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Abstract

In this paper, we consider a prey-predator fishery model with prey
dispersal in a two-patch environment, one is assumed to be a free fishing
zone and the other is a reserved zone where fishing and other extrac-
tive activities are prohibited. The existence of biological and bionomic
equilibrium of the system is discussed. The local and global stability
analysis has been carried out. An optimal harvesting policy is given

. . ! . . .
using Pontryagin s maximum principle.
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1 Introduction

Biological resources are renewable resources. Economic and biological
aspects of renewable resources management have been considered by Clark [1].
In recent years, the optimal management of renewable resources, which has a
direct relationship to sustainable development, has been studied extensively
by many authors [2-7]. The reason is that mankind is facing the problems
about shortage of resource at present. Extensive and unregulated harvesting
of marine fishes can even lead to the depletion of several fish species. One
potential solution to these problems is the creation of marine reserves where
fishing and other extractive activities are prohibited. Marine reserve not only
protect species inside the reserve area but they can also increase fish abundance
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in adjacent areas. Mathematical model of ecological system, reflecting these
problems, has been given in Kar and Swarnakamal [6].

The paper is mainly concerned with the following prey-predator system

( dx
d—tl = rr(l— 2) —ary — o131 + 0202 — B,
dz
d—t2 = 71ox2(l — ) + 0171 — 0972, (1.1)
d
d_y = —dy+ kaxiy — ¢ Esy.
\ t

Here, x1(t) and y(t) are biomass densities of prey species and predator species
inside the unreserved area which is an open-access fishing zone, respectively,
at time t. xo(t) is the biomass density of prey species inside the reserved area
where no fishing is permitted at time ¢. All the parameters are assumed to
be positive. r; and 7 are the intrinsic growth rates of prey species inside the
unreserved and reserved areas, respectively. d,a and k are the death rate,
capturing rate and conversion rate of predators, respectively. K; and K, are
the carrying capacities of prey species in the unreserved and reserved areas,
respectively. o7 and oy are migration rates from the unreserved area to the
reserved area and the reserved area to the unreserved area, respectively. F;
and F, are the effects applied to harvest the prey species and predator species
in the unreserved area. ¢, and ¢y are the catchability coefficients.

Considering the biological background, we only care about the dynamics
of system (1.1) in the closed first quadrantR? .

Here we observe that, if there is no migration of fish population from the
reserved area to the unreserved area (i.e., oo = 0) and r — o1 — 1 £y < 0,
then z; < 0. Similarly, if there is no migration of fish population from the
unreserved area to the reserved area (i.e., o7 = 0) and 7y — 09 < 0, then
o < 0. Hence, throughout out analysis, we assume that

7"1-0'1-Q1E1>0, r9 — 09 > 0. (12)

2 Existence of equilibria

Equating the derivatives on the left hand sides to zero and solving the result-
ing algebraic equations we can find three possible equilibrium R; (0, 0,0), Ry(Z1, Z2,0)
and Rs(z7, x5, y%).
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1
Here, 7o = —[(01 + 1 By — 1) 71 + ;—113_:%] and 7; is the positive solution of
o

2
the following equation

CHI:I) + Clgl'% + Ci1371 + Cc14 = O, (21)
where
2

= ——— >0,
" KLK20?
o _27“17"2(7°1 — o1 —qFh) <0
12 KlKQO'% )
e ro(r1 — o1 — q Er)? _ r1(ry — 02)
1 KQO'% K10'2

Ty — 09
Cl4 = g(rl — 01 — C]lEl) — 01.

02

Eq. (2.1) has a unique positive solution z; = 7 if the following inequalities
hold:

7“2(7°1 — 01 — C]1El)2 < 7“1(7°2 - 02)
KQO’Q K1 (22)
(rg — 09)(r1 — 01 — 1 E1) > 0109.

For 5 to be positive, we must have

(7“1 — 01 — Q1E1)K1

T > . 2.3
1 - 23)
Again, x} = %, xh = Ko{ry — 09 4 [(ry — 09)? + droo 2t | Ko Y/2} /21,
. (rl—al—qlEl)xf—;—lle-i-agx;
¥y = ax} :

For y* to be positive, we must have

2

r
(ry — o1 — qu Eh) 2] + o9l > Fllf{ . (2.4)

3 Stability analysis

In the absence of predator species, the model (1.1) becomes

dx

d—l = (1l — f(—ll) — 0121 + 0919 — q1 B2y,

dt (3.1)
4

— x
= 7“2.1172(1 — ?22) + 0121 — 092,

dt
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which has two equilibria, R(0,0) and a positive equilibrium R(Z;,Ty) if (2.2)
and (2.3) hold.
The Jacobian matrix of the system (3.1) is

(7’1 - 2;{—11% —o—qb 09 ) (3'2>

—9r2 0
01 ) Ky X2 — 02

The characteristic equation of the Jacobian matrix of (3.2) at R is

AP — (rm—o1—qE1+r2—09)A+ (11 — o1 — @ B )(ry — 02) — 0102 = 0.
(3.3)

Since \i+ X =11 —01 —qE1+ 12— 09 >0and Mg = (r; — oy — 1 Ey) (re —
o) — 0109 > 0.
Hence R(0,0) is unstable.
Similarly, the characteristic equation of the Jacobian matrix of (3.2) at R
1s
™ o_ Ty _ o121 092

7 72
7“233'2 T _ 099 7"10'133'1

N (= A
(K1x1+K2x2+ ZEQ fl ) K, K2 (K1 1 Zf'l )+ Klff'g

Since A\ + Ay = _(Fxl + K—Qx 9+ ml + "2“) < 0. and M\ = %( T +
02T 7'10'133
;12) + KiZo Kiig 0

Thus R(Z,72) is locally asymptotically stable.

. (3.4)

Let us now suppose that system (1.1) has a unique positive equilibrium
Rs(x%, x5, y*). The Jacobian matrix of (1.1) at Rj is

1 —2—x1 —ay" —o1— b 02 —ar
o1 9 — 2—x2 — 09 0
kay* 0 —d + kaz — @ Fs
(3.5)
The characteristic equation of the Jacobian matrix of (1.1) at Rj is
)\3 + &1)\2 + &2)\ +as = 0, (36)
where
o915 017]
a + — ,
L K1 1 KQ + ZET ZE;
! * 0'23:2 ) * 0'113{ 2 ko ok
a x —T5 + + 0109 + ka”x]y",
2 (Kl 1 JJT )(K2 2 x; ) 102 1Y
T2 O'le

x5+

:kQ** )
as Oéxly(KQ .T;)
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According to Routh-Hurwitz criteria, the necessary and sufficient condi-

tions for local stability of equilibrium point R3 are

a; >0, a3 >0 and ajay —as > 0.

It is evident that a; > 0, az > 0. Thus, the stability of R3 is determined by

the sign of ajas — az. By direct calculations, we obtain
. 0275 alx’{)[( o, 02x§)( ro o alx*f) + 010

ajas — ag :(ix’{ + 2:152 +—+ — )] — ) (=23
Kl KQ Xy Lo Kl xq KQ Ty
*
1 0ok
+ kaPwiy (=2t + ——2) > 0.
1y g ”
1 x

Hence Rj(z7%, x5, y*) is locally asymptotically stable.
Theorem 1. The equilibrium point R is globally asymptotically stable

Proof. Let us consider the following Lyapunov function:

_ _ x1 _ _ X9

V(l’l, .1172) = wl(xl — X1 — I In ,f'_) -+ CL)Q(.TQ — T9 — ij_>’
1 2

where wq, wy are positive constants, to be chosen later on.
Differentiating V' with respect to time ¢, we get

av (ZL’l — Zf'l) d[L’l (l‘g — fg) dl’g

— =W Wop————.

dt T dt ) dt
— T202

Choosing ﬁ—f =323 a little algebraic manipulation yields

dV 7"1&)20'1.1771 _\2 _\2 Wo09 _ _\2
— = ——— (11 —T1)" — —wol(Tg — T9) — T1Tog — 1T < 0.
It K109 ( 1) 2( 2 2) 1313329732( 1Z2 1 2)

Therefore, R(Z,,Z») is globally asymptotically stable.
Theorem 2. R3(x7,z5,y*) is globally asymptotically stable.

Proof. Let us choose the Lyapunov function

Xz
V(xla x27y) = wl(l'l - .TT - .CI?T In x—i)
1
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X
+wa (e — x5 — x5 1n I—i) +ws(y —y" —y In %),
2

where wq, ws and ws are positive constants, to be chosen later on.

Differentiating V' with respect to time ¢, we get

v (- x3) day (29 — %) dry (y —y*) dy
at - @ Y, T dt’

Choosing ﬁ—; =k, 5= %%’ a little algebraic manipulation yields

dVv r
= ——1w1(x1 — x*{)2

7"2&)10'233';
dt K

* *\ 2
W102( T2 — T1Ty
2 _ wi0s( ..

(29 — x5)

Kooix3] 12T

Therefore, R3(x}, x5, y*) is globally asymptotically stable.

4 Bionomic equilibrium

Let
c1; =fishing cost per unit effort for prey species,
co =fishing cost per unit effort for predator species,
p1 =price per unit biomass of the prey,
pe =price per unit biomass of the predator.

Therefore, the economic rent(net revenue)at any time is given by

I =(p1g1z1 — 1) E1 + (pagay — ¢2) B
=1L + 11,

where Iy = (p1g1x1 — 1) Ey, Iy = (pagey — ¢2) Es i.e., 113 and I, represent the
net revenues for the prey and predator species, respectively.
The bionomic equilibrium (2100, T200, Yoo, Floos Foso) 18 given by the follow-

ing simultaneous equations

X
7“133'1(1 — ?) — Qr1Yy — 01 + 09X — C]1E1$1 = 0, (41)
1
X
7“233'2(1 — —2> + 0121 — 099 = O, (42)
K
—d+ kole — QQEQ = O, (43)

II = (prqux1 — 1) By + (pagey — c2) By = 0.
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In order to determine the bionomic equilibrium, we now consider the following
cases:

Case 1: If ¢o > pogoy, i.e.the cost is greater than the revenue for the
predator, then the predator fishing will be stopped (Es = 0). Only the prey
fishing remains operational (ie.c; < plqlxl)

{7“2 — 0y + [(rg — 09)% + 4oy 722]1/2)

L Kopian
> 0. (Yoo, F100) Will be any point

We then have z1o = p1t11 ) Tooo = 5,2

Since ¢; < p1qix1 < p1q1 K. Hence 1 —

p1 Q1K1
on the line

oy +ay + g Fy

c o K.
:T’l(]_— ! )+ 2Py 2{T2—02+[(T2—02) +40’1

T2C1 ]1/2
P11 2rycy

Kopiqa

in the first quadrant of the yFE;— plane.

Case 2: If ¢y > p1qixy, i.e.the cost is greater than the revenue in the prey
fishing, then prey fishing will be closed (£; = 0). Only predator fishing remains
operational (i.e.co < paqay).

We then have yo, = 2. Substituting yo. into (4.1) we get Tao = L[z?ché loo ™t

O1%100 — T1 2100 (1 — xl—“’)] xloo is the positive solution of the following equation

K1
3 2
€211 + Co2Xq + Co3x1 + Coyy = O, (45)
where
2
Co1 >0
KoK202 ~
27"17’2(7“1 — 01 — ;;222)
Cog = — 9
KlKQO’Q
_ _ acg )2
. ra(ri— o= 58 ri(ry — 03)
23 —
KQO-% K10'2
_ (ra—09) Qcy
Coy = (7“1—01——)—01
02 P2q2
Now, if
ro(ri—o1——2)2 (ro—02)
1 — — ez P22 ri(re—o2
( ) o D292 <Y Koo} < Kioz
or aco 12
r2(r1—01—p2q2) - r1(ra—02)

P Kool K10 7(7’2—02)(7’1—01—;—2) >
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then Eq (4.5) has a unique positive solution z; = x4, For zo4 to be positive,

we must have
O'1K1 OéCQKl
Tloo > K1 — — .
(&1 P2GaT1

Substituting 1 into (4.3) we get

karis — d
q2 '

E2oo =

FEyoo > 0, provided kazis > d.

Case 3: If ¢; > piqix1, ca > pagoy, then the cost is greater than revenues
for both the species and the whole fishery will be closed.

Case 4: If ¢ < p1qux1, ca < pagay, then the revenues for both the species
being positive, then the whole fishing will be in operation.

In this case, T10 = ¢1/p1q1 and Yoo = C2/P2qo-

Now substituting 1., and Yo into (4.1), (4.2) and (4.3), we get

K 2 r2C1 1
L _ o —21 12 4.6
T2 2r2{r2 oo+ [(r2 —09)” + 01K2p1q1] 1 (4.6)
1 C1 P102T200 01 QCo
! Q1( plQlKl) 1 G (P29 (4.7)
and
k d
Bpo = 24 _ ¢ (4.8)
P19192 q2
Now,
Bioo >0, if (1 - —by P12 o O, B2 0 (y9)
"0 mq i 1 @ (P29
k
Boo >0, if "2 5 g, (4.10)
P1q1

Thus the nontrivial bionomic equilibrium point (2100, T200, E100Faso) €xists if
conditions (4.9) and (4.10) hold.

5 Optimal harvesting policy

In this section, our objective is to maximize the present value J of a

continuous time stream of revenues given by

J = /OOO e "{(mquer — 1) Ey(t) + (pagay — c2) Ea(t) }dt, (5.1)
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where 0 denotes the instantaneous annual rate of discount. We intend to max-
imize (5.1) subject to the state equations (1.1) by invoking Pontryagin’s max-
imal principle (Clark [1]). The control variable E;(t)(i = 1, 2) are subjected to
the constraints

0 < Ei(t) < (Ei)mas-

The Hamiltonian for the problem is given by

H :efat[(plfhfﬂl —c1)Er 4 (p2gey — c2) Es] + M [rizi (1 — 21/ Ky) — axyy
— 0101 + 0220 — quE121] + Ag[rowa(1 — ro/ K) + 0121 — 029]

+ A3(—=dy + kaz1y — g2 E»y),

where A, A2 and A3 are the adjoint variables (Clark [1]).

The control variables F; and Es appear linearly in the Hamiltonian function
H.

Assuming that the control constraints are not binding i.e., the optimal
solution does not occur at (E;)maz O (E;)maz, We have singular control (Clark
[1]).

According to Pontryagin’s maximum principle

OH _ . O0H _, du_ OH dh _ O0H dxs_ OH
8E1 o 3E2 S dt B 8x1’ dt B 8m2’ dt N 8y )
Substitution and simplification yields
dH C1
—— =0= )\ =e % (p — — 5.2
dE1 = Al € (pl QT )7 ( )
dH Co
[ :O :> )\ — eiét - ), 53
dE, s=c =) (5.3)
d)\l 5t (&1
o le " prgn By 4+ Ai(r1 — QEM —ay — o1 — i) + Moy + Askay],
(5.4)
dA r
d—tQ = — [)\10'2 + /\2(7”2 — 2?221'2 — 0'2)], (55)
d\
d—t3 - - [67&192(12E2 — Aaxy + )\3(—d + ko, — Q2E2)]- (5-6>

Now, Substituting A\; and A3 into (5.6) and using equilibrium equations we get

y* _ 502611
@1p2q2(0 + d — kaxy) + (prqia — c1)oge

(5.7)
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From (5.5), we get % d’\2 — Ay )y = —Ase™%, whose solution is given by
Ay
Ao(t) = ot 5.8
At) = e, 55)
where A; = 23 + % ,Ag = (p1 — v A )o.
From (5.4), we get d’\1 — A3\ = —Ae™%, whose solution is given by
A4 5
Ai(t) = o 5.9
(0 = poe, 59)
where Az = ot + 20 Ay =pa B+ T+ (2 — 2 kay®.
From (5.2) and (5 9) we get the singular path
C1 Ay
— = . 5.10
(p1 qlxiﬁ) As+0 ( )
Using o} = ;%{7«2 — o9+ [(ry — 02) + %]1/2} and
* _ dc .
Y= q1p2q2(5+d_km;)‘ijaqg(plqu_01), Ay, Az and A4 can be written as

1 1
Ay :§(r2 —03) + §[(T2 — 03)* + dry02} | K]

+ oyrexy [{re — o9 + [(12 — 02)2 + 4T2U1$T/K2]1/2},

T o2 K5
Az =

Kl T‘i‘ {T2—02+[(T2—02) +4T20’11‘1/K2] /2}

c 1
Ay =p1qi E1 + (p1 — q—;)@/{ (rg —02) + 5[(7”2 — 03)° + draoy 2}/ K] '?
1

+ o1t fry — 09 + (12 — 02)* + 47“2011"{/K2]1/2 + 0} + dkagies

kac
p2/l0p2q2(0 + d — kawy) + (prqra] — c1)oga] — e
2
Thus (5.10) can be written as
C1 A4
F(x7) = — — =0.
(‘7“1) (pl qle) A3 + 5

There exists a unique positive root x} = 15 of F(z}) = 0 in the interval

0 < 27 < Kj, if the following inequalities hold:

F(0) <0,F(Ky) >0, F'(z7) >0 for 27 > 0.
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For a7 = x5, we get y* = ys from (5.7)
We then have

Ky

Tas = ﬁ{rg — 03+ [(ra — 02)° + dryoy 115/ K] 2},
2
1 T1s 0225
Es=—{rl——)—01+ — QYs g,
16 Q1{ 1( Kl) 1 1§ Y }
and
1
q2

Hence once the optimal equilibrium (x5, 225, ys) is determined, the optimal
harvesting effort F15 and Ess can be determined.
From (5.3), (5.8) and (5.9), we observe that \;(t)(: = 1,2,3) do not vary

with time in optimal equilibrium. Hence they remain bounded as t — oo.

6 Concluding remarks

In this paper, we have analyzed a prey-predator fishery model with prey
dispersal in a two-patch environment, one is assumed to be a free fishing zone
and the other is a reserved zone where fishing and other extractive activities are
prohibited. we have discussed the local and global stability of the system. It
has been observed that, whether in the absence or in the presence of predators,
the fishing populations may be sustained at an appropriate equilibrium level.
The optimal harvesting policy has been discussed using Pontryagin’s maximum

principle.
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