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Abstract

Nonparametric rank tests are important tools for experimental de-
signs, for example: rank transformation, normal-score rank test. There
are discussions and controversies in the literatures concerning some em-
pirical power and robustness properties of these tests for testing inter-
action in two-way analysis of variance. In this paper, we propose a
nonparametric quantile-score test by using quantile estimation. The
idea arises to propose this nonparametric quantile score, since it may
use more information of the data than just using ranks or normal score.
The asymptotic distribution of this quantile-score test statistic is stud-
ied. Comparisons of its performance with rank transformation, normal-
score rank test are investigated. Computational results in three numer-
ical examples show that the nonparametric quantile-score test reduces
the type I error for testing the interaction term, more than other rank-
based tests do.

Keywords: Analysis of variance, interaction, linear models, order statis-

tics, quantile estimation, rank tests

1 Introduction

Statistical methods based on ranking are known to be powerful techniques.

Nonparametric rank tests for two-way analysis of variance have been studied by

several authors, for example: rank transform (RT ) proposed by Conover and

Iman (1981). Asymptotic theory of the RT discussed by Hora and Connover

(1984). There were some studies and controversies for some empirical power
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and robustness properties of the RT technique for testing interaction in two-

way layout, for example, Blair, Sawilowsky and Higgins (1987).

Van der Waerden (1952/1953) suggested that instead of using the ranks of

the observations we use the quantiles of a standard normal distribution; we

call it a normal score test. Mansouri and Chang (1995) discussed several rank

tests and showed good results by using a normal score test for an interaction

term in two-way experimental designs.

In this paper, we propose using nonparametric quantile estimates of a ran-

dom sample instead of the corresponding ranks or normal scores. The idea

arises to propose the nonparametric quantile score, since it may use more

information of the data than just using ranks or normal scores. The nonpara-

metric quantile score induces a new test statistic which is given in Section 2.

Its asymptotic distribution is studied in Section 3. Comparisons of its per-

formance with other rank tests are investigated in Section 4 by using three

numerical examples. The computational results show that the nonparametric

quantile-score test reduces the type I error for testing the interaction term,

more than other rank-based tests do.

2 Test Statistics

Let Yijk denote the k-th random observation from the (i, j)th cell of an r x c

two-way layout and assume that it follows the linear model

Yijk = μ + αi + βj + γij + εijk, (2.1)

where 1 ≤ i ≤ r, 1 ≤ j ≤ c, 1 ≤ k ≤ n, N = rcn, μ is the overall mean, αi’s

and βj’s are the row and column main effects, respectively. The γij’s are inter-

actions, and εijk’s are random errors with independent and identical continuous

distribution function G satisfying G(0) = 1/2. Under these assumptions we

want to test the null hypothesis

H0 : γij = 0, for all (i, j),

against the alternative hypothesis

H1 : γij �= 0, for at least one (i, j).

The classical F statistic is given by

F =
MSINT

MSE
, (2.2)



A quantile-score test 509

where

MSINT =
n

(r − 1)(c − 1)

r∑
i=1

c∑
j=1

(
Y ij• − Y i•• − Y •j• + Y •••

)2
, and

MSE =
1

rc(n − 1)

r∑
i=1

c∑
j=1

n∑
k=1

(
Yijk − Y ij•

)2
. (2.3)

The combination of bar and dot notation means that the values are averaged

over the subscripts.

Let Rijk denote the rank of Yijk among the combined sample Y111,..., Y11n,

Y121...Y12n, ..., Yrc1, ..., Yrcn. Let Y(1) ≤ Y(2) ≤ ... ≤ Y(N) be the order statistics of

the above combined sample. We consider ties. Define Y(0) = −∞, Y(N+1) = ∞,

and

Rijk =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
w,

if Y(w−1) < Yijk = Y(w) < Y(w+1), w = 1, 2, ..., N ;

.

2w+s−1
2

,
if Y(w−1) < Yijk = Y(w) = Y(w+1) = ... = Y(w+s−1) < Y(w+s),

w = 1, ..., N − s + 1; s = 1, ..., N − w + 1.
(2.4)

The RT statistic FR is obtained from (2.2) by replacing Yijk with rank

Rijk.

FR =
MSINTR

MSER
, (2.5)

where

MSINTR =
n

(r − 1)(c − 1)

r∑
i=1

c∑
j=1

(
Rij• − Ri•• − R•j• + R•••

)2
, and

MSER =
1

rc(n − 1)

r∑
i=1

c∑
j=1

n∑
k=1

(
Rijk − Rij•

)2
. (2.6)

The RT Score Statistic FAR is obtained from (2.2) by replacing Yijk with

rank score aN (Rijk) . We assume the rank score function

aN (α) = φ

(
α

N + 1

)
= E [φ (Uα,N )] , (2.7)

where 1 ≤ α ≤ N, φ is a square integrable function φ(p), 0 < p < 1. Uα,N

is the α−th order statistic in a sample of size N from a uniform distribution

defined on (0, 1).
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For example, if φ is a standard normal distribution function then aN is a

normal score which was proposed by Van der Waerden (1952/1953), as follows

Aijk = zRijk
N+1

= the
Rijk

N + 1
th quantile of the standard normal distribution.

The Normal Score test statistic FN is obtained from (2.2) by replacing Yijk

with normal score Aijk. We call it a NRT test

FN =
MSINTN

MSEN
, (2.8)

where

MSINTN =
n

(r − 1)(c − 1)

r∑
i=1

c∑
j=1

(
Aij• − Ai•• − A•j• + A•••

)2
, and

MSEN =
1

rc(n − 1)

r∑
i=1

c∑
j=1

n∑
k=1

(
Aijk − Aij•

)2
. (2.9)

Our idea is that we propose φ as a quantile estimate function Q̂, instead of

using the normal score. Here Q is the left-continuous inverse of the underly-

ing distribution function G̃ of the combined sample Y111,..., Y11n, Y121...Y12n, ...,

Yrc1, ..., Yrcn.

Q(p) = inf
{

x : G̃(x) ≥ p
}

, 0 < p < 1.

We suggest that an estimator Q̂(p) of the true Q(p) for any given p, 0 <

p < 1, from the order statistics Y(1) ≤ Y(2) ≤ ... ≤ Y(N) of the combined sample

Y111,..., Y11n, Y121...Y12n, ..., Yrc1, ..., Yrcn may contain more information of the

data than ranks or normal scores do.

There exist many nonparametric quantile estimators, which are widely

used. In this paper, we use an example of them which is defined by Harrell

and Davis (1982)

Hijk =

N∑
m=1

[∫ m/N

(m−1)/N

1

β {(N + 1)p, (N + 1)q}y(N+1)p−1(1 − y)(N+1)q−1dy

]
Y(m),

(2.10)

where p = Rijk/(N +1), q = 1−p, β(s, t) is the beta function with parameters

s, t.

We define the HRT test statistic FH as follows

FH =
MSINTH

MSEH

, (2.11)
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where

MSINTH =
n

(r − 1)(c − 1)

r∑
i=1

c∑
j=1

(
Hij• − Hi•• − H•j• + H•••

)2
, and

MSEH =
1

rc(n − 1)

r∑
i=1

c∑
j=1

n∑
k=1

(
Hijk − H ij•

)2
. (2.12)

We will compare F, FR, FN , FH in (2.2), (2.5), (2.8) and (2.11) later.

3 Distributions of Test Statistics

The limiting distribution properties of the RT, NRT and HRT test statistics

are summarized in the following theorem whose proof is similar as in Mansouri

and Chang (1995).

Theorem 3.1 Assume the following hold: (1) The rank scores aN (α) are

generated by a square integrable function φ(p), 0 < p < 1; (2) The score

generating function φ (•) is non-decreasing and square integrable satisfying

0 < σ2(φ) =

∫ 1

0

[
φ(p) − φ

]2
dp < ∞,

where φ =
∫ 1

0
φ(p)dp; (3) The underlying distribution is continuous. Then

under H0 the limiting distributions of (r − 1)(c− 1)FR, (r − 1)(c− 1)FN and

(r − 1)(c − 1)FH , are central χ2 with (r − 1)(c − 1) degrees of freedom.

4 Comparisons and Examples

We are using the F, RT, NRT, HRT test statistics F, FR, FN , FH in (2.2), (2.5),

(2.8) and (2.11) for the following three examples of two-way experiments, and

compare their type I errors for testing the interaction term. Computational re-

sults in these three numerical examples show that the nonparametric quantile-

score test reduces the type I error for testing the interaction term, more than

other rank-based tests do.

The numerical results for three examples are in Appendixes A, B and C

respectively. In Tables 2, 4 and 6, Fi, Fj represent the values of F statistics

for the main factors, and Pi, Pj are their p-values; Fij represents the values of

F statistics for the interaction, and Pij is its p-value.
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Example 1. Box-Cox (1964) Data: A 3 x 4 design for the survival time

of forty-eight animals exposed to three different poisons and four different

treatments. Each combination of the two factors is used for four animals,

the allocation to animals being completely randomized. The response was the

survival time of the animals. The design was balanced. For test results see

Appendix A, Tables 1, 2. Note that the type I error of HRT for testing the

interaction term, Pij − value, is the smallest of all.

Example 2. Data for Vacuum Tube Pressure Experiment (Hicks

and Turner, 1999): Consider a 2 x 3 design for vacuum tube pressure for

24 tubes that were connected with two pump heater voltages (127, 220) and

three exhaust indices (60, 90, 150). Each combination of the two factors was

used for two random tubes. The response was the pressure of the tubes. The

design was balanced. For results of tests see Appendix B, Tables 3, 4. Note

that the type I error of HRT for testing the interaction term, Pij − value, is

the second smallest. It is less than those of the RT, NRT tests, and only larger

than that of classical F test but which is of doubtful validity in this example

since it required an normality assumption for the residuals.

Example 3. Traffic Collision Data in Niagara Region (1999, 2000) by

the Regional Municipality of Niagara, Canada (2000): A 7 x 7 design for the

9365 traffic collisions in the Niagara region, classified for 7 initial impact types

(approaching, angle, rear end, sideswipe, turning, single motor vehicle, other),

and 7 different traffic controls (traffic signal, stop sign, yield sign, pedestrian

crossing, other control, no control, unknown). Each combination of two factors

is used with numbers of traffic collisions in years 1999, 2000. The response was

the number of traffic collisions. The design was balanced. For results of tests

see Appendix C, Tables 5, 6. Note that the type I error of HRT for testing

the interaction term, Pij − value, is the second smallest of all. It is less than

those of the RT, NRT tests, and only larger than that of classical F test but

which is of doubtful validity in this example since it required an normality

assumption for the residuals.

The computations were carried out by MAPLE 10 with double precision.
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APPENDIX A EXAMPLE 1

Table 1 Survival Time (in10 hours) of the Animals

Poison Treatment

1 2 3 4

1 0.31 0.82 0.43 0.45

0.45 1.10 0.45 0.71

0.46 0.88 0.63 0.66

0.43 0.72 0.76 0.62

2 0.36 0.92 0.44 0.56

0.29 0.61 0.35 1.02

0.40 0.49 0.31 0.71

0.23 1.24 0.40 0.38

3 0.22 0.30 0.23 0.30

0.21 0.37 0.25 0.36

0.18 0.38 0.24 0.31

0.23 0.29 0.22 0.33

Table 2 Type I Error for Survival Time of the Animals

Test Fi Pi-value Fj Pj-value Fij Pij-value

F 23.2217 0.3331x10−6 13.8056 0.3777x10−5 1.8744 0.1123

RT 66.0656 0.3331x10−6 22.5185 0.2201x10−7 1.3087 0.2784

NRT 53.7841 0.1536x10−10 22.0468 0.2809x10−7 1.0217 0.4270

HRT 25.4091 0.1314x10−6 14.1545 0.2982x10−5 2.0416 0.0852

RGLM 37.5939 0.1900x10−8 20.1979 0.5961x10−7 6.3600 0.0187

APPENDIX B EXAMPLE 2

Table 3 Vacuum Tube Pressure (in micrometers of mercury)

Pump Heater Exhaust Index (in seconds)

Voltage (in volts) 60 90 150

127 48 28 7

58 33 15

220 62 14 9

54 10 6
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Table 4 Type I Error for Vacuum Tube Pressure

Test Fi Pi-value Fj Pj-value Fij Pij-value

F 4.1583 0.0875 99.4568 0.000025 6.1115 0.0357

RT 2.1334 0.1944 22.9000 0.001572 1.7333 0.2546

NRT 1.1755 0.3199 17.0513 0.003349 1.4371 0.3091

HRT 0.3091 0.1678 41.5529 0.000305 3.0480 0.1120

RGLM 3.5074 0.1103 31.3229 0.000668 4.9201 0.0544

APPENDIX C EXAMPLE 3

Table 5 Number of Traffic Collisions in Niagara Region

(1999, 2000)

Initial Traffic Control
Impact Traffic Stop Yield Pedestrian Other No
Type Signal Sign Sign Crossing Control Control Unknown

Approaching 111 67 0 0 17 241 8
94 48 1 0 8 222 14

Angle 400 352 3 0 21 369 6
361 320 4 1 5 320 17

Rear End 580 137 13 1 49 557 18
549 130 16 0 22 567 50

Sideswipe 113 59 3 1 18 270 12
146 61 4 1 5 252 24

Turning 280 162 2 1 22 246 12
228 110 2 1 3 188 9

Single Vehicle 37 46 1 0 20 353 17
72 67 3 0 13 491 49

Other 14 15 1 0 6 50 3
45 31 0 0 2 83 10

Total 3030 1607 53 6 211 4209 249
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Table 6 Type I Error for Traffic Collisions

Test Fi Pi-value Fj Pj-value Fij Pij-value

F 108.3980 0.1522x10−25 448.6436 0.4961x10−40 37.6104 0.1522x10−25

RT 22.1290 0.2102x10−11 229.5624 0.4270x10−33 2.0455 0.1003
NRT 29.0239 0.1558x10−13 229.5006 0.4297x10−33 3.1218 0.00012
HRT 84.7161 0.3826x10−23 352.0483 0.1651x10−37 27.3476 0.3230x10−21

RGLM 103.3560 0.4468x10−25 220.7620 0.1074x10−32 23.4655 0.9997x10−20
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