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A Generalization of Hardy-Hilbert's

Integral Inequality and its Reverse

W. T. Sulaiman
waadsulaiman@hotmail.com

Abstract. New generalizations of Hardy-Hilbert's integral
inequality and its reverse via new methods are established.

1. Introduction
Let f,g>0 satisfy
0<Tf2(t)dt<oo and 0<ng(t)dt<oo,
then 0 0

) ﬁf(x)g(y)dxdy< ﬂUfz(t)dt]ggz(t)dtJ ,

X+y

where the constant factor 7 is the best possible (cf. Hardy et al. [2]). Inequality (1) is
well known as Hilbert's integral inequality. This inequality had been extended by
Hardy [1] as follows

If p>1, ++¢=1 f,g=0 satisfy

0<J.fp(t)dt<oo and ng(t)dt <o,
0 0

then
Y RIGEI) Fomd) [Tatrt]
) M Y dx dy <muf (t)dtJ ug (t)dtJ ,
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where the constant factor L is the best possible. Inequality (2) is called
sin(z/ p)

Hardy-Hilbert's integral inequality and is important in analysis and application (cf.
Mitrinovic et al. [3]).
Gradually, B.Yang gave the following extensions of (2) as follows :
Theorem A[4]. If 2 >2-min{p,q}, f,g>0, satisfy
0< TtH fP(t)dt <o and Ttl—igq (t)dt < oo,
0 0

then

3) TT ()g(y)dxdy<k(p)[jt”fp(t)dt] ﬁtl-lg‘*(t)dtj ,

where the constant factor k,(p)= B(%‘“”TH) is the best possible, B is the beta
function.

Theorem B[5]. If ne N—{l}, p, >1, > +=1 1>0, f >0 satisfy

0< jtpr fPt)dt <o (i=12,..,n),
0

then

(4) jjﬁn (%) dx,.d,

n OO 1/ p;
<t r(ij[ j P £ (Y) dt) ,
Fi i=1 pi 0

where the constant factor F—an(ij is the best possible.
i=1 pi
2. Lemmas

The following Lemmas are needed for our aim.

Lemmal. If t, >0, i=1..,n, A>0, then
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i=1 1+t

Proof . We will use induction. For n=2 itisobvious. Let (1) true for n =m.. For
n=m+1, we have

m+1 1 B 1 m 1
2 @+t) @+t,,,) e @+t
1 1
< A
@) ey )
1 1
< =

bet+3m) e )

Lemma?2. Let f,g,h>0, 1+

1
P q
0\

© (1] firesfis] ]

Proof. We will consider the case p<0 only, as the rest is similar.

s o]

=1, O<p<lor p<0. Then

RG]
j[j fg ph < {jfpth(ngpl.

i e |

3. Main Results

We state and prove the following:
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Theorem1. Let f,,F,,¢4 >0, F'>0, F,(0)=0, F,(0) =0, 1>p, -1>0,

n
) I T¢l F(x))f 00)- (Fa X)) o O60) g, g

(ZF(X )j

T(A+1-1) 4 ) (|: (x ))' X

provided the integrals on the right —hand side do exist.
Proof. Write

ﬂl

|(t)_j¢ (F, () f, (x)t ™ e‘””dx

Then, we have
T(ﬁ I (t)j dt

x g

= [ B (R0 ()i (Fy (1)), (5, o, jt RN
J- j (FLO)) fy (%) by (Fy (X)) (X)) A, dxj o
o zmx)
Xl;ug_ldu
(ZF(x)]
ZET j¢(F(x))f (x) ., (F, (x,)) T, () g ox f“ .
a

)
©® =ir(i+i-1) I I“(X))f () (Fa Ca)) F0 ()

a o)

A+=-1
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On the other hand, we have

! 'pi

I(H' (t)j t <HU|D (t)dtj

H{TT (F (%)) f"(x)t[“J tF(X’dx] dt}

n

pi-1 Ve
JV-"F(x)tf.:((xX)))tpl '”dXi(I“*“’tanxi)dXi] dt}

i=1 0

(8 (FO)) £ () gt g |
u FoOP dx. jt dt]

,_\

1/p;

1

Tl 1 e” (RO EP () o Ff 2 o -1 1
ey WH(EMJ “a,
(Z F (Xi)j

[ R OEEI T 0 g, Tt |
al_l[[-([ (Fi,(xi)) a I "[

1y 1 % F(x)F(x))p”afp(x) '
©) ‘arq(ﬂ+ - (Fx) ']

Combining (8) and (9), the result follows.

Corollary 2. Let ¢, >0, A>p; -1 i=L..,n, > " p, =1 Then

0 AR g

. n)

F

1/p;

: % 1P gD (x
2 1_1[ r(l+4-np, J‘—X'(Zf'x.)(j(')dxi
i=1 !

! 0
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Provided the integrals on the right-hand side do exist.
Proof. Follows from Theorem 1, by putting for i=1,...,n,

f.(x)=1, F(X)=x, a=Ll.

Remark. It may be mentioned that the parameter a play a role to control the kind
of the gamma function as well as the power of the variable we need. Although our
method for proving Theorem 1, and hence Corollary 2 is shorter and simpler than
[5]. The constant factor is better for p; <A < p; +3, i=1...,n, in the sense that

function I is decreasing on (0,2]. Thatis if 1+ 4 - p; €(0,3] with 1+ 4 - p,
> A1 p,, wehave T(L+1-p,)< T(A/p,).

Theorem 3. Let f,,¢ >0, f'>0, f,(0)=0, f,(©)=w, a; >0, A >1+(a-1)p;,
i=L..n, A>a, Y a =1 > +=10<p, <L Then

00

14 (,00))- 4, (,(x,)) 1
j .! @l ) I(X )) dx,...dx, = mx

lj[B(lJr (@-Dp;, A-1-(e-1)p )T (fx ))f'_lg' E);' ;;1+(ai_1)pi dxi] ,

provided the integrals on the right — hand side do exist.

Proof. Write

1

ai—

¢(f(x))t
X: .
j 1+ f.(x))

Then, we have, in view of Lemmas 1, and 2, we have

1 UG CCH) L

ﬁ(1+tfi x,))"

i=1

< ww__.w ¢1(f1(X1))...¢n(fn(Xn))ta—l |
M { (1+tzi”:1fi(xi))”

X,...dx,, dt
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(F,(x,))dx,...dx,

(004, (1 (%) b,

X))o (£, (%, ))dxl__dX

859
0 ta—l

et f,00)f

dt

u
dx T[Z,nl f,(X,)} du
> ([@+u) PIRACH

o a-1

u

ey

(o (% ))dxl...dx :

du

(10) =

aﬂazj

Also, we have

T(f[Ji(t)jdtzﬁﬁafi(t)dtj |

G
f/(x))" @+t (%))

_”"°¢"‘f(><) T gl
A [I( £1+tf(x)

o -1.< i

t£(x.)
1+t (%))

ot w] o]

.

dz

$" (f(x)_ld I(f(x)J

o)

n

@) =[]|BE+(a-1p;. 4

i=1

@+z)

fi (%)

1/ p;

dx.

8" (f,(x))
O[f (x))p (1, (x ) e

'—-8

In view of (10) and (11), the proof is complete.
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