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Abstract

In this paper, the representation of the exact solution to the non-
linear Volterra-Fredholm integral equations will be obtained in the re-
producing kernel space. The exact solution is represented in the form
of series. Its approximate solution is obtained by truncating the series
and a new numerical approximate method is obtained. The error of the
approximate solution is monotone deceasing in the sense of || · ||W 1

2 [a,b].

Some numerical examples have been studied to demonstrate the accu-
racy of the present method.

Keywords: Nonlinear equation, Volterra-Fredholm integral equation, Re-

producing kernel space

1 Introduction

Let us consider the general nonlinear mixed Volterra-Fredholm integral equa-

tion of the form

u(t, x) = f(t, x) +

∫ t

0

∫
Ω

F (t, x, τ, ξ, u(τ, ξ))dξdτ, (t, x) ∈ [0, T ] × Ω, (1.1)
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where u(t, x) is determined function, f(t, x) and F (t, x, τ, ξ, u(τ, ξ)) are ana-

lytic functions on D = [0, T ]×Ω, where Ω is a closed subset of Rn, n = 1, 2, 3.

The existence and uniqueness of the solution for the equation (1.1) are dis-

cussed in [3, 4]. Equations of this type arise in the theory of nonlinear parabolic

boundary value problems, the mathematical model of the spatiotemporal de-

velopment of an epidemic, and various physical, mechanical, and biological

problems(see [1, 2]). Significant progress has been made in numerical analysis

linear and nonlinear version of the Eq.(1.1). For the linear case, some methods

for numerical treatment are given in [3, 4, 6]. For nonlinear case, the litera-

ture of integral equations contains few numerical methods [7] for handling the

equation (1.1). In recent years, there has been renewed interest in Eq.(1.1),

such as the time collocation and time discretization methods [4, 5], the par-

ticular trapezoidal Nystrom method [8], the Adomian decomposition method

[7, 9, 10] and so on.

The present paper has been organized as follows. In Section 2 two repro-

ducing kernel spaces are defined. In Section 3 the exact solution of (1.1) has

been obtained. A new numerical approximate method is obtained and the

n-term approximate solution is proved to converge to the exact solution in

Section 4. Illustrative examples have been presented in Section 5.

2 Two reproducing kernel spaces

In the section, Several reproducing kernel spaces are defined for solving the

solution of the Eq.(1.1).

(i)Space W 1
2 [a, b] (see [11]) is defined by

W 1
2 [a, b] = { u| u is one-variable absolutely continuous function,u′ ∈ L2[a, b]}.

The inner product and the norm in W 1
2 [a, b] are defined respectively by

< u(x), v(x) >W 1
2
=

∫ b

a

u(x)v(x) + u′(x)v′(x) dx, u, v ∈W 1
2 [a, b],

and

||u||W 1
2 [a,b] =< u(x), u(x) >1/2, u ∈W 1

2 [a, b].
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W 1
2 [a, b] is a complete reproducing kernel space and its reproducing kernel is

given by

Rx(y) =
1

2 sinh(b− a)
[cosh(x+ y − b− a) + cosh(|x− y| − b+ a)]. (2.1)

Using the definition of the reproducing kernel, it holds that

u(x) =< u(y), Rx(y) >W 1
2
, for all u ∈W 1

2 [a, b] and fixed x ∈ [a, b].

Throughout this paper, we always consider this problem on the domain

D = [0, 1]× [0, 1]. As introduced in Ref.[12], we can construct two-dimensional

reproducing kernel space.

(ii) Space W (D) is defined by

W (D) = W 1
2 [0, 1] ⊗W 1

2 [0, 1] = {
∞∑

k,l=1

αk,lϕk(x)ϕl(t), {αk,l}∞k,l=1 ∈ l2},

where {ϕi} is a complete orthonormal sequence in the space W 1
2 [0, 1], and

endowed with the inner product and the norm,

< u(t, x), v(t, x) >W

=<
∑∞

k,l=1 αk,lϕk(t)ϕl(x),
∑∞

k,l=1 βp,qϕp(t)ϕq(x) >

=
∑∞

k,l=1 αk,l

∑∞
k,l=1 βp,q < ϕk(t)ϕl(x), ϕp(t)ϕq(x) >

=
∑∞

k,l=1 αk,l

∑∞
k,l=1 βp,q

(2.2)

||u||W =
√
< u, u >W = (

∞∑
k,l=1

α2
k,l)

1
2 . (2.3)

According to Ref.[12], space W (D) is a Hilbert space with the norm || · ||W
and possesses the reproducing kernel function

R(η,ξ)(t, x) = Rη(t)Rξ(x), (2.4)

Where Rη(t), Rξ(x) are given by (2.1).

3 Theoretic basis of the method

In this section, representation of the solution of (1.1) is given in the reproducing

kernel space W (D).
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Let ψi(t, x) = Rti(t)Rxi
(x), where {ti, xi}∞i=1 is dense in D and Ry(x) is the

reproducing kernel in W 1
2 . From the definition of the reproducing kernel, we

have

< u(t, x), ψi(t, x) >= u(ti, xi). (3.1)

Practise Gram-Schmidt orthonomalization for {ψi(t, x)}∞i=1

ψ̄i(t, x) =
i∑

k=1

βikψk(t, x), (3.2)

where βik are coefficients of Gram-Schmidt orthonomalization and {ψ̄i(t, x)}∞i=1

is orthnormal system.

Subsequently, the following theorem is obtained.

Theorem 3.1. If {ti, xi}∞i=1 is dense in D, then {ψi(t, x)}∞i=1 is the complete

function system of W (D).

Proof. Note that {ti, xi}∞i=1 is dense in D. For u(t, x) ∈W (D), if

< u(t, x), ψi(t, x) >= u(ti, xi) = 0, (i = 1, 2, · · · ),

then we have u(t, x) ≡ 0 from the density of {ti, xi}∞i=1 and continuity of

u(t, x).

Theorem 3.2. Let {ti, xi}∞i=1 be dense inD. If the equation (1.1) has a unique

solution, then the solution satisfies the form

u(t, x) =
∞∑
i=1

i∑
k=1

βik[f(tk, xk) +

∫ tk

0

∫ b

a

F (tk, xk, τ, ξ, u(τ, ξ))dξdτ ]ψ̄i(t, x),

(3.3)

where t ∈ [0, T ], x ∈ [a, b].

Proof. Assume u(t, x) be the solution of Eq.(1.1). From Theorem (3.1), {ψ̄i(t, x)}∞i=1

is orthnormal basis in W (D). Then u(t, x) is expanded in Fourier series

u(t, x) =
∞∑
i=1

< u(t, x), ψ̄i(t, x) > ψ̄i(t, x). (3.4)
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By the form (3.1), we have

u(t, x) =

∞∑
i=1

i∑
k=1

βik < u(t, x), ψk(t, x) > ψ̄i(t, x)

=

∞∑
i=1

i∑
k=1

βik < f(t, x) +

∫ t

0

∫ b

a

F (t, x, τ, ξ, u(τ, ξ))dξdτ), ψk(t, x) > ψ̄i(t, x)

=

∞∑
i=1

i∑
k=1

βik[f(tk, xk) +

∫ tk

0

∫ b

a

F (tk, xk, τ, ξ, u(τ, ξ))dξdτ)]ψ̄i(t, x).

4 Implementations of the method

In this section, a method of solving the solution (3.3) is given in the reproducing

kernel space. We denote (3.3) by

u(t, x) =
∞∑
i=1

Aiψ̄i(t, x), (4.1)

where

Ai =

i∑
k=1

βik[f(tk, xk) +

∫ tk

0

∫ b

a

F (tk, xk, τ, ξ, u(τ, ξ))dξdτ ] (4.2)

In fact, Ai is unknown. We will approximate Ai using known Bi.

For a numerical computation, we define initial function u0(t, x) = f(t, x)

and the n-term approximation to u(t, x) by

un(t, x) =

n∑
i=1

Biψ̄i(t, x), (4.3)

where

B1 = β11[f(t1, x1) +
∫ t1
0

∫ b

a
F (t1, x1, τ, ξ, u0(τ, ξ))dξdτ ],

u1(t, x) = B1ψ̄1(t, x),

B2 =
∑2

k=1 β2k[f(tk, xk) +
∫ tk
0

∫ b

a
F (tk, xk, τ, ξ, u1(τ, ξ))dξdτ ],

u2(t, x) = B1ψ̄1(t, x) +B2ψ̄2(t, x),

· · ·
Bn =

∑n
k=1 βnk[f(tk, xk) +

∫ tk
0

∫ b

a
F (tk, xk, τ, ξ, un−1(τ, ξ))dξdτ ],

un(t, x) =
∑n

k=1Bkψ̄k(t, x).

(4.4)

A property is given in the reproducing kernel space.
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Lemma 4.1.

||u||C(D) ≤ M ||u||W (D).

Proof. For any (t, x) ∈ D,

|u(t, x)| = | < u(τ, ξ), Rt(τ)Rx(ξ) >W (D) |
≤ ||u(τ, ξ)||W (D)||Rt(τ)||W 1

2 [0,T ]||Rx(ξ)||W 1
2 [a,b].

Then there exists a constant M > 0 such that

||u||C(D) ≤ M ||u||W (D).

Lemma 4.2. If un(t, x)
||·||W−−−→ ū(t, x) and (tn, xn) → (τ, ξ), (n→ ∞) then

un−1(tn, xn) → u(τ, ξ), (n→ ∞), (4.5)

Proof. Since

|un−1(tn, xn) − ū(τ, ξ)| = |un−1(tn, xn) − un−1(τ, ξ) + un−1(τ, ξ) − ū(τ, ξ)|
≤ |un−1(tn, xn) − un−1(τ, ξ)|+ |un−1(τ, ξ) − ū(τ, ξ)|.

From the definition of the reproducing kernel, we have

un−1(tn, xn) =< un−1(t, x), Rtn(t)Rxn(x) > (4.6)

and

un−1(τ, ξ) =< un−1(t, x), Rτ (t)Rξ(x) > . (4.7)

It follows that

|un−1(tn, xn) − un−1(τ, ξ)| = | < un−1(t, x), Rtn(t)Rxn(x) −Rτ (t)Rξ(x) > |
≤ ||un−1(t, x)||W (D)||Rtn(t)Rxn(x) − Rτ (t)Rξ(x) > ||W (D).

From the convergence of un−1(t, x), there exists a constant N , such that

||un−1(t, x)||W (D) ≤ 2||ū(t, x)||W (D) as soon as n ≥ N . At the same time, we

can prove ||Rtn(t)Rxn(x)−Rτ (t)Rξ(x)||W (D) → 0 as soon as n→ ∞ using the

form (2.1). Hence |un−1(tn, xn) − un−1(τ, ξ)| → 0 as soon as (tn, xn) → (τ, ξ)

from Lemma (4.1).

On the other hand, for any (τ, ξ) ∈ D, it holds that |un−1(τ, ξ)−ū(τ, ξ)|C(D) →
0(n → ∞) as soon as ||un−1(τ, ξ) − ū(τ, ξ)||W (D) → 0(n → ∞) from the

Lemma (4.1). Hence, it follows that un−1(τ, ξ) → ū(τ, ξ)(n → ∞) as soon as

(tn, xn) → (τ, ξ).
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By means of the continuation of F (·), it is obtained that F (un−1(tn, xn)) →
F (ū(τ, ξ))(n→ ∞). For implicity, we write

Gu(t, x) =

∫ t

0

∫ b

a

F (t, x, τ, ξ, u(τ, ξ))dξdτ. (4.8)

Hence, it holds that

Gun−1(tn, xn) → Gu(τ, ξ). (4.9)

The convergence theorem is established for the method mentioned above.

Theorem 4.3. Assume ||un(t, x)||W (D) is bounded in (4.3), if {ti, xi}∞i=1 is

dense in D, then the n-term approximate solution un(t, x) converges to the

exact solution u(t, x) of Eq.(1.1) and the exact solution is expressed as

u(t, x) =
∞∑
i=1

Biψ̄i(t, x), (4.10)

where Bi is given by (4.4).

Proof. (i)We prove the convergence of (4.3). From the form (4.4), one gets

un+1(t, x) = un(t, x) +Bnψ̄n(t, x). (4.11)

Using the orthogonality of {ψ̄i}∞i=1, it follows that

||un+1(t, x)||2W (D) = ||un(t, x)||2W (D) + (Bn)2.

The sequence ||un(t, x)||W (D) is monotone decreasing. Due to ||un(t, x)||W (D)

being bounded, {||un(t, x)||W (D)} is convergent as soon as n→ ∞. Then there

exists a constant c such that

∞∑
i=1

(Bi)
2 = c. (4.12)

It implies that

Bi =

i∑
k=1

βik(f(tk, xk) +Gui(tk, xk)) ∈ l2, i = 1, 2, · · · . (4.13)

If m > n, using the orthogonality of un+1(t, x) − un(t, x), n = 2, 3, · · · , then

one gets

||um(t, x) − un(t, x)||2W (D)
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= ||um(t, x) − um−1(t, x) + um−2(t, x) + · · ·+ un+1(t, x) − un(t, x)||2W (D)

= ||um(t, x) − um−1(t, x)||2W (D) + · · ·+ ||un+1(t, x) − un(t, x)||2W (D)

=

m∑
i=n+1

(Bi)
2 → 0(n→ ∞).

Considering the completeness of W (D), we get

un(t, x)
||·||W (D)−−−−→ ū(t, x)(n→ ∞).

Hence

ū(t, x) =
∞∑
i=1

Biψ̄i(t, x). (4.14)

(ii)Define the projection operator

Pnū(t, x) =

n∑
i=1

Biψ̄i(t, x).

Then

un(t, x) = Pnū(t, x). (4.15)

We can prove

un(tk, xk) = ū(tk, xk), k ≤ n. (4.16)

In fact, it follows that

un(tk, xk) =< un(t, x), ψk(t, x) >

=< Pnū(t, x), ψk(t, x) >

=< ū(t, x), Pnψk(t, x) >

=< ū(t, x), ψk(t, x) >

= ū(tk, xk).

Hence

Gun(tk, xk) = Gū(tk, xk), k ≤ n. (4.17)

(iii)We will prove that ū(t, x) is the solution of Eq.(1.1).

From (4.14), one gets

ū(tj , xj) =
∞∑
i=1

Bi < ψ̄i(t, x), ψj(t, x) > . (4.18)
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Product βnj both sides of (4.18) and summed for j from 1 to n, we get

n∑
j=1

βnjū(tj , xj) =

∞∑
i=1

Bi < ψ̄i,

n∑
j=1

βnjψj >=

∞∑
i=1

Bi < ψ̄i, ψ̄n >= Bn. (4.19)

From the form (4.19) and (4.3), if n = 1, then

ū(t1, x1) = B1 = f(t1, x1) +Gu0(t1, x1).

If n = 2, then

β21ū(t1, x1) + β22ū(t2, x2) = B2

= β21(f(t1, x1) +Gu1(t1, x1)) + β22(f(t2, x2) +Gu1(t2, x2))

= β21(f(t1, x1) +Gū(t1, x1)) + β22(f(t2, x2) +Gu1(t2, x2))

= β21ū(t1, x1) + β22(f(t2, x2) +Gu1(t2, x2)).

We get

ū(t2, x2) = f(t2, x2) +Gu1(t2, x2). (4.20)

In the same way, we have

ū(tn, xn) = f(tn, xn) +Gun−1(tn, xn). (4.21)

For any (t, x) ∈ D, there exists a subsequence {(tnk
, xnk

)}∞k=1 converging to

(t, x) since {(ti, xi)}∞i=1 is dense in D. From Lemma (4.2) and the above form,

it holds that

ū(t, x) = f(t, x) +Gū(t, x). (4.22)

That is, ū(t, x) is the solution of Eq.(1.1) and

u(t, x) =

∞∑
i=1

Biψ̄i(t, x).

Theorem 4.4. Assume u(t, x) is the solution of Eq.(1.1) and rn(t, x) is the

error in the approximate solution un+1(t, x), where un+1(t, x) is given by (4.3).

Then the error rn is monotone decreasing in the sense of || · ||W (D).

Proof. Suppose that u(t, x) and un+1(t, x) are given by (4.10) and (4.3) respec-

tively. We have

||rn(t, x)||2W 1
2

= ||u(t, x) − un+1(t, x)||2W 1
2

= ||∑∞
i=n+1Biψ̄i(t, x)||2W 1

2

=
∑∞

i=n+1(Bi)
2

(4.23)

It shows that the error rn is monotone decreasing in the sense of || · ||W 1
2
.
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5 Numerical experiments

In the section, we will give some examples to use the method given in the paper.

All computations are performed by the Mathematica 5.0 software package. We

calculate the approximate solution un(t, x) by (4.3) and absolute error. We

present the numerical results in Table 4-1,2.

Example 1 We consider the nonlinear Volterra-Fredholm integral equa-

tion

u(t, x) = f(t, x) +

∫ t

0

∫ 1

0

F (x, ξ, τ)u2(ξ, τ)dξdτ, t ∈ [0, 1] (5.1)

where

F (x, ξ, τ) = −τ cos(x− ξ),

f(t, x) = e−2t cosx+
1

192
e−4t(−1+e−4t−4t)(9 cosx sin 1+sin(3−x)+(4−3 cos 1) sinx).

Then u(t, x) = cosxe−2t is the true solution of the Eq.(4.3). The approximate

solution un with n = 47 in the form (4.3) and error are shown in Table 4-1.

Table 4-1 The results of Example 1

Node u u47 |u − u47| Node u u47 |u − u47|
(0.2, 0.1) 0.666971 0.666822 1.497E-4 (0.3, 0.6) 0.452954 0.45386 9.057E-4
(0.4, 0.2) 0.440372 0.439848 5.247E-4 (0.4, 0.8) 0.313051 0.312398 6.529E-4
(0.6, 0.3) 0.287742 0.287253 5.884E-4 (0.2, 0.2) 0.656958 0.658022 1.063E-3
(0.8, 0.4) 0.185959 0.186002 4.305E-5 (0.4, 0.4) 0.413859 0.413795 6.461E-5
(0.1, 0.2) 0.802411 0.802468 5.746E-5 (0.6, 0.6) 0.248586 0.248273 3.134E-4
(0.2, 0.4) 0.627406 0.619151 1.745E-3 (0.8, 0.8) 0.140663 0.140173 3.900E-4

Example 2 We consider the nonlinear Volterra-Fredholm integral equation

u(t, x) = f(t, x) +

∫ t

0

∫ 1

0

F (t, x, ξ, τ)(1 + u2(ξ, τ))dξdτ, t ∈ [0, 1] (5.2)

where

F (t, x, ξ, τ) = (t− τ) cos(x− ξ),

f(t, x) =
1

64
e−4t(−28(1 + e4t(−1 + 4t)) cos(1 − x) + (21 + e4t

(−21 + 84t+ 32t2)) sin(1 − x) + 4(−8e2t(−2 + x2)

+(9 + e4t(−9 + 36t+ 8t2)) sinx)).

Then u(t, x) = (1 − x2t2

2
)e−2t is the true solution of the Eq.(4.3). The approx-

imate solution un with n = 56 in the form (4.3) and error are shown in Table

4-2.
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Table 4-2 The results of Example 2

Node u u47 |u − u56| Node u u56 |u − u56|
(0.3, 0.15) 0.542649 0.543967 1.317E-3 (0.35, 0.7) 0.379809 0.379336 4.729E-4
(0.5, 0.25) 0.356443 0.355925 5.181E-4 (0.45, 0.9) 0.252728 0.252905 1.768E-4
(0.7, 0.35) 0.231646 0.231839 1.924E-4 (0.3, 0.3) 0.5243 0.524857 5.573E-4
(0.9, 0.45) 0.148843 0.148328 5.146E-4 (0.5, 0.5) 0.322845 0.322225 6.193E-4
(0.15, 0.3) 0.707731 0.707448 2.826E-4 (0.7, 0.7) 0.188608 0.188305 3.023E-4
(0.25, 0.5) 0.532281 0.531923 3.573E-4 (0.9, 0.9) 0.102751 0.10227 4.814E-4
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