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Abstract

In this paper, by using the new form of discriminant, a set of new
eigenvalue estimates of 2" + Ap(t)z = 0 is obtained.
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1 Introduction
We consider the real differential equation
'+ \p(t)r =0 (1.1)

where p € C*, p(t) > 0,p(t + T) = p(t), A is a real parameter.
According to Liapunoft’s oscillation theorems ([1]-[3]), there is a sequence
of eigenvalues
O=Ag< M <A< <A< =0

such that (1.1) is stable for A € (A;; A\i+1)(i =0,1,2,---) and (1.1) is unstable
for A € (/\Z, AZ)(Z = ]_, 2, 3, c )

In 1975, under the assumption p(t) > 0, Hell™ gave the lower estimates for
A, and A, as follows

1
An? 4(n + 1)? cos? T

L 2 ntl (1.2)
T [y p(t)dt T Jo p(t)dt
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For more works on this direction, one could refer to [4-17] and the references
cited therein.

In [9], by developing some new analysis technique, Shi obtained a new form
of discriminant for (1.1). By applying this new form of discriminant, Shi et
al [10] further obtained a calculation method for characteristic multiplier of
Hill’s equation with high convergence rate and small error. The aim of this
paper is, by using the new form of discriminant of [9], to obtain a set of more
accurate eigenvalue estimates of equation (1.1).

2 The discriminant of 2" + Ap(f)x = 0 and esti-
mate of remained term

We first consider the system (1.1) with periodic 7" = 7, at the end of next
section, we will deal with the case T # .
Let’s consider equation
' 4+ Ap(t)z =0 (2.1)
where p € C* p(t) > 0,p(t + 7) = p(t), A is a real parameter.
Let x(t), z2(t) denote the solutions of (2.1) with initial conditions z;(0) =

’ . . / . . . xl(ﬂ') y .I'Q(ﬂ')
1, 21(0) = 0, 22(0) = 0, 25(0) = 1, then the eigenvalue of matrix 2 (r) . a(m)

is the characteristic multiplier of (2.1). Denote A = x1(7) + xb(7), since

(e ) = ) =

its characteristic multipliers p;, ps satisfy the following equation

P’ —Ap+1=0. (2.2)
Obviously
A A2
=—+4/(=) -1 2.
Pr2=r (2) ’ (2:3)

therefore, if |A| < 2, then |p;| = |p2| = 1, and Eq.(2.1) is stable; if |A] > 2,
then |p1] > 1, |p2| < 1, and Eq.(2.1) is unstable. A is called the discriminant
of equation (2.1).

In [9], by means of successive approximation method, Shi showed that the
discriminate A (see also (1.5) of [10,P.58]) takes the form

) 1 T rt1 ton—1
A = 2cos [ /Ap(t)dt + X —/ / / cos D(ty - tay)
n=1 24=1 Jo Jo 0

2n v/ (t, " 3
I ];((tz))dt% C..dt d:ef2cos/ Van()de+ 3 A,
i=1 p(t; ° =t

(2.4)
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where

Dty -+ toy) —/ \/Ap dt—2/ VAp(s)ds —- - —2 tt%l\/z\p(s)ds. (2.5)

Owing to the formula

/ /tl /tk CFt) - ()t - dt = % (/Oa f(t)dt)k,

we obtain that

/

X1 Tt e 20 ()
[ S [ T
B 1ol )\
224“'—>'</ p(t) dt) ’

/ f . (2.6)
v e

— 2 that

Denote

It follows from 2 Z %), =

}iAn‘ < eVt e/t 9, (2.7)
n=1

Remark 1. For any p(t) which satisfies p(t) € C*, p(t) > 0, p(t +7) = p(t), v
in (2.6) could be compute directly. For example, if p(¢) has two extreme points
71 and 7y on the (0,7), without loss of generality, suppose 7y is the maximun
point and 7, is the minimum point, then

[ [ - [ S
= - e =T
3 Eigenvalue Estimates for (2.1)
Let v be defined by (2.6) and let
g0 = 54— e/t — ), (3.1)

If v < 5.2, one could easily verify that ¢y > 0. On the other hand, from
e’ 4+ e~* > 2 one also could deduce ¢y < 1.
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Theorem 3.1 Assume that v < 5.2 and

nm + cos™! g (n+1)m — cos™ ! gy ’
A\ E 5 n:071727"'7
(( fo VP dt ) ( f(;r \/p(t)dt ) ) ( )

then Hill’s equation (2.1) is stable.
Proof Suppose

2 2
(mr—l—cos gao) < ((n+1)7r—cos_1g00>
Jo y/p(t)dt Jo y/p(t)dt
we obtain that

+ -1 </7r Ap(H)dt < (n + 1)1 — cos™ .
nr+cos o < [T Aplt)dt < (n+ 17— cos g

It follows from (2.4) and (2.7) that

cos /07r VAp(t)de| +

< 2cos(cosLpg) + e/t feVt 2 =2,

Al <2

Therefore, Hill’s equation (2.1) is stable. The proof of Theorem 3.1 is com-
pleted.

Theorem 3.2 [fv < 5.2, then the eigenvalues of (2.1) satisfies following
estimates

2 2
(mr — cos™ ! 4,00> <A <A, < (mr%—cos1 4,00) (n=1,2,-)

S \/p(t)dt S5 /et

Proof By Theorem 3.1,

nm + cos™ g i (n+ 1)1 — cos™t g ’ -
(( fszt)dt)’( i Jplt)dt ))C(A”’A”“)’( e
(n—1)7 4 cos™ g i nmw — Cos 9002 A PN
(=) - () ) comm enars

Hence,

2 2
(mr—cos @0) <\ <A, < (mr—l—cos @0) — 1,2,

fO \/7dt B fo \/7(115
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This completes the proof of Theorem 3.2.
Remark 2. Since 0 < cos™! gy < g, it follows that

(nm — cos™tg)? > 4n? for n > 2.

9 2
Also, from cos?x =1 —sin?z < 1 — (—:1:) it follows that
™

1 2w 1 2
dn+1)%cos? L.~ <4 121—(—~—- )
(n+1)%cos 5 m 1 (n+1) e
<4(n+1)* -4 < (nm—cos tpy)? for n > 3.

On the other hand, by Buniakowski inequality,

(/Oﬁ\/]ﬂ)dt)Qg/oﬂﬁou./(:r (M)thzﬂ/oﬂp(t)dt,

Thus, if v < 5.2, for n > 3, Theorem 3.2 improves the estimates of Hell ([1]).
Now let’s consider the general case of system (1.1), i.e., consider system
d?xz(t)
dt?

+p()z(t) =0, (3.2)

T
where p(t) € C*, p(t) >0, p(t +T) = p(t). Let t = —7, then
T

Denote z (%7‘) =y(7), p (gT) = q(7), (3.3) can be rewrite as
O 4 (Y M) =0 (3.4
and ¢(7+m) =p (g(T + 7T)> =p (gT + T> =p <§T> = ¢(7). Denote
v= /OT |];((f))|dt, (3.5)

let t = %T, then

_ /” p(En)| T
V= 7 - —dr.
0 p(;T)

7
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Since (1) = p(L7), it follows that

therefore,
.
o [0,
o q(1)
Let ¢g be defined by (3.1), by Theorem 3.1, if A satisfies
nm +cos L ’ T\? (n+1)m —cos™ o ’
W—O <A (—) < - o1, (3.6)
Jov/q(T)dr ™ Jo +/q(r)dr
then (3.4) is stable. On the other hand, let 7 = %t,

[ oG

Thus, we had proved
Theorem 3.3. Suppose v < 5.2 and

nm + cos™ ! g ’ (n+1)m — cos™! o i
A s s n:071727"'7
) (( VO ) ( vl ) ) ( |

then Hill’s equation (3.2) is stable, and the eigenvalues of (3.2) satisfies the

estimates
. 2 . 2
(mr — COS g00> <\ <A, < (nﬂ+cos g00> '

i fp(t)dt o fp(t)dt

Remark 3 Obviously, our estimate is more accurate than the results in

[1-3].
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