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Abstract
By using a continuation theorem of Mawhin’s coincidence degree ,
studied a periodic predator-prey system with dispersal and semi-ratio-
functional response, sufficient conditions are obtained for the existence
of positive periodic solution for the system.
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1 Introduction

Traditional Lotka-Voterra type predator-prey model with functional re-
sponse is described by the following system of ordinary differential equations:

& =xz(a—bx) — p(z)y
(1)
§ = —dy+cp(x)y
where z(t) and y(t) stand for the population density of prey and predator at
time t respectively. system (1) have been studied intensively and expansively
in the literature with the functional response p(z) of type I-V(see [2,3] and
the references cited therein).
In addition to the predator-prey systems with above functional response,
there is another interesting and important predator-prey system: semi-ratio-
dependent predator-prey system!, which takes the form of

i = a(a — be) — pla)y

y=yld—f-%)

(2)
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system (2) attracted much attention from both mathematicians and biolo-
gists but is far from being well studied. system (2) incorporate many famous
predator-prey interaction models as its special casel®%. Hsu and HWang!” have
carried out thorough qualitative analysis of (2), Wang and Fan/®3 performed
version of the system

11 = x1[a(t) — b(t)x1] — p(t, z1)xs
(3)
Ty = wo[d(t) — f(t)3]

and its discrete analogue model, sufficient conditions are derived for the exis-
tence of a positive periodic solution in the system. Motivated by these work,

in this present paper we are devoted to the study of the following periodic
predator-prey system with prey dispersal in patch environments

E1(t) = 21 (t)[r1(t) — b1 ()21 (t) — c()y(t)] + Di(t)[22(t) — 21 ()]
To(t) = xa(t)[ra(t) — ba(t)a(t)] + Da(t)[21(t) — 22(2)]
y(t) = y(@)[rs(t) — b3(t)y(t) + d(t)x1(t)] — p(t, y(t))=(t)

H(t) = (0)na(t) — F(1)22)

<
=

where x;(t) is the density of prey in patch i(i = 1,2),y(t) is the density of
predator species, while species z can diffuse between two patches, D;(t) (i =
1,2) are diffusion coefficient of species z. () (i = 1,2,3,4),b;(t) (i =
1,2,3),¢(t),d(t), f(t) and D;(t) are positive periodic functions with periodic
w > 0 and are continuous in R.

For a bounded continuous function g(z) on R we note:

gt =inf{g(t):t € R"}, g™ =sup{g(t): t € R}

moreover, if g(z) is a periodic function with periodic w, we let g = % Iy g(t)dt.

For the function P(t,y),we assume

(H1) p(t,y) is continuous with respect to the first variable ¢ and p(¢,0) =0
for any ¢ € R. there exist a bounded continuous function py(¢) such that
p(t,y) < po(t)y for any t € R,z > 0.

Let © = (21,22,y,2) € R} ={z € R* : z; > 0(i = 1,2),y > 0,2 > 0}, the
norm of z is defined as |z| = $7_, max |z;(t)] + maxy(t) + max z(t). From
the fundamental theorem of ordinary differential equation we know that for
any to > 0, the solution z(t) of system (4) with initial condition x(ty) > 0 will
remain positive while ¢ > t,. Such solution of system (4) are called positive
solution.
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2 Main result

In this section, by using Mawhin’s continuation theorem of coincidence
degree theory, we show the existence of periodic solution of system (4). First
we introduce the notations below:

let X, Z be normed linear vector space, L : DomL C X — Z be a linear
mapping, N : X — Z be a continuous mapping. The mapping L is called a
fredholm mapping of index zero if dim kerL = codim ImL < +oo and ImL
is closed in Z.

Let L be a fredholm mapping of index zero and there exist continous pro-
jectors P : X — X and Q : Z — Z such that ImP = KerL, ImL =
Ker@Q = Im(I — @), then L|pomrnkerr : (I — P)X — ImL is invertible. De-
note the inverse of L|pomrnrerr by Kp. Let € is an open bounded set of X,
the mapping N is being called L— compact on € if QN(Q) is bounded and
K,(I —Q)N : () — X is compact. Since ImQ is isomorphic to KerL, there
exists isomorphism J : Im(@) — KerlL.

Lemmal" Let L be a fredholm mapping with index zero, N is L— compact
on open bounded set {2, assume

(1) for each z € 9Q N DomL, X\ € (0,1), Lx # ANux.
(2) for each z € Q2N KerL, QNx # 0.
(3) deg{JQN, QN KerL,0} # 0.
then the operator equation Lz = Nz has at least one solution in DomL N Q.
Now we state our main result

Theorem Assume condition (H1) hold, moreover,if
(H2) ri(t) > Di(t) (i =1,2);
(H3) (ry — Dy)Eok — Mr > 0;

(H4) 75 — b eK > 0, by(ry — Dy) — &7 + df) > 0, I := 0742,

by

0:=inf{0": 516" < (r — D) + /b Dy @W%ﬁ)%”

(ro — Dy)M D}

Az i=inf {u" s brut < (m = DY+ DY\ Z e () ()]

then system (4) have at least one positive periodic solution.
Proof since the solution of system (4) remain positive, we make the change
of variables z;(t) = % y(t) = @, 2(t) = e“®, system (4) is reformulated
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as

a1 (t) = r1(t) — Di(t) — by (t)er® — c(t)e?® 4 Dy (t)ev2®)—ult)
U (t) = ro(t) — Do(t) — by(t)e®2®) 4 Dy(t)errt)—u2(®)

0(t) = ra(t) = ()" + d(B)en O — p(t, e O)er=)

w(t) = r4(t) — ft)er®=o®)

If system (5) has a w periodic solution u*, then 2* = €% is a w periodic
solution for system (4). to completed the proof we only need to show that
system (5) has a w periodic solution. Take

X =7 = {u(t) = (ui(t), us(t),v(t),w(t))" € C(R, R") : u(t +w) = u(t)}

|ul| = Zmax | (t |—|—trr%gxx \y()|+tr€%m]\ 2(t)|,ue X(or Z).

then X, Z are both Banach space with the norm || - ||.

Let t t t t
Tl(t) — Dl(t) — bl(t)eul( ) _ C(t)ev( ) + Dl(t)euz( Y—u1 ()
ro(t) — Da(t) — by(t)e®2® + Dy(t)er(O=uz(®)

ralt) = ba(t)e® + d(t)e"s — p(t, e")e 00

ra(t) — f(t)er =0

, u € X; :—/ t)dt,u € X;

:—/ t)dt, z € Z.

Then kerL = R* and
ImL = {(u1,uz,v,w) € Z : /w u,(t)dt = /wv(t)dt = /ww(t)dt =0}
0 0 0

and dimkerL = 4 = codimImL, since ImL is closed in Z, L is a fredholm
mapping of index zero.

It is easy to see that P and () are continuous projectors such that ImP =
kerL,ImL = kerQ = Im(I — Q) Thus the generalized inverse K, : ImL —
ker P N DomL to L exist and is given by

K, (2) = / ds——// s)dsdt
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Then QN : X — Y and Kp(I — Q)N : X — X read
L[5l (@) = Dy(t) = bi(t)e™® — ¢(t)e’™ + Dy (t)e = ®]qt

L [$Tra(t) — Da(t) — ba(t)e2® + Dy(t)emr (=20 dy
QNu =
IS Trs(8) — ()6 + d1)en® — p(t, )00y

505 Ira(t) = f(1)en = Oldt
KP(I—Q)NU—/ ds——/ / ))dsdt — (5—%)/0“) N(u(s))ds

obviously QNu and Kp(I — Q)Nu are continuous, by using the Arzela-Ascoli
theorem it is easy to verify that K,(I — Q)N(2) is compact for any open
bounded set 2 € X. Moreover QN (Q2) is bounded, therefore, N is L— compact
on open bounded set €.

Corresponding to the operator equation Lu = ANwu, A € (0, 1), we have

Uy (t) = )\[7’1 (t) — Dl(t) — by (t)€u1(t) _ C(t)ev(t) + Dl(t)euz(t)ful(t)]

ug(t) = )\[Tg(t) — D2( ) — bg( ) 2(t) + DQ( ) m(t)—m(t)]

0(t) = A[rs(t) — bs(£)e’® 4 d(t)er® — p(t, e'®)ew =)

w(t) = Alra(t) = f(t)e O]
Suppose u(t) = (u1(t), ug(t), v(t), w(t)) is a solution of system (6) for some
A € (0, 1), integrate both sides of system (6) from 0 to w, we have

/ bi(t)e O d + / c(t)e'Ddt = (= Di)w + / gr®-uOg  (7)
0 0

/ by(t)e e Ddt = (ry — Dy)w + / ? Dy(t)en - gt (8)
0 0

/ ) bs(t)e’®dt + / ) p(t, e?M)erO=v O dt — Fay 4 / ) d(t)e®Oat  (9)
0 0

0

/w f()erW=Odt = 7w (10)
0
It follows from (7),(8),(9),(10) that

/ iy (1)t

[ i@en @+ e+ [“n(t) = Dawpdt+ [ Dafye - Oan

0
= 2/w by (£)e® + ¢(t)e*®]dt < 2b11‘/1/ e dt—l—ZCM/ e’Mdt (11)
0 0 0

IN
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/w ’u2(t)|dt < /w[bQ(t)euz(t) + (TQ( ) dt+/ ul(t (t)dt
0 0
- 2/: ba (1) dt < 2b§4/0 ¢ (0 gt (12)

/O i [o(t)|dt < /Ow[bg(t)e”(“ + p(t, ") O=0) 4o (t) + d(t)e™ O] dt

= 2w + 2 / d(t)e Wt < 2Fsw + 2dM / gt (13)
0 0

/w W()|dt < /wf(t)e“’(t)_“(t)dt—l—/wm(t)dt:2f4w (14)
0 0 0

Multiples both sides of the first equation of system (6) by e**() and integrate
from 0 to w, we have

[ e Oe()er @ Oldt = [*[(r(5)- Dy (1)) O+ Dy (1) Vdt (15)
0 0
which yields
bf/ 2l dt < (ry — D)™ /w e Wdt + Dy’ /w "> dt (16)
0 0 0

By using the inequality ([ uvdt)? < [P u?dt - [*v?dt, from (16) we have

bL w w w
—1(/ e“l(t)dt)2 < (r;— Dl)M/ e gt 4 D{VI/ e2(®) gt
w \Jo 0 0
It follows that
o2bL fw 4bLDM w
1w < (ry — DM + \/[(7’1 — Dy)M]2 + #/ evw2(t) dt
0

w Jo w

Further using inequality (a + b)2 < a2 + b2 we have

bl jw bl DM w 1
1 e () gt < (7"1 o Dl)M + 141 (/ €u2(t)dt)2 (17>
0

W JO w

Repeat similar process, by the second equation of (6) we obtain

bL w bLDM w
= e Wt < (ry — Dy)M 4/ == ( / e V)
w Jo w 0

which together with (17) implies

=

(18)

bl pw
_1/ 1 Odi < (ry — DM
0

w
VDM |w(ry — Do)M  wD3! © 1
u1(t)dt 4
T b +(b§></o€ )’]

Bl
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thus we know there exist a positive constant p;, such that

/ e ®dt < py (19)
0

Substitute (17) into (18) and from what has been discussed in (19), we also
have a constant ps such that

/ e2Ddt < p, (20)
0

Let’s now consider the third equation of system (6), multiplies both sides
by €’® and integrate from 0 to w, leads to

/0 gt dt + /O " d(t)en O+ gy — /O Chy(0)eOdt + /O “p(t, ) gy
which imply
/0 by (1) Odt < 1M /O gt 4 gM /0 " g+ gy (21)
From (15) we also have
ck /Ow e OO gt < (r) — D)Mp, + DM p,

Together with (21) leads to

w w —D M DM
bé// €2U(t)dt < Té\/[/ €U(t)dt + dM[(Tl 1) p1+ Dy P2}
0 0 Cr,

Denote dM{(”*Dl)MPIJFDiMm

= } := Ay, use similar analysis on the expression

above as what has taken on (16),we have % [ er®dt < rd 4+ bg:‘l , hence

(rd + %Lwﬁ)w

Cergr < = 22
| e i s (22)

From (11), (12), (13) and (19), (20), (22) we have

/O iy (£)|dt < 262 py + 2cM py = dy (23)

/0 o (£)]dt < 263 py = d (24)

/Ow [o(t)|dt < 273w + 2d™ py = d (25)
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Since u € X, there exist & € [0,w] (i = 1,2,3,4), such that

ui(&) = max ui(t),  v(&) = max v(t), w(é) = max w(t)

Note that @(&1) = 2(&2) = 0(&3) = w(&) = 0, from system (6) we have

(&) — Dy (&) + Dl(él)ew(&)—m(&) — bl(él)em(&) + C({l)ey(&) (26)

T2(§2) _ D2(§2) + D2(§2)6U1(£2)—U2(§2) _ 52(§2)€U2(£2) (27)
r3(€3) 4+ d(€3)e™ &) = by(&5)e" ) 4 p(&;, eV(83))ew(Ea)~v(Es) (28)
ra(&) = f(&)e @) (29)

From (28) we obtain bkev($) < rM 4 qMei(€) From (26) we have b e (&) 4

cMe&) > (r; — Dy)E the two above expression yields to

ry — Dy)EbY — Ml
BITDE + MM

e > ( =B, >0 (30)

From (19), (20), there exist constant t;,%s € [0,w] such that

enlt) < i1 9 (31)
w
By (27) we derive
— D)L
) 5, 12— Do) o7 i By (32)
2

Together with (23), (24), (25) and (30), (31), (32) we obtain

wi(t) < wug(t;) + /w |a; (t)|dt < 2 d;, i=1,2.
0 w

wt) > ui (&) — /Ow iy (1)|dt > In B, — d,

Ug(t) S Ug(fg) - /0W |U2(t)|dt > In BQ - dg

which yields

]ul(t)|§max{]1n%+d1], By — dy|} = H, (33)
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|m@gmwﬂm%+@4m&—wyzm (34)
By (29) we notice that
v(€3) > fL w(és) (35)
By (28) we derive b} ev(%) —|—p0(§3)6w(54 > rk. thus e?&) > rg%pl(;#' which
3
together with (35) leads to
L ¢L
v(€3) > rsf -— B 36
T o
From (22) there exist constant 7; € [0, w| such that
e < B2 (37)

It follows from (36), (37) and (25) that
v(t) < wv(n) —|—/ [o(t)|dt < ln% +dsz, v(t) > v(&3) +/ |0(t)|dt > In By — d3
0 0
Hence we have
P3
w@gmmgm;+@Jm&—@}:m (38)

Now we estimates w(t). Consider (26) and (27), apply the same method, which
we used to estimate [ e ®dt and [5" e*2®dt in (15)-(20), to them we have

e < = D)+ P, 2P (P o)

Set

Ay = inf {u" : bhu < (1 — D)™ + /oD L2 _bLD A (1224 ) ()]
2 2

It’s obviously that Ay, > 0 and ") < A,.

On the other hand by (28) we derive bke?¢) < rM 4 gMeu(&) Thus we

derive e’(&) < Jbedﬁ := K. Together with (35) we have

3

ulEn) < ry! (ry" 4+ dY Ay)

- frog

(39)

From (9 ) we obtain [i" by(t)e*®dt + [ po(t)e?Pdt > Faw, thus [y e*®dt >
maw—biew (. It follows that there exist a constant 7 € [0, w] such that
0
e MK
(™) > s —bye? (40)

o’
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By (39), (40) and (14) we have

() < w(en) + /Ow i (0)|dt < In T%(T?{‘/JIC;:);MAQ

+ 2?4(,«)

and oK
w rs — b
w(t) > w(ry) —/ lw(t)|dt > 1H% — 274w
0 Do

following which we derived

rM(rd + dM Ay) 9w, [In 73 — b ek

t) < |
|w()|_max{| n i o

— 2f4w|} = H4
(41)
Clearly, Hy, Hy, H3, H4 are independent of \.
Consider the equation QNu = 0, when v € 90 N kerL = R* u =

(uy,ug, v, w) is constant vector. Using the integral mean valued theorem, it
follows that

r — D1 — bleul —ce’ + D1€u2_u1
To — Dy — b2€u2 + Doetr—u2

QNu = B B
73 — bye’ + de"t — p(e”)e" ™"

Ty — f@wiv

Let M, is a constant big enough such that each solution u* = (uf, ul, v*, w*)of
equation QNu = 0 satisfies ||u*|| = |uj| + |ub| + |v*] + |w*| < M), provided
that QNU = 0 has solution.

In order to use Mawhin’s continuation theorem of coincidence degree, define
homotopy ® : DomL x [0,1] — X as

T — Dl — l_)le“l —ce¥ + D1€u27u1
Ty — DQ — 626“‘2 D2eu1—u2
O (uy, ug, v, w, \) = B +A| (42)
T3 — bye’ de" — p(e’)e" "
Ty — f@wiv 0

Note (42) as ®(uy, us, v, w, A) := Jy+AJ2, Of course we have ®(u, ug, v, w, 1) =
QNu.
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By some similar argument on system (6) we can show that for each solution
u = (uy, ug, v, w) of (42), we have

bs(ry — Dy) — &(75 + db)

up < Ind, uy; > In -
bibs
— Dy) + 1/ba Dol —D
Uy < In (TQ 2)— 272 , Uy > In 7(712 = 2)
bg b2
v<1nr3+d6, v>lnL
b3 fbs + Tapp!
74(75 + db) T3Ty
w<In———=, w>In—"——0
fos fbs + Tapd!

Where

0 =inf{0": 516" < (ri — D) + /b Dy | @WD@H*)%”

Let M; be a constant such that

T R
max{| Inf|, |In bs(r1 ) — s + d@)‘}

[_)1(_)3
+ max{]ln D2 + 'b2D20], ]ln(mgil%)]}
B 2
T +d9 fr
+ max{]ln > | In fb3+;4p0 ]}
do)
+ max{]ln T3+ ] Hnﬁ);:ir%péw\}<]\/[l

Now let M = 2% H; + My + M;, and let Q = {u € X : ||u|| < M}. Tts
easy to see that the condition (1) in Lemma is satisfied because Y7, H; < M;
Moreover, when u = (uy, uz,v,w) € 02N KerL = 0Q N R, u is a constant
vector in R with |uj| + |ug| + |v| + |w| = M, thus by My < M we know
that the condition (2) in Lemma is satisfied; Finally we will show the con-
dition (3) of Lemma satisfies, say, we will compute the topological degree of
O (uq, ug,v,w,\). By M; < M we derive that ®(uy,us,v,w,\) # 0, when
u = (uy,uz,v,w) € 02N KerL. And it is easy to show that equationJ; = 0
has a unique solution (uj, u%, v*, w*). Using the property of topological degree
and take J =TI : ImL — KerL we have

deg{JQN(ul,UQ,v,w)T; QN kerL; O}
= deg{@(ul, ug, v, w, 1); QN kerkL; 0}
= deg{@(ul,UQ,v,w,O); QN kerL; 0}
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[—bie™ 0 0 0
0 —byet? 0 0
= sgn{det B } =1+#0.
0 0 —bge’ 0
0 0 0  —fev ]

By now we have proved that the condition (3) in Lemma satisfied, thus com-

peted the proof.
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