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Institut de Mathématiques et de Sciences Physiques
B.P. 613, Porto-Novo, Benin
sbowong@uycdc.uninet.com

Abstract

In this paper, we develop feedback control strategies for linear sys-
tems which are controllable. Our solution relies on a controllability
functions construction. The state feedbacks obtained are bounded and
ensure the global asymptotic stability. The time of stabilization is ex-
plicitly computed.
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1 Introduction

The stabilization of control systems is one of the most important in control
theory. Many techniques have been developed during the last two decades to
study the stabilizability of control systems and to design stabilizing feedback.
One of the most popular technique of control design is the Lyapunov approach
see for instance [2], [3], where this strategy of design is clearly exposed. The
multiple advantages offered by this approach are well-known. Observe in par-
ticular that this approach yields a very efficient help for solving locally, and in
some cases globally the problem of stabilizability for wide families of control
systems. But sometimes, the construction of the Lyapunov function is very
difficult and it is fair to say that there is a need for studying this problem.

1Corresponding author. Tel. (235) 52-97-40 Fax. (235) 51-40-33
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The stabilization of control systems has been observed in various systems,
but seldom a link is made with the controllability function method.
However, the idea of the construction of bounded feedback by the controlla-
bility function method has led to one of the basis tools nowday for designing
stabilizing feedbacks.
In [1], Korobov gives a repertory of one procedure which can be obtained
to deal with various classes of systems by combining, maybe recursively, this
particular controllability function design with other ones.

Consider the system

ẋ = f(x, u), (1)

where x ∈ R
n and u ∈ Ω ⊂ R

r (Ω is the neighbourhood of the orign).

. When is it possible to design a feedback law u = φ(x) such that the trajectory
x(t) of the closed-loop system

ẋ = f(x, φ(x)), (2)

which start at x0 at the time t0∗ = 0 satisfies at any finite time T (x0∗) the
condition x(T (x0∗)) = 0, i.e., lim

t→T (x0∗)
∗x(t)=0?

In (1), the presence of u impedes the application of the controllability technique
[1] to solve the problem.
The solution we propose here is based on a completely different approach and
is appropriate only for a subclass of systems (1). This particular class allows
us to design a controllability function. This construction utilizes tools and
properties analogous to those employed to achieve stabilization in [2], [3]. Our
result is a result of global asymptotic stability (GAS). Moreover, the class of
feedback laws obtained are bounded.

Our work is organized as follows. In Section 2 is given the main result
of our work. In Section 3 an example of canonical systems of this result is
proposed. Section 4 solve some examples and Section 5 contains concluding
remarks.

1.1 Notation and basic definitions

• Thoughout the paper, the symbol R denotes the set of real numbers and R
n

the n-dimensional real linear space.
• x, y may represent columm vector of R

n and xT a vector row.
• We denote by ẋ the first derivative of a real-valued C1 function x(t) =
(x1 ∗ (t), . . . , xn ∗ (t)).
• With capital letters, A, B, N , X we denote the matrices and AT the transpose
of the matrix A.



Construction of Bounded Feedback 269

• s, t and θ are real scalar.
Some special notations will be defined.

2 Construction of the controllability function

Consider the particular case of (1)⎧⎨
⎩

ẋ = Ax + Bu,

x ∈ R
n, u ∈ Ω ⊂ R

r, A ∈ Mn,n ∗ (R), B ∈ Mn,r ∗ (R),
(3)

where Mn,m∗(R) is the set of matrices with n rows and m columns. We assume
that the pair (A, B) is controllable, i.e., rank(B, AB, . . . , An−1B) = n.
Let N(θ) be the matrix

N(θ) =
1

θ
e−

α
β

Aθ
1
α

∫ θ

0

∗ τ

β
e

α
β

Aτ
1
α
BBT e

α
β

AT τ
1

α)

dτe−
α
β

AT θ
1
α
, (4)

with α > 0, β > 0 and θ > 0.
We will exploit the properties of the matrix N(θ) for designing the control-

lability function which facilitates the construction of the feedback law. More
precisely, we have:

Lemma 1 : For α > 0, β > 0 and θ > 0, N(θ) is symmetric positive definite
and the solution of the differential equation

dX

dθ
=

1

β
θ

1
α
−1
[
−AX − XAT − βθ−

1
α X + BBT

]
. (5)

This Lemma is proved in Appendix A.

Remark 1 : In the coordinate t = 1 −
(τ

θ

)1/α

(4) become

N(θ) =
α

β
θ

1
α

∫ 1

0

∗(1 − t)αe−
α
β

Aθ
1
α tBBT e−

α
β

AT θ
1
α tdt (6)

and

lim
θ→0+

∗N(θ)
α
β
θ

1
α

=
BBT

(α + 1)
. (7)

In the sequel the controllability function θ(x) is chosen to be the unique positive
solution of

θ(x) = 〈N−1(θ)x, x〉, x �= 0. (8)

Moreover, about θ we prove in Appendix B:
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Lemma 2 : For each α > 0, β > 0, θ = θ(x) is of class C1 and is the positive
solution of the equation (8) for all x �= 0.

At this point of our design, we need the following preliminary result:

Lemma 3 : The feedback

u(x) = −1

2
BT N−1(θ)x, (9)

where θ(x) is defined in (8) is Lipschitz on the compact set K(ρ, ρ1∗)∩Q with

Q = {x ∈ R
n, θ(x) ≤ c}, c > 0,

and

K(ρ, ρ1∗) = {x ∈ R
n, 0 < ρ ≤ ‖x‖ ≤ ρ1∗}, ρ, ρ1∗ > 0.

:

If one computes the derivative of the feedback (9) with respect to x, one gets

∂u(x)

∂xi∗ = −1

2
BT

[
∂

∂xi∗N−1(θ)xi ∗ +N−1(θ)
∂x

∂xi∗
]

, i = 1, . . . , n

Remark that

∂

∂xi∗N−1(θ) =
d

dθ
N−1(θ)

∂θ

∂xi∗ ,

= −N−1(θ)
dN(θ)

dθ
N−1(θ)

∂θ

∂xi∗

According to Lemma 2,
∂θ

∂xi∗ , θ(x) and
∂θ

∂x
are continuous functions. It follows

that the elements of the matrices N−1(θ) and
d

dθ
N(θ) are continuous functions

on K ∩Q in x which implies that u(x) is Lipschitz continuous on K ∩Q.

�

Theorem 1 : All solution x(t, t0∗) of the closed-loop system (3)-(9) issue
of the point x0∗ at the time t0∗ satisfies lim

t→T (x0∗)
∗x(t) = 0 where T (x0∗) =

α

β
θ(x0∗) 1

α , i.e., the system (3) is globally asymptotically stabilizable by means

of the feedback law (9).
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:
Consider as a candidate of Lyapunov function, the quadratic positive definite
and proper function

θ(x) = xT N−1(θ)x

Let us evaluate its derivative along the trajectories of the closed-loop system
(3)-(9). To this end, let the function

F (θ, x) = θ(x) − 〈N−1(θ)x, x〉

Use

dF = F
′
θ ∗

∂θ

∂x
+ F

′
x∗ = 0,

where F
′
θ ∗ (θ, x) =

∂F

∂θ
and F

′
x ∗ (θ, x) =

∂F

∂x
, one gets

θ̇(x(t)) =

〈
∂θ

∂x
, ẋ

〉
,

= −
〈

F
′
x∗

F
′
θ∗

, ẋ

〉
,

=
1

F
′
θ∗
[
xT
〈
AT N−1(θ) + N−1(θ)A − N−1(θ)BBT N−1(θ)

〉
x
]

From (5), we have

AT N−1(θ) + N−1(θ)A−N−1(θ)BBT N−1(θ) = βθ1− 1
α

[
d

dθ
N−1(θ) − 1

θ
N−1(θ)

]

and remark that

F
′
θ ∗ (θ, x) = xT

(
N−1(θ)

θ
− d

dθ
N−1(θ)

)
x

one can deduce that
θ̇(x) = −βθ(x)1− 1

α

which is negative definite and thus all the conditions of the Theorem 1 of [1]
are verified and this achieve the proof.

�

3 Canonical systems case

We assume that the pair (A, B) is in Brunovsky canonical form, i.e.,
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• A is a block-diagonal matrix of the form

A =

⎛
⎜⎜⎝

Ak1 0 . . 0
0 . . . .
. . . . .
0 . . . Akr

⎞
⎟⎟⎠

where Aki
, 1 ≤ i ≤ r, is a matrix in Mki,ki

(R) given by

Aki
=

⎛
⎜⎜⎜⎜⎝

0 1 0 0 0
. . . . .
. . . . .
0 . . . 1
0 . . . 0

⎞
⎟⎟⎟⎟⎠

• B is a block-diagonal matrix of the form

B =

⎛
⎜⎜⎝

bk1 0 . . 0
0 . . . .
. . . . .
0 . . 0 bkr

⎞
⎟⎟⎠

where bki
, 1 ≤ i ≤ r, is a column-vector in R

ki given by

bki
=

⎛
⎜⎜⎜⎜⎝

0
.
.
0
1

⎞
⎟⎟⎟⎟⎠

The elements [N(θ)]i,j ∗ of the matrix N(θ) is given by

[N(θ)]i,j ∗ =
(−1)i+j

(
α
β
θ

1
α

)2n−i−j+1

(2n − i − j)!

(n − i)!(n − j)!(α + 1) . . . (α + 2n − i − j + 1)
i, j = 1, . . . , n.

Using the above elements, a simple computation give

N(θ) = Δθ ∗ F (α, β) ∗ Δθ∗, (10)

where

Δθ∗ = diag(θ
(n− 1

2 )

α , θ
(n−1)− 1

2 )

α , . . . , θ
1− 1

2
α )

and F (α, β) a constant diagonal matrix which elements satisfies

[F (α, β)]i,j ∗ =

(−1)i+j

(
α

β

)2n−i−j+1

(2n − i − j)!

(n − i)!(n − j)!(α + 1) . . . (α + 2n − i − j + 1)



Construction of Bounded Feedback 273

From (10), we have

N−1(θ) = Δ−1(θ)F−1(α, β)Δ−1
θ ∗ . (11)

With this decomposition the equation (4) become

θ(x) = 〈Δ−1
θ ∗ F−1(α, β)Δ−1

θ ∗ x, x〉,

and θ satisfies the following equation

θ1+
(2n−1)

α =

n∑
i,j=1

∗ [F (α, β)]i,j ∗ θ
(i+j−2)

n xi ∗ xj ∗ . (12)

Then one can state that

Corollary 1 : If the matrices A and B are in the Brunovsky canonical form,
then for any positive constant η, if θ(x) is the positive solution of (12), the
system (3) is globally asymptotically stabilizable by means of the feedback law

u(x) = −1

2

n∑
j=1

∗Fn,j ∗ (α, β)θ
1
α

(−n+j−1)xj∗, (13)

which satisfies
‖u(x)‖ ≤ η, ∀x ∈ Rn

4 Examples

Consider the system evolving in R

ẋ = u (14)

One may easily check that for any θ > 0

N(θ) =
αθ

1
α

β(α + 1)
,

and

N−1(θ) =
β(α + 1)

αθ
1
α

With N−1(θ) it is immediat that

θ(x) =

[
α

β
(α + 1)x2

] α

α + 1
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is the solution of the equation

θ(x) =
β(α + 1)x2

αθ
1
α

, for x �= 0

Following Theorem 1, the feedback

u(x) = −β(α + 1)x

2αθ
1
α

, (15)

globally stabilizes system (14).
In particular if α = β = 1 and η = 1 we have θ(x) =

√
2|x| and u(x) =

−√
2sgn(x).

Consider the planar system

ẍ = u, (16)

By setting x = x1∗ and ẋ = x2∗ (16) become⎧⎨
⎩

ẋ1∗ = x2∗,

ẋ2∗ = u.
(17)

As for above example, a simple computation yield

N(θ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2

(
α

β
θ

1
α

)3

(α + 1)(α + 2)(α + 3)

−
(

α

β
θ

1
α

)2

(α + 1)(α + 2)

−
(

α

β
θ

1
α

)2

(α + 1)(α + 2)

α

β
θ

1
α

(α + 1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and

N−1(θ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(α + 2)2(α + 3)(
α

β
θ

1
α

)3

(α + 2)(α + 3)(
α

β
θ

1
α

)2

(α + 2)(α + 3)(
α

β
θ

1
α

)2

2(α + 2)
α

β
θ

1
α

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence, it follows that

θ(x) =
(α + 2)2(α + 3)x2

1∗(
α

β
θ

1
α

)3 +
2(α + 2)(α + 3)x1 ∗ x2∗(

α

β
θ

1
α

)2 +
2(α + 2)x2

2∗
α

β
θ

1
α
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So by application of Theorem 1, system (16) can be globally stabilized by the
feedback law

u(x) = −(α + 2)(α + 3)x1∗

2

(
α

β
θ

1
α

)2 − (α + 2)x2∗
α

β
θ

1
α

(18)

The simulation results are shown in Fig.1 and Fig.2, where it is clear that the
control effect using our feedback controller is as good as the case of controlling
the trajectory x(t) to the origin.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

time(t)

x

Position: x 

Figure 1: Example 1 under robust feedback (15) when α = β = 1
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-0.4
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0.6

x
1

x 2

System phase portrait

(c)

Figure 2: Example 2 under robust feedback (18) when α = 1 and β = 50
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5 Conclusion

In this paper, we have constructed a family of feedbacks (which contains
arbitraily small bounded functions) which globally asymptotically stabilize lin-
ear systems. A recursive application of the design we have proposed is possible
and provides us with a new technique for dealing with the stabilization prob-
lems for linear systems. The feedback design is inherently robust to some types
of disturbances and can be robustified with respect to many other types.

In future works, we will investigate under slightly more restrictive assump-
tion, the stabilizability problem of a class of nonlinear system using the con-
trollability function technique and illustrate our design of control law on the
magnetically levitated ball system.

A Proof of Lemma 1

It is clear that N(θ) is a symmetric matrix and a simple computation proves
that it is the solution of equation (5).

Suppose that for θ > 0, there exists a vector X0∗ �= 0 such that 〈N(θ)X0, X0∗
∗〉 = 0. From (6) one gets

∫ θ

0

∗‖τ 1
2α BT e−

α
β

AT (θ
1
α −τ

1
α )X0 ∗ ‖2dτ = 0, for all τ ∈ [0, θ]

which implies

BT e−
α
β

AT (θ
1
α −τ

1
α )X0 = 0∗, for all τ ∈ [0, θ]

If one computes the (n-1) derivative of the above equation with respect τ and
by setting τ = θ one has

BT X0∗, BT AT X0∗, . . . , BT (AT )n−1X0∗ = 0

Since the pair (A, B) is controllable, this lead to a contradiction and the matrix
N(θ) is symmetric positive definite.

�

B Proof of Lemma 2

1. We first establish that θ(x) is the positive solution of equation (8).
Consider the function

F (θ, x) = θ − 〈N−1(θ)x, x〉, θ �= 0, and x �= 0
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Let us evaluate its derivative with respect θ for x �= 0

∂F

∂θ
(θ, x) = 1 +

〈
N−1 dN(θ)

θ
N−1(θ)x, x

〉

Using (4) one has

dN(θ)

dθ
=

1
α
β
θ1+ frac1α

∫ α
β

θ
1
α

0

∗
(

1 − s
α
β
θ

1
α

)α−1

se−AsBBT e−AT sds > 0. (19)

By application of Lemma 1, (19) is positive definite and it turns out that
∂F

∂θ
(θ, x) > 1 . So, for θ large enough F (θ, x) > 0 and F (θ, x) is a strict

increasing function with respect to θ.
On the other hand, since N(θ) is symmetric positive definite matrix, N−1(θ)
is also symmetric positive definite and it follows that

〈N−1(θ)x, x〉 ≥ 〈x, x∗〉
‖N(θ)‖ .

Following (6), ‖N(θ)‖ → 0 when θ → 0+, and for θ sufficient small one can
deduce that

F (θ, x) ≤ θ − 〈x, x∗〉
‖N(θ)‖ < 0

Thus since θ(x) is a continuous function, the equation θ = 〈N−1(θ)x, x〉 admits
a unique positive solution θ(x).
2. Now, We prove that the function θ(x) is of class C1.

Since
∂F

∂θ
(θ, x) > 1 for each x �= 0, by applying the implicit function theorem,

the function θ(x) is the solution of F (θ, x) = 0 in a neighbourhood of x �= 0
and of class C1 in a neighbourhood of this point.
For x �= 0, the function 〈N−1(θ)x, x〉 is monotone decreasing with respect θ
so the function ‖N−1(θ)‖ is also a monotone decreasing function. Thus for all
ε > 0 we have

‖N−1(θ)‖ ≤ R(ε) < ∞, for all θ ≥ ε

Choising ρ0∗ > 0 sufficient small such that

ε > R(ε)ρ2
0 ∗ . (20)

and consider the closed-loop

Sρ0∗∗ = {x ∈ R
n, ‖x‖ ≤ ρ0∗}

we want to prove that θ(x) < ε, for all x ∈ Sρ0∗∗.
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Suppose that θ(x) ≥ ε for certain x ∈ Sρ0∗∗. In the one hand we have

〈N−1(θ)x, x〉 ≤ ‖N−1(θ)‖ ‖x‖2 ≤ R(ε)ρ2
0 ∗ .

On the other hand, using (8) and (20)

θ(x) ≥ ε > R(ε)ρ2
0∗ ≥ θ(x)

This leads to a contradiction which implies θ(x) ≤ ε for x ∈ Sρ0∗∗. The results
follows.

�
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