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Abstract

The classic standard integration rules usually give inaccurate results
for highly oscillatory integrals of the form

∫∞
1 tr−1f(t) sin (αtr)dt, r ≥ 1,

where f is any real valued function in C1[1,∞) with f(∞) = 0. In this
note, we derive some new bounds for this type of integrals, which may
be used to get a rough estimation of these integrals. We also give new
Filon-type methods that are suitable to compute this type of integrals.
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1 Introduction

For real numbers α, β, r with {α > 0, r ≥ 1} consider the integrals

Is[f ; r, α, β] :=
∫ ∞

1
tr−1 f(t) sin (αtr + β) dt, (1)

Ic[f ; r, α, β] :=
∫ ∞

1
tr−1 f(t) cos (αtr + β) dt (2)

where f is a real valued continuously differentiable function with f(∞) = 0.
Such integrals arise in a wide range of applications in science and engineering.
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Since sin (αtr + β) and cos (αtr + β) oscillate very rapidly as t → ∞, the
traditional quadrature rules when applied to the above integrals or to the
transformed forms of these integrals, with the change of variable x = 1/t,

Is[f ; r, α, β] =
∫ 1

0

f(1/x)

xr+1
sin

(
α

xr
+ β

)
dx (3)

and

Ic[f ; r, α, β] =
∫ 1

0

f(1/x)

xr+1
cos

(
α

xr
+ β

)
dx, (4)

give very inaccurate results in general. For example, using the Matlab routines
gauss.m and r_jacobi01.m included in the OPQ package of Gautschi [5] with
double precision arithmetic on a PC, we applied the n-point Gauss-Legendre
rule [14]) GL

n on [0, 1] for large values of n to the integrals (3) and (4) with

r = r0 =
√

99, f(t) = f0(t) = e−t+1/t (5)

and obtained the results in Table 1. However, we will show in Section 2 that

Table 1: n-point Gauss-Legendre results for (1)-(2) with (5)

n ≈ Ic[f0, r0, 1, 0] ≈ Is[f0, r0, 1, 0]

100 −1.2 × 105 −1.8 × 105

400 +2.2 × 104 −4.2 × 103

800 −2.0 × 104 −4.4 × 104

the absolute value of these integrals can not be greater than one (see also
Table 2); therefore the results in Table 1 are absolutely incorrect. Note that
the numerical integrator quad of Matlab, which is an adaptive Simpson rule,
failed or produced similar results. For quadrature rules that are more suitable
for approximating highly oscillatory integrals see Filon [3], Levin [10], Sidi [13],
Evans and Chang [2], Olver [11], Iserles and Norsett [9], Sauter [12], and the
references cited in these papers; see also Hascelik [8, 6, 7] for suitable Gauss-
type and Filon-type quadrature rules for the integrals (1)-(4).

Our aim in this paper is to derive some bounds for the integrals (1) and
(2), and to investigate the behavior of these integrals as r → ∞. We also
give suitable Filon-type methods for approximating these integrals, which are
slightly different from those given in [8].
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2 Main Results

2.1 Some bounds for the integrals (1) and (2)

In this section we derive some bounds for the integrals (1) and (2).
First, let us note that from (1) and (2) we immediately get

|Is[f ; r, α, β]| ≤ B1, |Ic[f ; r, α, β]| ≤ B1, where B1 :=
∫ ∞

1
tr−1 |f(t)| dt.

However, B1 is a very crude bound for these integrals. For example, for the
integral |∫∞1 t9 e−t sin t10 dt| < 1, one obtains B1 ≈ 362880, which is nearly
useless. If f is continuously differentiable, we can find more accurate bounds.

As our first result we give the following theorem

Theorem 2.1 If f ∈ C1[1,∞), f(∞) = 0, and f ′ ∈ L1[1,∞], then we have

|Is[f ; r, α, β]| ≤ 1

αr

[
|f(1) cos (α + β)| +

∫ ∞

1
|f ′(t)|dt

]
, (6)

|Ic[f ; r, α, β]| ≤ 1

αr

[
|f(1) sin (α + β)| +

∫ ∞

1
|f ′(t)|dt

]
(7)

where r ≥ 1, α > 0 and β are real numbers.

Proof. Integrating the integral (1) by parts we get

Is[f ; r, α, β] =
1

αr

[∫ ∞

1
f ′(t) cos (αtr + β)dt + f(1) cos (α + β)

]
, (8)

from which the result (6) follows.
Similarly, by integration by parts, we can write the integral (2) in the form

Ic[f ; r, α, β] =
−1

αr

[∫ ∞

1
f ′(t) sin (αtr + β)dt + f(1) sin (α + β)

]
. (9)

Now the inequality (7) is easily obtained from this equation.

As an example, Theorem 2.1 for the integral given in Section 1 yields the
following bound

|Is[exp (−t + 1/t);
√

99, 1, 0]| ≤ |1 + cos 1|/√99 < 0.154807,

while the exact value of this integral, rounded to 6 decimal digits, is 0.059758 .
Thus the results in Table 1 for this integral are completely incorrect.

The following results are consequences of Theorem 2.1.
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Corollary 2.2 If f ′(t) has finite number of simple (real) roots {t1, t2, ..., tm}
in the interval (1,∞), then under the conditions of Theorem 2.1 we have

max {|Is[f ; r, α, β]| , |Ic[f ; r, α, β]|} ≤ 2

αr

(
|f(1)| +

m∑
i=1

|f(ti)|
)
. (10)

Proof. The result follows from the inequalities (6) and (7).

Remark. If f ′ has no real root in (1,∞), only the first term remains in the
parenthesis on the right hand side of (10).

Corollary 2.3 Under the conditions of Theorem 2.1 we have

lim
r→∞ Is[f ; r, α, β] = lim

r→∞ Ic[f ; r, α, β] = 0 , (11)

∣∣∣∣
∫ ∞

0
tr−1e−t sin (αtr + β)dt

∣∣∣∣ ≤ 2

rα
, (12)

∣∣∣∣
∫ ∞

0
tr−1e−t cos (αtr + β)dt

∣∣∣∣ ≤ 2

rα
. (13)

Proof. The first two results are direct consequences of Theorem 2.1.
Taking f(t) = e−t in (6) and using the result∣∣∣∣

∫ 1

0
tr−1e−t sin (αtr + β)dt

∣∣∣∣ ≤ 1

rα

we obtain (12). The result (13) is obtained in the same way.
Finally we give the following theorem, which gives better results in general;

however, it requires finding a sufficiently small upper bound for the maximum
norm or L1 norm of f ′ and f ′′, depending on r.

Theorem 2.4 Let f ∈ C2⋂L1[1,∞], ‖f (k)‖∞ = Mk ≤ M for k = 0, 1, 2,
and let

∫∞
1 |f (k)(t)|dt = Ak exist for k = 1, 2. Then we have

|Is[f ; r, α, β]| ≤ 1

rα

∣∣∣∣∣f(1) cos (α + β) − f ′(1)

rα
sin (α + β)

∣∣∣∣∣+ Er(f)

r2α2
,

|Ic[f ; r, α, β]| ≤ 1

rα

∣∣∣∣∣f(1) sin (α + β) +
f ′(1)

rα
cos (α + β)

∣∣∣∣∣+ Er(f)

r2α2
,

where

Er(f) =

{
A1 + A2, 1 ≤ r ≤ 2;
2M, 2 < r < ∞.

Proof. From the hypothesis we have that f (k)(∞) = 0 for k = 0, 1, 2. Now,
the inequalities can be obtained by applying the integration by parts to each
integral on the right hand sides of (8) and (9).
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2.2 Appropriate Filon-type methods for (1) and (2)

For an integral of the form
∫ b
a ϕ(x)eiωg(x)dx where ϕ and g are smooth functions

the generalized Filon method, given by Iserles and Norsett in [9], is defined as

QF [ϕ] =
∫ b

a
Pn(x)eiωg(x)dx

where Pn(x) is an nth degree Hermite interpolating polynomial for ϕ. For the
original definition of Filon’s method see Filon [3] or Flinn [4]. It is known that
the Filon-type methods give more accurate results as |ω| is increased.

However, since the interval of integration is unbounded and f(∞) = 0 in
(1), approximating the function f by polynomials is not possible. Therefore,
for the integral (1) with β = 0 (without loss of generality) it is more appropriate
to use the following modified version of the Filon method:

QF
n,s[f ] =

∫ ∞

1
xr−1f̃n(x) sinαxrdx =

n∑
k=1

ck

∫ ∞

1
xr−k−1 sin αxrdx

where

f̃n(x) =
n∑

k=1

ck

xk
(14)

is determined by the following system of equations

f̃ (k)
n (xj) = f (k)(xj), k = 0, ..., nj − 1,

m∑
j=1

nj = n (15)

at a prescribed set of points x1 = 1 < x2 < ... < xm. It is easy to show that

μs
k,r =

∫ ∞

1
xr−k−1 sinαxrdx =

−1

r


[
Ei

(
k

r
, iα

)]
, i =

√−1,

where Ei(a, z) is the generalized exponential integral function defined as

Ei(a, z) =
∫ ∞

1
t−ae−ztdt = za−1Γ(1 − a, z), (a > 0, �(z) ≥ 0). (16)

Here, �(z) and 
(z) denote respectively the real and imaginary parts of z,
and Γ(., .) is the incomplete Gamma function [1, Section 5]. Consequently the
modified Filon method for the integral (1) can be expressed in the form

QF
n,s[f ] =

−1

r

n∑
k=1

ck

[
Ei

(
k

r
, iα

)]
. (17)

Similarly, we obtain for (2) with β = 0 the Filon-type formula

QF
n,c[f ] =

1

r

n∑
k=1

ck�
[
Ei

(
k

r
, iα

)]
. (18)

Note that there exist efficient algorithms and computer programs to com-
pute the exponential integral accurately; for example, the routines in Maple
and Mathematica can compute the exponential integral in arbitrary precision.
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3 Numerical results

To test the bounds given in Theorems 2.1 and 2.4, consider the integrals

IA(r) =
∫ ∞

1
xr−1e−x+1/x cosxrdx, IB(r) =

∫ ∞

1
x8 sin (100xr)dx. (19)

The first eight figures of the exact values of the above integrals and the
bounds obtained by Theorems 2.1 and 2.4 and Corollary 2.2 are displayed in
Table 2. The results obtained by the 10-point Filon methods, using the points
{1, 2, ..., 10} with multiplicities {nk = 1}10

k=1 in (15), were also included.

Table 2: Bounds obtained by Theorems 2.1 and 2.4, and the results of the
10-point Filon methods (17)-(18) for the integrals given by (19).

Integral Exact value QF
10[f ] Cor. 2.2 Thm. 2.1 Thm. 2.4

IA(2) −0.16644878 −0.1667482 1.000000 0.920736 0.194868

IA(
√

99) −0.07232748 −0.0723276 0.201008 0.185075 0.093858

IB(10) +0.00086180 +0.0008618 0.002000 0.001862 0.000864

It is seen that Theorems 2.1 and 2.4 yield sufficiently accurate pre-estimates
for the given integrals. We observe that the results obtained by Theorem 2.4
are better than those of Theorem 2.1 and its corollary, as expected. Note
that the quad, the automatic integrator of Matlab v.7, gave −0.166316 for the
first integral but failed for the last two integrals in Table 2. Notice also that
the approximations generated by the Gauss-Legendre rule for the integral IA,
given in Table 1, are outside the intervals determined by Theorem 2.1 and
Corollary 2.2, therefore these approximations are completely useless.

The modified Filon methods developed in this paper, on the other hand,
produced results in the intervals given by Theorems 2.1 and 2.4. The Filon
method gave the exact value of IB, up to machine accuracy. Note, however,
that the function f in the integrand of this integral is 1/x, therefore the co-
efficients of f̃ in this case are all zero except c1 = 1, which means that the
interpolation error for f is zero.
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