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Abstract
ICM can be regarded as a transformation taking the temporal series

with length of k into sequence of number with length of k/k2. A quasi-
periodic temporal series can be changed to a quasi-periodic sequence
of number by ICM, and a chaotic temporal series will also become a
random sequence of number. It is shown that kSCM have response to
the parameters of the system.
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1 Introduction

Uniformity theory[2] and instantaneous chaometry(ICM)[3-5] are well de-
veloped based on monopolized sphere. ICM can reflect the property of chaos
well when the effective step length is increasing. But the massive quantity of
computing ICM with the effective step length increasing restrict the applica-
tion of ICM. It is found that ICM is still not stable when the effective step
length is 500000 for the discrete model of Lorenz system. Therefore, k step
chaometry which is the average of the sampling of ICM is introduced by set-
ting the effective step length small, and the results are satisfying as k = 400.
We compute many 400SCM which are compared with Lyapunov exponent and
find that it responds to the parameters accurately.

2 Theory and method

Definition 1. Suppose S is a finite set in Rn, for any x ∈ S, a point
x1 nearest approach x is said to be proximity point denoting by MP (x) .
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With denoting M(x) = d(x, MP (x)), we say M(x) is proximity distance. A
closed sphere, which centre of sphere is x and radius is M(x)/2, is said to be
monopolized sphere, denoting by B(x) and its capacity by v(x). One of the
cubes tangent to B(x) is said to be monopolized body, denoting by CU(x)
and its capacity by vc(x).

Obviously, the capacity of n-dimension ball is

Vn(r) =
π

n
2

Γ(1 + n
2
)
rn (1)

where n = 1, 2, ...., r is the radius of the ball. From the definition 1 and (1)
we obtain

v(x) = Vn(M(x)/2) =
Vn(1)

2n
M(x)n (2)

vc(x) = M(x)n =
2n

Vn(1)
v(x) (3)

Definition 2 . Suppose B ⊂ Rn, f : B → B is a bounded map, θ is the
parameter vector of f .

xk+1 = f(xk) (4)

for any x0 ∈ B and a given k0(k0 > 10000 in genal), S = (xk0, xk0+1, ..., xk0+k1−1)
is a subset of the obit of (4) through the point x0, then the total capacity of

monopolized spheres of S C(x0, k0, k1, θ) =
k1−1∑

i=0

v(xk0+i) is said to be instanta-

neous chaometry(ICM), and k0, k1 are said to be initial position and effective

step length respectively. Moreover, G(x0, k0, k1, k2, m, θ) = 1
m

m−1∑

i=0

C(x0, k0 +

ik2, k1, θ) is said to be k step chaometry(k SCM), and denote

DG(x0, k0, k1, k2, m, θ) = 1
m−1

m−1∑

i=0

[C(x0, k0+ik2, k1, θ)−G(x0, k0, k1, k2, m, θ)]2.

G and DG are the sampling mean and sample variance of ICM respectively.
Definition3.[5]x0 is m-periodic point of (4) if x0 = fm(x0), and f l(x0) �= x0

for any 0 < l < m, and a temporal series {xk, k = 0, 1, ...} is said to be pe-
riodic; in particular, x0 is a fixed point of (4) if m = 1. x0 is ultimately
periodic point if there exists an integer m such that fm(x0) is a m-periodic
point , and a temporal series {xk, k = 0, 1, ...} is said to be ultimately peri-
odic. x0 is a quasi-periodic point if there exists periodic point q such that
lim

m→∞
d(fm(x0), f

m(q)) = 0 , and a temporal series {xk, k = 0, 1, ...} is said to

be quasi-periodic. Based on the definition of chaos of Li-York, for x0 ∈ B1, a
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temporal series {xk, k = 0, 1, ...} is chaotic if f is chaotic in the non-countable
subset B1 of Rn.

Theorem1.[5] Suppose x0 ∈ B is a periodic point or ultimately periodic
point of period K, then there exists an integer K0, such that C(x0, k0, k1, θ) = 0
for k1 ≥ 2K, k0 ≥ K0. Suppose x0 ∈ B is a quasi-periodic point of period K,
then for k1 ≥ 2K, we have

lim
k0→∞

C(x0, k0, k1, θ) = 0 (5)

Remark 2. The condition k1 > 2K in [5] can be changed to k1 ≥ 2K,
since the conclusion is still correct for k1 = 2K.

Theorem2.[5] Suppose B ⊂ Rn, f : B → B is chaotic in a non-countable
subset B1 of B(base on the chaos defined by Li-York), then C(x0, k0, k1, θ) > 0
for any x0 ∈ B1, and any positive integer k0, k1.

3 Lorenz attractor and the computation of max-

imal Lyapunov exponent

The difference equation approximation of Lorenz system can be expressed
by the following form:

xk = xk−1 + ha(yk−1 − xk−1)

yk = yk−1 + h(bxk−1 − zk−1xk−1 − yk−1)

zk = zk−1 + h(xk−1yk−1 − czk−1) (6)

The standard Wolfflow.bas program[10] is used to compute the maximal
Lyapunov exponent(denoted by LE)of Lorenz system. Moreover, we modify
Wolfflow.bas program appropriately and take h = 0.02 to compute the maximal
Lyapunov exponent(denoted by LE1) of (10). The results are different since
the method of Range-Kutta is used in the Wolfflow.bas program.
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a LE1 LE
10.0 1.44971 0.90619
6.0 0.80809 0.80214
5.5 0.00000 −0.07882
5.0 0.62497 −0.13447
4.5 0.43927 −0.20337
4.0 0.00000 −0.28828
3.5 0.00000 −0.39259
3.0 0.00000 −0.52085
2.5 0.26099 −0.67719
2.0 0.00000 −0.86555

Table 1. Comparison between LE1 and LE(b=2.666,c=28)

From table 1, the temporal series generated by (10) is more complicated
than that of Range-Kutta numerical integration(see figure 1). a = 2.5, b =
2.666, c = 28 implies chaos for (10) but implies periodic for Lorenz system.

Figure 1. The comparison between chaos and periodicity of (10)(b=2.666,c=28).

4 Comparison between LE1 and 400SCM

To show the stability of 400SCM and to compare it with LE1, we obtain
the following table:
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(1) (2) (3) (4)
x0 = 1.0 x0 = 0.1 x0 = 1.0 x0 = 0.1

a y0 = 0.8 y0 = 0.1 y0 = 0.8 y0 = 0.1 LE1
z0 = 0.4 z0 = 0.1 z0 = 0.4 z0 = 0.1

k0 = 9500001 k0 = 3500001 k0 = 5500001 k0 = 5500001
10.0 2661.812 2625.000 2715.887 2750.844 1.4497
9.5 2634.965 2613.705 2624.229 2704.007 1.3951
9.0 2929.466 2923.506 2879.260 2904.974 1.3586
8.5 2395.651 2423.243 2419.831 2361.671 1.2488
8.0 2656.159 2542.395 2593.958 2617.356 1.1622
7.5 3066.360 3007.748 3099.867 3003.349 1.1883
7.0 1816.276 1811.528 1745.042 1814.108 0.9357
6.5 2123.099 2048.067 2086.807 2119.121 0.8533
6.0 2408.994 2401.927 2361.366 2382.232 0.8080
5.5 275.166 274.990 275.035 274.831 0
5.0 1893.001 1879.720 1915.058 1937.986 0.6249
4.5 1031.385 1040.244 1034.916 1016.016 0.4392
4.0 68.533 68.537 68.534 68.538 0
3.5 11.820 11.819 11.819 11.824 0
3.0 2.624 2.624 2.624 2.624 0
2.5 664.129 660.070 657.786 652.988 0.2609

Table 2. The stability of 400SCM and its relation with LE1(k1 = 400, k2 =
202, m = 2475).

It is shown in table 2 that for the quasi-periodic temporal series with LE1 =
0, column (1) ,(2),(3) and (4) are approximately equal, for the chaotic temporal
series with LE1 > 0,colum (1),(2), (3) and (4) are observably different, which
showes that ICM can be regarded as a transformation taking the temporal
series with length of k into sequence of number with length of k/k2. A quasi-
periodic temporal series can be changed to a quasi-periodic sequence of number
by ICM, and a chaotic temporal series will also become a random sequence of
number, kSCM have accurate response to the parameters of the system.

To keep the orders of LE1 and 400SCM consistent, we multiply LE1 by
1500 and then draw the picture for table 2. As shown in Table 2, and figure 3,
The stability of 400SCM is well exhibited, which indicate kSCM is convergent
for m. LE1 and 400SCM tend consistent, but 400SCM fluctuate great when
a closes to some critical value due to the existence of the periodic window.
Indeed, there exist many periodic windows when a ∈ [7.11, 7.22](see Table
3). For demonstrating 400SCM has accurate response to the parameter a, we
carry out further computation,k1 = 400, k2 = 202, m = 2475, x0 = 0.1, y0 =
0.1, z0 = 0.1, h = 0.02, k0 = 5500001(see figure[3]).
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Figure 2. Comparison between LE1 and 400SCM.

a 400SCM LE1 LE1 × 1500
7.22 1347.808 0.85527 1282.905
7.21 1206.072 0.79876 1198.14
7.2 1174.478 0.76810 1152.15
7.19 315.103 0.41646 624.69
7.18 70.797 0.21992 329.88
7.17 67.228 0.05789 86.835
7.16 49.454 0 0
7.15 29.031 0 0
7.14 14.517 0 0
7.13 0.467 0 0
7.12 2.270 0 0
7.11 1398.733 0.7829 1174.35

Table 3. The interleaving of chaos and period when a ∈ [7.11, 7.22].

Figure 3. comparison of accuracy between LE1 and 400SCM.

In figure 2,3, it illuminate that 400SCM is more sensitive to period than



Stability of a characteristic index of chaos 1569

LE1 and continuous in mean well, which is the advantage of 400SCM.

5 Conclusion and Discussion

(1)A quasi-periodic temporal series can be changed to a quasi-periodic se-
quence of number by ICM, and a chaotic temporal series will also become a
random sequence of number.

(2)400SCM is more sensitive to period than LE1; the oscillation of 400SCM
implies period window.

(3)As to nonlinear dynamic systems, it is relatively easier to observe the
temporal series than to find the expression of a concrete model, and it is
feasible to know its rules in a sense. But for k Step Chaometry, modeling is
inessential since it depend on the observed series directly, which may become
a new method for nonlinear problems.
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