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Abstract

Let G = (V,E) be a simple graph. A two-valued function f :
V ∪ E → {−1, 1} is called a total signed domination function of G
if

∑
y∈NT [x] f(y) ≥ 1 for every x ∈ V ∪E, where NT [x] denote the set of

x and the adjacent and incident elements of x. The total signed domi-
nation number rT

s (G) of G is defined as rT
s (G) = min{f(V ∪ E)|f is a

total signed domination function of G}. In this paper, we obtain the
lower bounds on the total signed domination number of some classes
of graphs. Furthermore, we give the lower bound on the total signed
domination number of the general graphs.
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1 Introduction

In this paper, we consider a finite, undirected graph without loops or
multiple edges. For terminology and notation not given here, the reader is
referred to Bondy and Murty [2]. Let G = (V, E) be a graph with vertex set V
and edge set E. The order of G is given by n = |V | and its size by m = |E|.
For any x ∈ V ∪ E, NT [x] denote the set of x and the adjacent and incident
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elements of x. The degree of v in G is denoted by d(v). The minimum degree
of G is denoted by δ(G) and the maximum degree by Δ(G).

A function f : V → {−1, 1} is called a signed domination function of G
if for any vertex v ∈ V , f(N [v]) =

∑
x∈N [v] f(x) ≥ 1. The signed domination

number of G is defined as rs(G) = min{f(V )|f is a signed domination function
of G}. The signed domination has been studied in [3, 7]. Some results were
given as follows:
Lemma 1 (Henning et al. [3]) Let G be a k-regular graph of order n, then
rs(G) ≥ n

k+1
.

Lemma 2 (Henning et al. [7]) Let G be a k-regular graph of order n, and k
is odd, then rs(G) ≥ 2n

k+1
.

A function f : E → {−1, 1} is called a signed edge domination function of G
if for any edge e ∈ E, f(N [e]) =

∑
x∈N [e] f(x) ≥ 1. The signed edge domination

number of G is defined as r
′
s(G) = min{f(E)|f is a signed edge domination

function of G}. The signed edge domination has been studied in [1, 8]. They
gave the following results:
Lemma 3 (Xu et al. [1]) Let G be a graph of order n, then r

′
s(G) ≥

2�(√1 + 8n − 1)/2� − n.
Lemma 4 (Xu et al. [1]) Let G be a graph of order n, m = |E|, then
r
′
s(G) ≥ n − 2m/3.

Lemma 5 (Xu et al. [1]) Let G be a graph of order n, then r
′
s(G) ≥ δ+2−Δ

δ+2+Δ
n.

In [4], Jin-bu Lu, Lin-zhong Liu gave the definition of total signed domi-
nation function as follows:
Definition 1 (Lu et al.[4]) A function f : V ∪ E → {−1, 1} is called a total
signed domination function of G if

∑
y∈NT [x] f(y) ≥ 1 for every x ∈ V ∪ E,

where NT [x] denote the set of x and the adjacent and incident elements of
x. The total signed domination number rT

s (G) of G is defined as rT
s (G) =

min{f(V ∪ E)|f is a total signed domination function of G}.
Furthermore, they gave the upper bounds on the total signed domination

number of some classes of graphs. In this paper, we continue the study of total
signed domination in graphs started by them. We obtain the lower bounds on
the total signed domination number of some classes of graphs. Furthermore,
we give the lower bound on the total signed domination number of the general
graphs.

2 The lower bounds on the total signed dom-

ination number of some classes of graphs

Theorem 1 Let Cn be a cycle, then �2n
5
� ≤ rT

s (Cn) ≤ 
2n
5
�+2, and this bound

is sharp.
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Proof : First, we proof rT
s (Cn) ≥ �2n

5
�.

Let f be a total signed domination function of G. Let V+, V−, E+, E−
denote the sets of those vertices and edges of G which are assigned under f
the values +1 and -1. Then rT

s (Cn) = |V+| + |E+| − |V−| − |E−|.
By the definition of the total signed domination function, for any y ∈ V ∪E,

f(N [y]) ≥ 1. Since Cn is a cycle with |V | = n and |E| = n, it follows that

2n ≤ ∑
y∈V ∪E f(N [y])

≤ ∑
y∈V 5f(y) +

∑
y∈E 5f(y)

That is
2n
5

≤ ∑
y∈V+

f(y) +
∑

y∈E+
f(y) +

∑
y∈V− f(y) +

∑
y∈E− f(y)

≤ |V+| − |V−| + |E+| − |E−|
Then, rT

s (Cn) ≥ 2n
5

.
Second, we proof rT

s (Cn) ≤ 
2n
5
� + 2.

Let V = {v1, v2, · · · , vn}, E = {e1, e2, · · · , en}. We define a function f ′ as
follows:

We assign the vertices and edges with {+1,−1, +1,−1, +1} in order.
Case 1: n ≡ 0(mod5). For any x ∈ V ∪ E, f ′(N [x]) ≥ 1. That is, f ′ is a

total signed domination function of G. f ′(V ∪ E) = 2n
5

.
Case 2: n ≡ 1, 2(mod5). We assign vn the value +1, en the value +1.

Then, for any x ∈ V ∪E, f ′(N [x]) ≥ 1. That is, f ′ is a total signed domination
function of G. f ′(V ∪ E) = 
2n

5
� + 2.

Case 3: n ≡ 3, 4(mod5). For any x ∈ V ∪ E, f ′(N [x]) ≥ 1. That is, f ′ is
a total signed domination function of G. f ′(V ∪ E) = 
2n

5
� + 1.

By Case 1, Case 2 and Case 3, f ′(V ∪ E) ≤ 
2n
5
� + 2. So rT

s (Cn) ≤ 
2n
5
� + 2.

That the bound is sharp may be seen as follows: rT
s (C5) = 2 = 2×5

5
= �2n

5
�,

rT
s (C6) = 4 = 
2×6

5
� + 2 = 
2n

5
� + 2, and this upper bound is better than the

upper bound in [4].

Theorem 2 Let G be a k-regular graph, then rT
s (G) ≥ 2n+nk

2(2k+1)
, and this bound

is sharp.
Proof : Let f be a total signed domination function of G. Let V+, V−, E+, E−
denote the sets of those vertices and edges in G which are assigned under f
the values +1 and -1. Then rT

s (G) = |V+| + |E+| − |V−| − |E−|.
By the definition of the total signed domination function, for any y ∈ V ∪E,

f(N [y]) ≥ 1. Since G is a k-regular graph with |V | = n and |E| = nk
2

, it follows
that

n + nk
2

≤ ∑
y∈V ∪E f(N [y])

≤ ∑
y∈V ∪E(2k + 1)f(y)

That is
2n+nk
2(2k+1)

≤ ∑
y∈V ∪E f(y)

≤ |V+| − |V−| + |E+| − |E−|
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Then, rT
s (G) ≥ 2n+nk

2(2k+1)
.

That the bound is sharp may be seen as follows: rT
s (C5) = 2 = 10+10

2×5
=

2n+nk
2(2k+1)

.

Theorem 3 Let Km,n be a complete bipartite graph. Then

rT
s (Km,n) ≥

{
2n+n2

2n+1
, if m = n;

3mn−2n2+m+n+m2n−mn2

2n+1
, if m 
= n.

Proof : Let f be a total signed domination function of G. LetV+, V−, E+, E−
denote the sets of those vertices and edges in G which are assigned under f
the values +1 and -1. Let |X | = m, |Y | = n, then rT

s (Km,n) = |V+| + |E+| −
|V−| − |E−| = 2|V+| + 2|E+| − m − n − mn.

By the definition of the total signed domination function, for any y ∈ V ∪E,
f(N [y]) ≥ 1. Since Km,n is a complete bipartite graph with|V | = m + n and
|E| = mn, it follows that

m + n + mn ≤ ∑
y∈V ∪E f(N [y])

≤ ∑
y∈X(2n + 1)f(y) +

∑
y∈Y (2m + 1)f(y) +

∑
y∈E(m + n + 1)f(y)

≤ (2n + 1)(|X+| − |X−|) + (2m + 1)(|Y+| − |Y−|) + (m + n + 1)(|E+| − |E−|)

That is

6mn + 2m + 2n + m2n + mn2 ≤ 2(2n + 1)|X+| + 2(2m + 1)|Y+| + 2(m + n + 1)|E+|

Case 1: m = n. Then

6n2 + 4n + 2n3 ≤ 2(2n + 1)|X+| + 2(2n + 1)|Y+| + 2(2n + 1)|E+|
6n2+4n+2n3

2n+1
≤ 2|V+| + 2|E+|

So rT
s (Km,n) ≥ 6n2+4n+2n3

2n+1
− m − n − mn = 6n2+4n+2n3

2n+1
− 2n − n2 = n2+2n

2n+1
.

Case 2: m 
= n. We may assume m < n. Then

6mn + 2m + 2n + m2n + mn2 ≤ 2(2n + 1)|X+| + 2(2n + 1)|Y+| + 2(2n + 1)|E+|
6mn+2m+2n+m2n+mn2

2n+1 ≤ 2|V+| + 2|E+|

So rT
s (Km,n) ≥ 6mn+2m+2n+m2n+mn2

2n+1
− m − n − mn = 3mn−2n2+m+n+m2n−mn2

2n+1
.

By Case 1 and Case 2, the proof is completed .

3 The lower bounds on the total signed dom-

ination number of general graphs

Lemma 6 (Bondy [2])
∑

v∈V d(v) = 2m.

Theorem 4 Let G = (V, E) be a simple graph, then rT
s (G) ≥ (m+n)(4m+n−2nΔ)

n(2Δ+1)
.

Proof : Let f be a total signed domination function of G. Let V+, V−, E+, E−
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denote the sets of those vertices and edges in G which are assigned under f the
values +1 and -1. Then rT

s (G) = |V+| + |E+| − |V−| − |E−| = 2|V+| + 2|E+| −
m − n.

By the definition of the total signed domination function, for any y ∈ V ∪E,
f(N [y]) ≥ 1, vi, vj is the vertex incident to edge y. Then

n + m ≤ ∑
y∈V ∪E f(N [y])

≤ ∑
y∈V f(N [y]) +

∑
y∈E f(N [y])

≤ ∑
y∈V [2d(y) + 1]f (y) +

∑
y∈E [d(vi) + d(vj) + 1]f (y)

≤ (
∑

y∈V+
−∑

y∈V−)[2d(y) + 1] + (
∑

y∈E+
−∑

y∈E−)[d(vi) + d(vj) + 1]
≤ (2

∑
y∈V+

−∑
y∈V )[2d(y) + 1] + (2

∑
y∈E+

−∑
y∈E)[d(vi) + d(vj) + 1]

≤ 2
∑

y∈V+
[2d(y) + 1] − (4m + n) + 2

∑
y∈E+

[d(vi) + d(vj) + 1] − ∑
y∈V d2(y) − m

That is

n + m + 4m + n + m +
∑

y∈V d2(y) ≤ 2
∑

y∈V+
[2d(y) + 1] + 2

∑
y∈E+

[d(vi) + d(vj) + 1]

Since (
∑

y∈V d(y))2/n ≤ ∑
y∈V d2(y), it follows that

6m + 2n + (
∑

y∈V d(y))2/n ≤ 2
∑

y∈V+
[2d(y) + 1] + 2

∑
y∈E+

[d(vi) + d(vj) + 1]
≤ 2(2Δ + 1)|V+| + 2(2Δ + 1)|E+|

That is
6m+2n+4m2/n

2Δ+1
≤ 2|V+| + 2|E+|

Then
rT
s (G) = 2|V+| + 2|E+| − m − n ≥ 6m+2n+4m2/n

2Δ+1
− m − n = (m+n)(4m+n−2nΔ)

n(2Δ+1)
.
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