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Abstract

Let G = (V,E) be a simple graph. A two-valued function f :
VUE — {—1,1} is called a total signed domination function of G
if > enpa) f(y) = 1 for every 2 € VUE, where Nr[z] denote the set of
x and the adjacent and incident elements of x. The total signed domi-
nation number 1 (G) of G is defined as r!(G) = min{f(V U E)|f is a
total signed domination function of G}. In this paper, we obtain the
lower bounds on the total signed domination number of some classes
of graphs. Furthermore, we give the lower bound on the total signed
domination number of the general graphs.

Keywords: signed domination function; signed domination number; total
signed domination function; total signed domination number

1 Introduction

In this paper, we consider a finite, undirected graph without loops or
multiple edges. For terminology and notation not given here, the reader is
referred to Bondy and Murty [2]. Let G = (V, E) be a graph with vertex set V'
and edge set E. The order of G is given by n = |V| and its size by m = |E].
For any x € V U E, Nr[z] denote the set of z and the adjacent and incident
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elements of z. The degree of v in G is denoted by d(v). The minimum degree
of G is denoted by 0(G) and the mazimum degree by A(G).

A function f : V — {—1,1} is called a signed domination function of G
if for any vertex v € V, f(N[v]) = >_ ey, f(z) = 1. The signed domination
number of G is defined as rs(G) = min{ f(V')| f is a signed domination function
of G}. The signed domination has been studied in [3,7]. Some results were
given as follows:

Lemma 1 (Henning et al. [3]) Let G be a k-reqular graph of order n, then
r(G) >

Lemma 2 (Henning et al. [7]) Let G be a k-reqular graph of order n, and k
is odd, then rs(G) > lf—fl

A function f : E — {—1, 1} is called a signed edge domination function of G
if for any edge e € E, f(Nle]) = >, ey f(x) = 1. The signed edge domination

number of G is defined as r,(G) = min{f(E)|f is a signed edge domination
function of G}. The signed edge domination has been studied in [1,8]. They
gave the following results:

Lemma 3 (Xu et al. [1]) Let G be a graph of order n, then r,(G) >
2[(V14+8n—1)/2] —n.

Lemma 4 (Xu et al. [1]) Let G be a graph of order n, m = |E|, then
r(G) >n—2m/3.

S

Lemma 5 (Xu et al. [1]) Let G be a graph of order n, then r,(G) > gig;ﬁn.

In [4], Jin-bu Lu, Lin-zhong Liu gave the definition of total signed domi-

nation function as follows:
Definition 1 (Lu et al.[4]) A function f: VUFE — {—1,1} is called a total
signed domination function of G if ZyeNT[x} f(y) > 1 for every z € VU E,
where Nr[z] denote the set of x and the adjacent and incident elements of
x. The total signed domination number rI(G) of G is defined as rT(G) =
min{f(V U E)|f is a total signed domination function of G}.

Furthermore, they gave the upper bounds on the total signed domination
number of some classes of graphs. In this paper, we continue the study of total
signed domination in graphs started by them. We obtain the lower bounds on
the total signed domination number of some classes of graphs. Furthermore,
we give the lower bound on the total signed domination number of the general
graphs.

2 The lower bounds on the total signed dom-
ination number of some classes of graphs

Theorem 1 Let C,, be a cycle, then [2] < rI(C,) < [2] 42, and this bound
18 sharp.
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Proof: First, we proof I (C,) > [3].

Let f be a total signed domination function of G. Let V., V_ FE, FE_
denote the sets of those vertices and edges of G which are assigned under f
the values +1 and -1. Then rT(C,) = |V, |+ |E{| — |[V_| — |E_|.

By the definition of the total signed domination function, for any y € VUE,

f(N[y]) > 1. Since C,, is a cycle with |V| = n and |E| = n, it follows that

2n < 3 cvop f(N[Y])
< Zyev 5f(y) + ZyEE 5f(y)

That is

2n
5

e S+ en, fW+ e fW)+ e f(Y)
Vil = Vo] + [EL] — [E-]

Then, rf(C,) > 2 .

Second, we proof rl(Cy) < |2 + 2.

Let V = {vy,vq9, -+ ,u,}, E={ey,ea, -+ ,e,}. We define a function f’ as
follows:

We assign the vertices and edges with {+1,—1,+1,—1,+1} in order.

Case 1: n = 0(mod5). For any x € VUE, f'(N[z]) > 1. That is, f'is a
total signed domination function of G. f'(V U E) = 22

Case 2: n = 1,2(modb). We assign v, the value +1, e, the value +1.
Then, for any x € VUE, f'(N[x]) > 1. That is, f’ is a total signed domination
function of G. f(VUE) = [2] 4 2.

Case 3: n = 3,4(mod5). For any x € VUE, f/(N[z]) > 1. That is, f’ is
a total signed domination function of G. f'(V U FE) = L%"J + 1.
By Case 1, Case 2 and Case 3, f'(VUE) < [2] +2. SorI(C,) < | 2] + 2.

That the bound is sharp may be seen as follows: r!(C5) = 2 = 22 = [2],
r(Cs) =4 = [3°] +2 = |2 + 2, and this upper bound is better than the

upper bound in [4].H

<
<

Theorem 2 Let G be a k-reqular graph, then rT(G) > 2(’2‘:;‘{“ and this bound
18 sharp.
Proof: Let f be a total signed domination functionof G. Let V.., V_| E, FE_
denote the sets of those vertices and edges in G which are assigned under f
the values +1 and -1. Then rI(G) = |V, | + |E,| — |V_| — |E_]|.

By the definition of the total signed domination function, for any y € VUE,
f(N[y]) > 1. Since G is a k-regular graph with |V| = n and |E| = 2, it follows

that
n+ %k < ZeruE f(Ny])
< ZeruE(Qk + 1)f(y>
That is -
2(2k+1) < ZyGVUE f(y)
< Vil = [Vo|+ By = [E-]
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Then, rT(G) > Zatnk

2(2k+1)"
That the bound is sharp may be seen as follows: r(Cs) = 2 = 1(2);%0 =
2n+nk ]
2(2k+1) "

Theorem 3 Let K,,,, be a complete bipartite graph. Then

2n+4n?
Tg(Kmn) > n+l ), 2 2 .
) Imn—2n +7;L7;:’Ll+m n—mn ’ Zf m %n

Proof: Let f be a total signed domination function of G. LetV,, V_, E,, FE_
denote the sets of those vertices and edges in G which are assigned under f
the values +1 and -1. Let |X| = m, |Y| =n, then rT(K,,,) = |Vi| + |Ey| —
\V_| — |E_| =2|Vi| +2|Ey| —m —n — mn.

By the definition of the total signed domination function, for any y € VUFE,
f(Nly]) > 1. Since K,,, is a complete bipartite graph with|V| = m 4+ n and
|E| = mmn, it follows that

EyEVUE f(NTy])
DyexCn+ D) f(y) + 2 ey Cm+1)f(y) + 2 cp(m+n+1)f(y)
Cn+ DX | = X))+ Cm+ DY = Yo)) + (m +n+ ([ Ey| = [E-])

if  m=mn;

m-+n—+mn

ININ A

That is
6mn + 2m +2n +m?*n+mn? < 2(2n+ 1)| X4+ +22m+ 1)V +2(m+n+ 1)|E4|

Case 1: m = n. Then

6n% +4n+2n® < 2(2n+1)| X4 +2@2n+ )Y, | +2(2n + 1)|E4|

2 3
BT < 2Vi|+ 2|y

T 6n+4n+2n3 o _ 6n’+4n+2on3 _ 2 _ n242n
So ry (Kmn) > AT —m—n —mn = SRS — 2n —nf = S

Case 2: m # n. We may assume m < n. Then

6mn +2m + 2n +m?n +mn? < 2(2n+1)| X4 | +2(2n + 1)|[Yy| 4+ 2(2n + 1)| E4|
6mn+2m+23::|—1m2n+mn2 S 2|V+‘—|—2’E+‘

T 6mn+2m-+2n+mntmn? o _ 3mn—2n%4mintm?n—mn?
SO Ts (Km,n) Z 2n+1 ] m n mn = 2n+1 :
By Case 1 and Case 2, the proof is completed .l

3 The lower bounds on the total signed dom-
ination number of general graphs

Lemma 6 (Bondy [2]) > ., d(v) = 2m.

Theorem 4 Let G = (V, E) be a simple graph, then rT (G) > W*"Zl(éﬂiﬁ)*%&'

Proof: Let f be a total signed domination functionof G. Let V.., V_| F, E_
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denote the sets of those vertices and edges in G which are assigned under f the
values +1 and -1. Then 7 (G) = |V, |+ |Ey| — |V_| — |E_| = 2|V, | + 2|E,| —
m—n.

By the definition of the total signed domination function, for any y € VUFE,
f(N[y]) > 1, v;,v; is the vertex incident to edge y. Then

ZerUE f(Ny])
Zer f( [y]) + ZyEE

Dyev[2dy) + 101 (y) + X2 e pld(vi) + d(v;) + 1] f (y)

Cyevy = 2yev ) 2dW) + 1+ (Cyep, — 2yep )ldvi) +d(v;) +1]

22 yev, = 2yev)2dW) + 1+ 22 e, — 2yep)ld(vi) +d(v;) +1]

2> yev, [2d(y) + 1] = (dm+n) +23 cp, [d(v )+ d(vy) +1] = X v d(y) —

n—+m

f(Ny])

IN AN INININIA

That is

n+m+4dm+n+m+3 oy (y) < 2ZyEV+ [2d(y) + 1] + 22y€E+ [d(v;) + d(v;) + 1]

Since (3_,cy d(y))?/n <3, oy d@(y), it follows that

6m +2n+ (3 cv d(y))?/n 23 ev, [2d(y) +1]+230 cp [d(vi) + d(v)) + 1]

<
< 20QA+ )|V +2(2A + 1)|Ey |

That is

6m+2n+4m? /n
St /n < 9V, | + 2| B, |

Then

m—~+2n+4m= /n m~+n)(dm—+n—2nA
r1(G) = 20Vi| + 2By —m —n > St g = (bt ind)
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