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Abstract

The problem of steady two-dimensional free surface potential flow of
incompressible fluid emerging from a slot of container of infinite long is
considered. The fluid is assumed to be inviscid and the flow is irrota-
tional. The problem, which is characterized by the nonlinear boundary
condition on the free surface of unknown equation, is solved numerically
by series truncation. We computed solutions for arbitrary length of the
vertical wall of the container and various values of the Weber numbers.
Our problem is an extension of the work done by Gasmi and Mekias[1].
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1 Introduction

The steady two-dimensional flow of incompressible fluid issuing from a slot
of width 2L of a rectangular container of width 2H0 and infinite length (see
Fig. 1). The fluid is assumed to be inviscid, and the flow is irrotational. We
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neglect the gravity effect but we take into account the surface tension. Far
downstream the velocity approaches a constant U and the depth of the fluid
is 2H and far upstream the flow is uniform with a constant velocity U0. As we
shall see, the flow is characterized by three parameters, the length H0 − L of
the vertical wall, the angle at the separation point between the plate and the
free streamlines γ, and the Weber number α defined by:

α =
ρU2L

T
, (1)

here T is the surface tension and ρ is the density of the fluid. The flow con-
figuration of Fig. 1 was considered by Gurevich [2], Birkhof & Zarantonello [3]

and Batchelor [4] and others. Gurevich [2] used free streamline theory to obtain
solutions in absence of surface tension and the gravity effect.

If the effects of the surface tension or the gravity are considered, the bound-
ary condition at the free surface, known as the Bernoulli equation, is nonlinear
and no exact analytical solution is known. Different combinations and some
varieties of this problem have been considered. Neglecting the surface tension
and considering the effect of gravity leads to the assumption that the depth
far upstream and the velocity are constant. Some variants of this problem
are: flow emerging from vessels, flow under sluice gate, flow over an obstacle,
etc.... Many authors have investisgated these problems: Asavnant & Vanden-
Breock[5], Naghdi & Vangsrnpigoon[6] and Vanden-Breock[7].

Figure 1: Sketch of a jet from a slot of container and of the coordinates. The
width of the the opening is 2L, the width of the container is 2H0 and the
depth of the flow at infinity is 2H . The x axis is along the streamline EOC
and the y axis is along the wall BC. The profile is a computed solution for
H0 − L = 2.91 and the Weber number α = 1000.
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The flow configuration of Fig. 1 can also serve to model a flow of a fluid
in channel of width 2H0 past a flat vertical plate (see Fig. 2). It follow from

Figure 2: Sketch of a flow past a vertical flat plate in channel and of the
coordinates. The length of the the plate is 2(H0 − L) , the width of the
channel is 2H0 and the thickness of the flow at infinity is 2H . The figure is
an actual computed surface profile for H0 − L = 1.07 and the Weber number
α = 1000.

the symmetry of the flow configuration the free surface of the jet in Fig. 1 is
identical for the same value of H0 −L, to the free surface of the flow in Fig. 2.
Therefore, our results for the flow of the jet imply that the flow past flat plate
of Fig. 2. Gasmi & Mekias[1] have considered the problem with an infinitely
length of the vertical wall and neglecting the gravity and considering the effect
of surface tension.They computed solutions for all Weber numbers α = 0.95.
In this paper, we solved the fully nonlinear problem numerically and the mesh
points were only on the free surface. For each value of H0 − L, we found that
there is solution, for all α ≥ 0. If α ≥ 0.95 our results agree with the results
of Gasmi & Mekias [2].

The problem is formulated in section 2, the numerical procedure is de-
scribed in section 3 and we conclude this work by a discussion of the results
in section 4.

2 Formulation of the problem

We assume steady irrotational motion of a two-dimensional flow of inviscid,
incompressible fluid emerging from a slot of width 2L of a rectangular container
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of width 2H0 and infinite length (see Fig. 1). In the absence of gravity and due
to symmetry, the straight line of symmetry EOF is a streamline. We introduce
cartesian coordinates with the streamline EOF on the x axis and the y axis
is vertically along the opening CC ′. Far upstream the flow is uniform with a
constant velocity U0. Far downstream, we assume that the velocity approaches
a constant U and the depth of the fluid tends to a constant 2H . Because of
the symmetry of the flow field, we need only consider the upper half of the
flow region which is contained between the x axis and the streamline ABCD.

We define dimensionless variables by taking U as the unit velocity and L as
the unit length. We introduce the potential function φ and the stream function
ψ. Without loss of generality we choose φ = 0 at (x, y) = (0, 1) and ψ = 0
on the stream line ABCD. It follows from the choice of the dimensionless
variables that ψ = −1 on the stream line EOF. In order to use the conformal
mapping techniques, we consider the flow in the complex plane z = x + iy
and the complex potential function f = φ + iψ. The upper half of the flow
region in the z plane will be mapped via the potential function f onto the
semi-infinite strip (−∞ < φ < ∞, −1 < ψ < 0). (Fig. 3). We introduce the

Figure 3: The complex potential f -plane.

complex velocity ζ = u− iv = C df
dz
. Here C = H

L
is the contraction coefficient.

On the free surface, the atmospheric pressure P0 is constant, hence the
Bernoulli equation yields:

P̄ +
1

2
ρq̄2 = P0 +

1

2
ρU2 on ψ = 0, φ > 0 (2)

where P̄ and q̄ are the fluid pressure and the speed just inside the free sur-
face, respectively. The right-hand side of equation (2) is evaluated from the
condition far downstream.

A relationship between P̄ and P0 is given by Laplace’s capillarity formula
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P̄ − P0 = T K̄ (3)

Here K̄ is the curvature of the free surface and T is the surface tension.
If we substitute (3) in (2) we obtain:

1

2
q̄2 − T

ρ
K̄ =

1

2
U2. (4)

In dimensionless variables (4) becomes:

1

2
q2 − 1

α
K =

1

2
, (5)

here α is the Weber number defined by (1).
In order that the curvature will be well defined we introduce the function

τ − iθ as:

ζ = u− iv = eτ−iθ. (6)

In these new variables (5) becomes:

∂θ

∂φ
=

2

α
(eτ − e−τ ) 0 < φ <∞, (7)

The kinematic condition on AB, BC and EOF can be expressed as:

Imζ = 0 on ψ = 0, −∞ < φ < φB. (8)

Reζ = 0 on ψ = 0, φB < φ < 0. (9)

Imζ = 0 on ψ = −1, −∞ < φ <∞. (10)

We shall seek τ − iθ as an analytic function of f = φ + iψ in the strip
−1 < ψ < 0, satisfying the condition (7), (8), (9) and (10)

3 Numerical procedure

Following Birkhoff and Zarantonello we define a new variable t by the relation

f =
2

π
log(

2t

1 + t2
). (11)

This transformation maps the flow domain into the fourth quarter of the
unit disk in the complex t plane. So that the horizontal and the vertical walls
AB and BC are mapped onto the positive real diameter and the free surface
on to the circumference see Fig.4.
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Figure 4: The complex potential t-plane.

3.1 Local behavior of ζ at t = b, t = 1.

The flow is potential everywhere except at t = 1 and t = b, where we have a
flow around a corner at t = 1 and stagnant fluid at t = b. Hence local analysis
is required.

3.1.1 Asymptotic behavior far upstream (t = b).

at the point t = b, we have a flow into an angle, hence the flow is characterized
by the complex potential function in the z plane as:

f ∼ az2 if z → iH0 (12)

Using the transformation (11), this condition becomes:

ζ = ©((b2 − t2)
1
2 ) as t −→ b. (13)

3.1.2 Asymptotic behavior in the separation point (t = 1).

Locally at the separation point, we have a flow around an angle of γ , thus,

f ∼ az
π
γ as z −→ i, (14)

in terms of the variable t, we write this condition as:

ζ = ©((t2 − 1)2− 2γ
π ) as t −→ 1. (15)
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We now have determined the local behavior of the flow near the singularity
and the behavior far upstream, we seek ζ(t) in the form:

ζ(t) =
√

(b2 − t2)(1 − t2)2− 2γ
π Ω(t). (16)

The function Ω(t) is bounded and continuous on the unit circle and ana-
lytic in the interior. The conditions (8), (9) and (10) show that Ω(t) can be
expanded in the form of a Taylor expansion in even powers of t. Hence,

eτ−iθ = ζ(t) =
√

(b2 − t2)(1 − t2)2− 2γ
π exp

∑∞
n=1

ant2n

. (17)

By choosing all the coefficients an to be real, the function (16) satisfies (8),
(9) and (10). The coefficients an and γ have to be determined to satisfy (7).

We use the notation t = |t| eiσ so that points on BC are given by t = eiσ,
−π

2
< σ < 0. Using (16) we rewrite (7) in the form:

e2τ̄ +
π

α
eτ̄ tan(σ)

∂θ̄

∂σ
= 1. (18)

Here τ̄(σ) and θ̄(σ) denote the values of τ and θ on the free surface AB.

We solve the problem approximately by truncating the infinite series in (16)
after N terms. We find the N coefficients an and the separation angle γ by
collocation. Thus we introduce the N + 1 mesh points

σI = − π

2(N + 1)
(I − 1

2
), I = 1, . . . , N + 1 (19)

Using (17) we obtain [τ̄ (σ)]σ=σI
, [θ̄(σ)]σ=σI

and [ ∂θ̄
∂σ

]σ=σI
in terms of coef-

ficients an and the separation angle γ. Thus, we obtain (N + 1) nonlinear
algebric equations of (N + 1) unknowns (an, n=1,...,N , γ).

Finally, the shape of the free surface is obtaineds by integrating numerically
the relation

∂x

∂σ
=

2C

π
cot(σ)eτ̄ cos(θ̄) (20)

and

∂y

∂σ
=

2C

π
cot(σ)eτ̄ sin(θ̄) (21)

Similarity, we obtain the length of the vertical wall AB by

H0 − L =
∫ 1

b

∂f

∂t

1

ζ
dt (22)
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4 Discussion of results

We used the numerical scheme described in section 3 to compute solutions for
different values of the length of the vertical wall BC and several values of the
Weber number α.

Most of the calculations were done and presented with N = 60.

4.1 Flow without surface tension.

For α → ∞ and for each value of H0 − L, an exact analytical solutions can
be computed via free stream line theory[4]. We computed numerically these
solutions using the procedure described above. The contraction coefficient C
is defined as the ratio of the flow width as x→ ∞ to the width of the opening.
The corresponding value of the contraction coefficient C computed by our
procedure can be compared to data obtained by Gurevich[2](Fig.5).

Figure 5: Comparison of contraction coefficients with the results given in Gure-
vich [2].

For H0 − L→ ∞ , the coefficients an and the angle γ = 3.1415, hence the
solution is

ζ(t) = t (23)

wish is the classical Kirchoff solution ( Batchelor 1967)[4].
from (19) we obtain C = π

π+2
= 0.611. The comparison of the free stream-

line shapes for H0 −L→ ∞ and H0 −L = 1 obtained using our methods with
the theorical exact solutions are presented in fig. 6.

4.2 Flow with surface tension effect

We now use our schemes to compute solutions when the effect of surface tension
is included in the free surface condition, the numerical computational shows
that there exists a solution for various value α > 0 and for each value of the
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Figure 6: Comparison of the numerical free streamline shape for H0 − L = 1
and H0 − L = 115.22 with the exact theorical results.

length of the vertical wall 0 ≤ H0 − L <∞. Accurate solutions for α > 0 are
obtained. As n increases the coefficients an decrease rapidly. Table 1 shows
some of the coefficients of the series (16) and the corresponding Weber number
for several values of the length H0 − L.

Table 1: Some values of the coefficients an of the series (16) for various values
of the length H0 − L and different Weber number α.

H0 − L α a1 a20 a40 a60

0.1 2.194 × 10−1 2.308 × 10−6 3.833 × 10−7 2.049 × 10−8

1.26 10 1.158 × 10−1 9.558 × 10−5 1.078 × 10−5 1.270 × 10−6

α → ∞ 1.681 × 10−7 −4.704 × 10−7 −2.304 × 10−12 −4.195 × 10−19

0.1 6.839 × 10−1 6.825 × 10−7 1.889 × 10−7 1.098 × 10−8

5.76 10 2.021 × 10−1 6.127 × 10−5 −1.163 × 10−6 1.341 × 10−6

α → ∞ 8.117 × 10−9 −9.345 × 10−9 −2.943 × 10−9 −2.320 × 10−10

We note that as the Weber number α decreases, the contraction coefficient
C and the angle in the separation point increase. Numerical values of C vs 1

α

are shown in Fig.7.
In Fig.8 we present values of the angle at the separation point between the

wall and the free streamlines γ vs 1
α

. It is seen that numerical solutions exist
for all α > 0. It is also observed that where α→ 0, the free surface tends to a
horizontal line, the contraction coefficient C → 1 and the angle of separation
γ → 3π/2. For this limiting case, all boundaries are rectilinear, hence, an
exact solution can be found via Schwartz-Christoffel transformation[4].

Typical profiles for various Weber numbers of the free surface are presented
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Figure 7: Coefficient of contraction C vs 1/α.

Figure 8: The angle of separation γ vs 1/α.

in Fig. 9 for H0 − L = 1.21 and Fig. 10 for H0 − L = 10.61.
For H0−L→ ∞, and different Weber number α ≥ 0.95, our result confirm

the results of Gasmi & Mekias[1].
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Figure 9: Free streamline shapes forH0−L = 1.21 and various Weber numbers.

Figure 10: Free streamline shapes for H0 − L = 10.61 and various Weber
numbers.
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