In particular, for each k ≥ 1, ϕk is an eigenfunction of Tκ associated with the
eigenvalue λk.

Let BL2 denote the Borel σ-algebra of L2(S, μ), and X an
(
L2(S, μ),BL2

)
-

valued mean zero random variable , i.e, E
(
f(X)

)
= 0 for every f ∈ L2(S, μ).

The covariance function of X, κ : S × S → R, is defined by: κ(s, t) =
E
[
X(s)X(t)

]
. In this setting we will always consider L2(S, μ)-valued mean

zero random variables with μ×μ- square integrable covariance function. Thus
Tκ, the covariance operator of X satisfies (1).

The operator Tκ induces on L2(S, μ) an inner product < ., . >Tκ, and thus
a seminorm ‖.‖Tκ , defined by

∀ f, g ∈ L2(S, μ), < f, g >Tκ=< f, Tκ g >, and ‖f‖2
Tκ

=< f, f >Tκ .

Note that, by (1) and the definition of ‖.‖Tκ, we have that

∀f ∈ L2(S, μ), ‖f‖Tκ = ‖h‖Tκ, (2)

where h is the projection of f onto (kerTκ)
⊥.

We have, see [6] for example, the following result

∀f, g ∈ L2(S, μ), < Tκf, g >= E[< X, f >< X, g >]. (3)

Using the definition of Tκ and Schwarz’s inequality it can easily be seen
that this seminorm is continuous with respect to the usual one,

∀ f ∈ L2(S, μ) ‖f‖2
Tκ

≤ ‖f‖2
2

∫
S×S

κ2(s, t)dμ(s)dμ(t). (4)

This implies in particular that any sequence that converges in (L2(S, μ), ‖.‖2)
converges also in (L2(S, μ), ‖.‖Tκ). The computations with ‖.‖Tκ do not present
any extra difficulties. Furthermore, using this seminorm we will show that the
least squares and the maximum likelihood methods lead to the same estimator.
This can not be established for the usual norm.

It is often convenient to use vectorial notation. We will consider vectors in
the Hilbert space Lr

2(S, μ) endowed with its canonical inner products

< f , g >=
r∑

i=1

< fi, gi >, and < f , g >Tκ=
r∑

i=1

< fi, gi >Tκ,
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where f = (f1, . . . , fr)
′, and g = (g1, . . . , gr)

′ ∈ Lr
2(S, μ). Let ξ = (ξ1, . . . , ξr)

′

be an element of Lr
2(S, μ). For each i = 1, . . . , r, and k ≥ 1, ξi(k) will denote

the component of the projection of ξi on ϕk, i.e., ξi(k) =< ξi, ϕk > ϕk. The
element of Rr, whose components are ξ1(k), . . . , ξr(k) will be denoted by ξ(k),
i.e., ξ(k) = (ξ1(k), . . . , ξr(k))

′.

For simplicity of notation and without any loss of generality we will suppose
that (S,S, μ) = ([0, 1],B[0,1], λ), the unit interval endowed with its Borel σ-
algebra and the Lebesgue measure. The Hilbert space L2([0, 1], λ) is denoted
by L2.

1.2 The Model

The model we adopt in this work has its origins in classical Analysis of Vari-
ance theory [8]. The observations are functions of time, and each observation
{Y (t), t ∈ [0, 1]} is the sum of a deterministic function m, and a scaled ran-
dom function ε, i.e., Y = m + σε. We call m the mean-value function, ε the
fluctuation or error, and σ is a positive and unknown scalar. Assume that the
mean-value function m is a linear combination of some unknown functions.
The equation of an observation can be written as

Y (t) = x′β(t) + σε(t), t ∈ [0, 1] (5)

where x = (x1, . . . , xp)
′ ∈ Rp is known, and β = (β1, . . . , βp)

′ ∈ Lp
2 is to be

estimated.
Let κ denote the covariance operator of ε and {(λk, ϕk), k ≥ 1} the sequence

of pairs of eigenvalues-eigenfunctions of the covariance operator Tκ. The se-
quence (ϕk)k≥1 enables us to reduce the model (5) to a system of classical
models. In particular if ε is Gaussian, this reduction preserves independence
across projections of realizations. Moreover it will allow us to identify, as will
be seen, the law of some statistics. The key tool is the following result.

Theorem 1. [4, Theorem 2, p. 64] Let X be a Gaussian mean zero random
variable with values in L2(S, μ), there exists a sequence (Xk) of independent
and identically distributed normal random variables such that:

Xk =
1√
λk

< X,ϕk >, and X =
∑
k≥1

√
λk Xkϕk, a.s.

For notational simplicity, from now on T will denote Tκ and HT will denote
the closure in L2 of the subspace spanned by (ϕk)k≥1, i.e.,

HT = {f ∈ L2; f =
∑
k≥1

< f, ϕk > ϕk}.
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In other words HT is the reproducing kernel Hilbert space associated with κ, see
[6, Definition 4E]. In the case of a Gaussian error, we will assume without any
loss of generality that the mean value function m belongs to HT . Indeed, each
observation Y is the sum of its projection onto HT , YHT

, and Y(HT )⊥ = Y −YHT
.

The error is almost surely in HT . Therefore m(HT )⊥ = Y(HT )⊥ almost surely,
and thus we only need to make inferences about mHT

.

2 Estimation

Commonly used methods in the theory of estimation are the least squares
and the maximum likelihood methods. In the theory of linear models, under
the normality assumption, they lead to the same estimators that have some
optimality properties. Their justification as satisfactory estimation procedures
is given in many standard statistical texts. Roughly speaking, the least squares
method is based on minimizing the squared norm of the error. In the Euclidean
space this can be achieved by computing derivatives and equating them to
zero. In the infinite dimensional case there is no equivalent to this procedure.
However, in a Hilbert space, (or more generally in a Banach space having a
countable basis), it is possible to apply the least squares procedure. We will
show how it applies in L2, and prove that the estimators are optimum in a
certain sense.

The method of maximum likelihood is more restrictive than the least squares
method. More precisely it requires a distribution density with respect to some
measure. Lebesgue measure is the most frequently used in classical linear
models, and it is efficient under the normality assumption. In the functional
case there is no equivalent to Lebesgue’s measure, and thus even under the
normality assumption a distribution density might not exist. We present some
cases where the maximum likelihood method is applicable.

Suppose that we observe n independent realizations of the random function
Y of (5). In vectorial notation, the model can be written as

Y(t) = Xβ(t) + σε(t); t ∈ [0, 1], (6)

where σ and β are as before, ε = (ε1, . . . , εn)′ is a Ln
2 -valued random variable,

and X = (xij) is an n× p matrix whose entries are known real numbers. The
observations are assumed to be independent, and having the same square-
integrable covariance function κ. In other words, the components of ε are
L2-valued, mean zero, and independent random variables which define the
same covariance compact operator Tκ.

For every fixed t ∈ [0, 1], the equations (6) are those of a classical linear
model and so estimators of β(t) are available. Our aim is to find an estimator
of the vector β ∈ Lp

2 that coincides for fixed t with the classical ones, and
derive some test statistics for linear hypotheses.
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2.1 The Least Squares Method

The method of least squares consists of finding the vector β̂ that minimizes the
T-norm of the error e(β) = (Y1 − (Xβ)1, . . . ,Yn − (Xβ)n)′ when viewed as a
function of β. Since σ does not depend on β, dividing e(β) by σ if necessary,
we will suppose that σ = 1.

From the definition of the T-norm in Ln
2 , we have that

‖e(β)‖2
T =

n∑
i=1

‖ei(β)‖2
T , with ei(β) = Yi − (Xβ)i, for i = 1, . . . , n.

The definition of the inner product < ., . >T , and (1) show that

‖ei(β)‖2
T =

∑
k≥1

< ei(β), ϕk >
2
T

=
∑
k≥1

[
< TYi, ϕk > − < T (Xβ)i, ϕk >

]
=

∑
k≥1

λk

[
Yi(k) − (Xβ)i(k)

]
.

Therefore

n∑
i=1

‖ei(β)‖2
T =

∑
k≥1

λ2
k

(
Y(k) − Xβ(k)

)′(
Y(k) − Xβ(k)

)
. (7)

This shows that ‖e(β)‖2
T is minimized if, and only if, for each k ≥ 1, the

Euclidean norm of e(k)(β) is minimized. For each fixed k ≥ 1, the norm of
e(k)(β), Viewed as a function of β(k), is minimized at

β̂(k) = (X′X)−1X′Y(k).

Theorem 2. The estimator of β that minimizes ||Y−Xb||T , when viewed as
a function of b, is given by

β̂ = (X′X)−1X′Y.

2.2 The BLUE Property

From the classical theory of linear models it is known that under the Gauss-
Markov conditions, for each k ≥ 1, β̂(k) is the Best Linear Unbiased Estimator
(BLUE) of β(k), i.e.,

∀a ∈ R
p, ∀b ∈ R

n, E
[
b′Y(k)

]
= a′β(k) ⇒ Var

[
a′β̂(k)

] ≤ Var
[
b′Y(k)

]
.
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This also can be formulated as follows: If f ∈ Rn and g ∈ Rp are two
continuous linear forms, on their respective spaces, then

E[< f ,Y(k) >] =< g,β(k) >, ⇒ Var[< g, β̂(k) >] ≤ Var[< f ,Y(k) >].

But Y(k) and β(k) are also elements of Ln
2 and Lp

2 respectively, and continuous
linear forms on R

r, r = n or p, can be viewed as particular elements of Lr
2. A

natural generalization of the “BLUE” property could therefore be: If f ∈ Ln
2

and g ∈ Lp
2 are two continuous linear forms, on their respective spaces, then

E[< f ,Y >] =< g,β > ⇒ Var[< g, β̂ >] ≤ Var[< f ,Y >].

Let g ∈ Lp
2, for which f∗ ∈ Ln

2 is the minimal variance achieved? The answer
is given by the following theorem.

Theorem 3. Let f ∈ Ln
2 and g ∈ Lp

2 be such that:

E[< f ,Y >] =< g,β >,

then we have

Var[< g, β̂ >] ≤ Var[< f ,Y >].

Proof. To prove this theorem we need the following lemma,

Lemma 1. For every f ∈ Ln
2 , we have

Var[< f ,Y >] =
∑
k≥1

Var[< f(k),Y(k) >].

[Proof of Lemma 1] First note that since Y1(k), . . . , Yn(k) are independent,
Cov[Y(k)] = σ2λkI. Indeed, for all k ≥ 1, and for i = 1, . . . , n we have
Var(Yi(k)) = σ2λk. To see this, note that Var(Yi(k)) = σ2 Var(εi(k)), and using
equation (3) we have

Var(εi(k)) = E[< εi, ϕk >
2] =< T ϕk, ϕk > .

Since ϕk is the orthonormal eigenfunction of T associated with λk, the result
follows.
Using the definition of the inner product in Ln

2 , and the independence of the
Yi we have Var[< f ,Y >] =

∑n
i=1 Var[< fi, Yi >]. But Var[< fi, Yi >] =

σ2E[< fi, εi >
2], and by equation (3), it is equal to σ2 < T fi, fi >. Now using

the expansion of fi in the orthonormal basis (ϕk), and the fact that the ϕk are
eigenfunctions of T we have

Var[< fi, Yi >] = σ2
∑
k≥1

λkf
2
i(k),
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where fi(k) =< fi, ϕk >. This shows that Var[< f ,Y >] = σ2
∑

k≥1 λkf
′
(k)f(k),

and thus

Var[< f ,Y >] =
∑
k≥1

Var[< f(k),Y(k) >],

which proves the Lemma.

Suppose there is an f∗ ∈ Ln
2 such that E[< f∗,Y >] =< g,β > and

Var[< f∗,Y >] ≤ Var[< h,Y >],

for every h ∈ Ln
2 such that E[< h,Y >] =< g,β >.

Since the equality E[< f∗,Y >] =< g,β > should hold for every β, f∗ has
to satisfy X′ f∗ = g. In other words, it should satisfy

∀k ≥ 1 X′f∗(k) = g(k). (8)

By Lemma 1, Var[< f ,Y >] =
∑

k≥1 Var[< f(k),Y(k) >]. Thus, to minimize
this variance, it suffices to minimize each term of the series. For k ≥ 1 fixed,
we use the Lagrange multiplier to minimize the kth term of the series, subject
to the conditions (8), and obtain

f∗(k) = X(X′X)−1Y(k).

And since this is true for all k ≥ 1, we have f∗ = X(X′X)−1Y which is what
we seek.

The result of the theorem is given in terms of the usual inner product in L2 to
emphasize that it generalizes the known result in the finite dimensional case.
The same arguments used for the proof can be used if < ., . > is replaced by
< ., . >T . The following section is devoted to another method of estimation.

2.3 The Maximum Likelihood Method

In this section we assume that ε, of the model (6) is Gaussian, and denote
the n × 1 matrix Xβ by m = (m1, . . . , mn)′. Let L(Y1) = ν and L(σε1) = μ
denote the probability distributions of Y1 and σε1 respectively. These are
two Gaussian probability measures on (L2,BL2). As before, T denotes the
covariance operator of ε1, and

√
T denotes the operator defined by

∀k ≥ 1,
√
T ϕk =

√
λk ϕk.

It is well known, see e.g. [4] or [5], that the distributions of two Gaussian
processes which have the same covariance operator are either equivalent or or-
thogonal. A necessary and sufficient condition for two Gaussian probabilities
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to be equivalent can be found, for instance, in [4, Theorem 1, p. 271] or [5,
Theorem 3.1, p. 118]. In both of these references one can find an expres-
sion for the Radon-Nikodym derivative of one probability with respect to the
other when they are equivalent. A necessary and sufficient condition for the
Radon-Nikodym derivative of ν with respect to μ to exist is that m belongs
to range(

√
T ). In [3] it is shown that this condition is actually equivalent to

m ∈ HT . We have seen that for estimating m there is no loss of generality in
supposing that m ∈ HT . Under this condition, in the next lemma, we give the
Radon-Nikodym derivative dν/dμ. A proof can be found in [3].

Lemma 2. Assume that the probability measure ν is absolutely continuous
with respect to the probability measure μ then we have

dν

dμ
(x) = exp

[
−1

2

∑
k≥1

m∗2
k +

∑
k≥1

m∗
kx

∗
k

]
, ∀x ∈ HT ,

where

m∗
j =< m,ϕ∗

j >, x
∗
j =< x,ϕ∗

j >, and ϕ
∗
j = σ

√
λj ϕj.

The likelihood function 
 = dν/dμ is defined by:

∀y ∈ Ln
2 , 
(m,y) = exp

[−1

2

∑
j≥1

n∑
i=1

m∗2
i(j) +

∑
j≥1

n∑
i=1

m∗
i(j)y

∗
i(j)

]
=

∏
j≥1

exp
{−1

2

[
m∗′

(j)m
∗
(j) − 2m∗

(j)y
∗
(j)

]}
=

∏
j≥1

exp
{−σ2λj

2

[
m′

(j)m(j) − 2m(j)y(j)

]}
,

where m(j) = (m1(j), . . . , mn(j))
′. Replacing m(t) by Xβ we have that

∀y ∈ Ln
2 , 
(β,y) =

∏
j≥1

exp
{−σ2λj

2

[
β′

(j)X
′Xβ(j) − 2β′

(j)X
′y(j)

]}
.

Note that, for every j ≥ 1,

β′
(j)X

′Xβ(j) − 2β′
(j)X

′y(j) = (y(j) −Xβ(j))
′(y(j) − Xβ(j)) − y′

(j)y(j),

so that maximizing 
(β,y) with respect to β, independently of σ, is equivalent
to minimizing

(y(j) −Xβ(j))
′(y(j) − Xβ(j)).

Hence we have the following result
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Theorem 4. Viewed as a function of β, 
(β,Y) is maximized for

β̂ = (X′X)−1X′Y.

We end this section by some remarks on the methods we used to provide
an estimator for β.

Remark 1. The two methods of estimation, LS and ML, as in the finite di-
mensional case lead to the same estimator of β. However while the former is
always applicable the latter is not. More precisely,

a- As in the finite dimensional case, The least squares method does not
require normality. Moreover, it does not even require any knowledge
about the covariance structure.

b- Unlike the finite dimensional case, in infinite dimensional spaces there
is no direct equivalent to Lebesgue measure in Rn. However, if the er-
ror is Gaussian this difficulty can be circumvented by letting the Radon-
Nikodym derivative (of the observation distribution with respect to the
error distribution) play the role of the likelihood function. If the error is
not Gaussian it is not easy to remove the difficulty.

The inner product < ., . >T is not an artificial one. It appears naturally
in the reproducing kernel Hilbert space approach. Furthermore, the likelihood
function using < ., . >T is maximized at∑

j≥1

λY′
(j)Y(j) −

∑
j≥1

λj(Y(j) − Xβ(j))
′(Y(j) −Xβ(j)).

In terms of the inner product < ., . >T , one can easily see that this expression is
analogous to the statistic SSR usually found in regression or analysis variance
or analysis. The statistic SSR is defined in the next section where we develop
tests for linear hypotheses.

3 Testing linear hypotheses

Our aim, in this section, is to make inferences on β by establishing tests for the
hypothesis H0 : Kβ = C. Following the notation from classical linear models,
we will define the residual error sum of squares SSE, the sum of squares due
to regression SSR, and establish some of their properties assuming that the
error ε is Gaussian. Using the definition of β̂, it is easy to see that

Y −Xβ̂ = (I − X(X′X)−1X′)Y,
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where I is the identity matrix. Let M = (mij)i,j denote the matrix (I −
X(X′X)−1X′). It is idempotent, symmetric and such that MX = O. For each
k ≥ 1, Y(k) is a Gaussian vector N (

μ(k), σ
2I

)
with mean μ(k) = Xβ(k). There-

fore, σ−2Y′
(k)MY(k) is a χ2(r(M)) random variable with r(M) = rank(M)

degrees of freedom.

3.1 The SSE and SSR

By analogy with the classical theory of linear models [9] we define error sum
of squares (SSE) by:

SSE =
〈
Y − Ŷ,Y − Ŷ

〉
T
,

where Ŷ = Xβ̂. It can easily be seen that SSE =
〈
Y,MY

〉
T
. From the

definition of the inner product < ., . >T in Ln
2 , we have that:

〈
Y,MY

〉
T

=

n∑
i=1

n∑
j=1

〈
Yi, mijYj

〉
T
.

Using the expansion of the Yi and the orthonormality of the ϕk, the general
term of the double sum becomes〈

Yi, mijYj

〉
T

=
∑
k≥1

λk < Yi, ϕk > mij < Yj, ϕk > .

Substituting this in the previous formulae, we get

〈
Y,MY

〉
T

=
n∑

i=1

n∑
j=1

∑
k≥1

λk < Yi, ϕk > mij < Yj, ϕk >

=
∑
k≥1

n∑
i=1

n∑
j=1

λk < Yi, ϕk > mij < Yj, ϕk >

=
∑
k≥1

λkY
′
(k)MY(k).

This shows that SSE =
∑

k≥1 λkY
′
(k)MY(k). We also define the total sum of

squares by SST =
〈
Y,Y

〉
T
. Then the sum of squares due to regression SSR

is the difference SST − SSE, and we have SSR =
〈
Y,BY

〉
T
, where B =

X(X′X)−1X′. It is easy to see that the matrix B is symmetric, idempotent,
and orthogonal to M. We can now state and prove the following results.

Theorem 5. Assuming that the error ε is Gaussian, we have that
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1- There exists a sequence (ηk) of independent random variables with the
same distribution χ2

r(M), such that the series σ2
∑

k≥1 λ
2
kηk converges to

SSE almost surely.

2- There exists a sequence (ξk) of independent real random variables such
that each ξk has a non-central χ2 ′(r(B), (2σ2λk)

−1μ′
(k)Bμ(k)) distribu-

tion, and the series σ2
∑

k≥1 λ
2
kξk converges to SSR almost surely. Also,

3- The SSE and SSR are independent.

Proof.

1- We have seen that

SSE =
∑
k≥1

λkY
′
(k)MY(k) = σ2

∑
k≥1

λ2
k

( 1

σ
√
λk

Y(k)

)′
M

( 1

σ
√
λk

Y(k)

)
.

Since μ′
(k)M = 0, ηk =

(
1

σ
√

λk
Y(k)

)′
M

(
1

σ
√

λk
Y(k)

)
has a χ2

r(M) distribu-

tion with r(M) degrees of freedom.

On the other hand, E[SSE] = E < Y,MY >T is finite. Therefore SSE
is almost surely finite.

2- Using the same arguments as for SSE we have that

SSR =
∑
k≥1

λkY
′
(k)BY(k) = σ2

∑
k≥1

λ2
k

( 1

σ
√
λk

Y(k)

)′
B

( 1

σ
√
λk

Y(k)

)
.

Thus ξk =
(

1
σ
√

λk
Y(k)

)′
B

(
1

σ
√

λk
Y(k)

)
is a non-central χ2 ′ with r(B) de-

grees of freedom and a non-centrality parameter (σ2λk)
−1μ′

(k)Bμ(k). Since

E[SSR] = E < Y,BY >T<∞, the SSR is almost surely finite.

3- It suffices to show that the sequences (ηk)k≥1 and (ξk)k≥1 are mutually
independent. Since (Y(k))k≥1 is a sequence of independent random vec-
tors and since ηk and ξk are functions of Y(k) alone, it suffices to show
that for each k ≥ 1, ηk and ξk are independent.

We have ηk = (σλk)
−1Y′

(k)MY(k) and ξk = (σλk)
−1Y′

(k)BY(k) where

Y(k) is a Gaussian N (μ(k), σ
2λkI) random vector. But, BM = MB = 0,

thus ηk and ξk are independent.

Remark 2. The statistic
SSE

[r(M)
∑

k λ
2
k]

is an unbiased and consistent estima-

tor for σ2.
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3.2 Testing linear hypotheses

Consider the general hypothesis H0 : Kβ = C, where K is an m×p matrix and
C is an m×1 vector of given functions. We assume that K is of full row rank,
i.e., rank(K) = m. For testing this kind of hypothesis we need to compute
an estimator of β under H0. We will see that the constrained least squares
method provides such an estimator, β̃. The constrained least squares estimates
are obtained by minimizing ‖e(β)‖2

T under the condition Kβ −C = 0, which
is equivalent to

Kβ(k) −C(k) = 0 ∀k ≥ 1. (9)

To minimize ‖e(β)‖2
T subject to (9), it suffices to minimize for each k ≥ 1,

(Y(k) − Xβ(k))
′(Y(k) −Xβ(k)) subject to the condition Kβ(k) − C(k) = 0

Using Lagrange multiplier vectors, it can easily be seen that

β̃ = β̂ − (X′X)−1K′ [K(X′X)−1K′]−1
(Kβ̂ − C). (10)

Note that since rank(K) = m ≤ p = rank((X′X)−1), the rank(K(X′X)−1K′)
equals m. Hence K(X′X)−1K′ is of full rank, and thus invertible.

Remark 3. Recall that the maximum likelihood estimator has been obtained
by minimizing, for each k ≥ 1,

(Y(k) −Xβ(k))
′(Y(k) − Xβ(k)).

Therefore, the constrained maximum likelihood estimator obtained by maximiz-
ing the likelihood function subject to (9) is equal to β̃.

Let SSEH0 denote the error sum of squares under the hypothesis H0 :

Kβ = C, i.e. SSEH0 = ‖Y − Xβ̃‖2
T .

Writing Y − Xβ̃ = Y − Xβ̂ + X(β̂ − β̃), and since X′(Y − Xβ̂) = 0, it
follows that

SSEH0 = ‖Y − Xβ̂‖2
T + ‖X(β̂ − β̃)‖2

T . (11)

From (10) and the same calculations as in the classical analysis of variance,
we obtain

X(β̂ − β̃) = D(Y −C∗), where

D = X(X′X)−1K′ [K(X′X)−1K′]−1
K(X′X)−1X′, and C∗ = XK′(KK′)−1C.

Note that D is idempotent, symmetric and DM = MD = 0. In this form we
can now state some properties of the statistic Q = ‖X(β̂ − β̃)‖2

T . They can
be proved following the proof of Theorem 5.
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Theorem 6. Assuming that the error ε is Gaussian, we have that

a- There exists a sequence (ζk) of independent real random variables such
that each ζk has a non-central χ2′(r(D), δk) distribution with r(D) degrees
of freedom and a non-centrality parameter δk given by

δk = (2σ2λk)
−1(EY(k) −C∗

(k))
′D(EY(k) − C∗

(k)),

such that the series σ2
∑

k λ
2
kζk converges to Q = ‖X(β̂ − β̃)‖2

T almost
surely.

b- The real random variables Q and SSE are stochastically independent.

The sum of squares due to regression, under the hypothesis H0 : Kβ =
C, is defined by SSRH0 = SST − SSEH0 . The equation (11) shows that
SSRH0 − SSR = Q. Thus we have the following result:

Theorem 7. For testing H0 : Kβ = C versus H1 : Kβ �= C, at level α, there
exists a test ψ given by:

ψ =

{
1 if SH0(Y) > C(H0, α),
0 otherwise

,

where

SH0(Y) =

{
SSRHo − SSR if σ is known,

(SSRHo − SSR)/SSE otherwise.

The constant C(H0, α) is such that P{SH0(Y) > C(H0, α),Kβ = C} = α.
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