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Abstract

In this paper, we develop a 2D adaptive nonlinear algorithm based
on a second order Volterra filter with linear part. We theoretically
show that the proposed algorithm is numerically stable with respect to
Lyapunov stability theory. This is emphasized by simulation results.
More over the proprieties of the proposed algorithm go beyond that of
the classic ones such that the LMS [6]. In fact it has good convergence
speed.

1 Introduction

In 2D adaptive linear filtering area, two distinct families of algorithms exist.
The first one is that of those alike LMS algorithms such as the TDLMS pro-
posed in [6] and TDLLMS proposed in [7]. They are famous by their simplicity
and robustness, but they also have bad reputation which concern their conver-
gence speed. The second family is that of those alike RLS algorithms like the
FRLS [1], the FLRLS [9]. These later are fast convergent though they are re-
puteless and inglorious when speaking about stability. Thus some works have
been carried to remedy to this drawback [6][11]. Under this, these algorithms
have been developed to remedy to the high computational complexity of the
RLS algorithm. Indeed their computational complexity is approximately the
same as that of the LMS. Though the development of the first family based
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algorithms for the nonlinear filters is almost simple [4][2][3], it’s not the case
for the second family.
In nonlinear case, we are looking for some algorithms which overcome the dis-
advantages and profits of the benefits of the algorithms exposed above. Since,
we have developed in [8] an algorithm built around a non linear filter newly
defined by us. We have theoretically proved its stability by mean of the Lya-
punov stability theory.
In this paper, we develop an algorithm built on a non linear filter. This later
is a second order Volterra filter with linear part. Then we prove its stability
by mean of the Lyapunov theory.

2 Second order Volterra filter

with linear part

The non linear filter can be expressed in an input/output relationship that
corresponds to the following equation:

y(m, n) =
M−1∑
i1=0

N−1∑
j1=0

M−1∑
i2=0

N−1∑
j2=0

wvi1,j1,i2,j2x(m − i1, n − j1)

+

M−1∑
i=0

N−1∑
j=0

wli,jx(m − i, n − j)

= Φ(X(m, n))T Wv(m, n)Φ(X(m, n))

+ Φ(X(m, n))T Wl(m, n)

= XvT (k)Wv(m, n)Xv(k) + XvT (k)Wl(m, n) (1)

Where

Φ(X(m, n)) = Xv(k) (2)

And the index k being expressed according to coordinates (m, n) of the subject
of study pixel x(m,n) by :

k = mM + n (3)

X(m, n) is the first-quarter window of size (M × N) whose elements are the
input data x(m− i, n− j)(for i = 0, 1, · · · , M − 1 and j = 0, 1, · · · , N − 1) up
to the point (m, n) of the 2D signal (image) and expressed by (4) :

X(m, n) =

⎛
⎜⎝

x(m,n) x(m−1, n) · · · x(m−M +1, n)
x(m,n−1) x(m−1, n−1) · · · x(m−M +1, n−1)
...

...
. . .

...
x(m,n−N +1) x(m−1, n−N +1) · · · x(m−M +1, n−N +1)

⎞
⎟⎠ (4)



A 2D adaptive Volterra quadratic algorithm 1503

accordingly the corresponding data vector Xv(k) obtained from X(m, n) with
the matrix to vector transformation Φ is expressed as :

Xv(k) = [x(m,n) x(m − 1, n) · · · x(m − M + 1, n)

x(m,n − 1) · · · x(m,n − N + 1)

x(m − 1, n − N + 1) · · · x(m − M + 1, n − N + 1)]T (5)

Wv ,Wl are respectively a matrix containing second order coefficients wvi1,j1,i2,j2

(for i1(resp i2) = 0, 1, · · · , M − 1 and j1(resp j2) = 0, 1, · · · , N − 1) and
a vector containing linear coefficients wli,j(for i = 0, 1, · · · , M − 1 and j =
0, 1, · · · , N − 1) of the filter. Thus, defining the nonlinear filter as expressed
in (1) we will next deal with the development of the corresponding algorithm.

3 Adaptive non linear 2D algorithm

For convenience we reproduce the expression of the 2D nonlinear filter output
in the form that we will consider for the development of the algorithm. This
expression corresponds to the output of the non linear filter of figure 1.

y(m, n) = XvT (k)Wv(m, n)Xv(k) + XvT (k)Wl(m, n) (6)

Therefore we define the error signal between the output of the filter and the
desired one as:

ek(m, n) = dk(m, n) − yk(m, n) (7)

The index k still being related to the coordinates (m, n) by equation (3).
Hence, and with inspiration of the algorithm proposed in [5] and extended by
us in [8] to a 2D nonlinear filter, we consequently expose our algorithm by the
following theorem.

Theorem 3.1 if the linear and quadratic coefficients Wv ,Wl , of the filter
given by (6) are adopted in accordance to the following relations :

αk(m, n) = dk(m, n) − yk−1(m, n) (8)

gl
k(m, n) =

Xvk(m, n)

‖Xvk(m, n)‖2

(
1

2
− κl

ek−1(m, n)

αk(m, n)

)
(9)

gv
k(m, n) =

Xvk(m, n)XvT
k (m, n)

‖Xvk(m, n)XvT
k (m, n)‖2

(
1

2
− κv

ek−1(m, n)

αk(m, n)

)
(10)

Wlk(m, n) = Wlk−1(m, n) + αk(m, n)gl
k(m, n) (11)

Wvk(m, n) = Wvk−1(m, n) + αk(m, n)gv
k(m, n) (12)

Where gl
k(m, n) and gv

k(m, n) are respectively vector and matrix gains, αk(m, n)
is the a priori error and 0 ≤ κl + κv < 1, then the error signal converges
asymptotically toward zero.
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The poof of the above theorem around witch the adaptive non linear 2D algo-
rithm is built make use of the Lyapunov stability theory. This is detailed in
the next section.

4 Stability of the adaptive

nonlinear 2D algorithm

The stability study of the algorithm in respect to the Lyapunov theory starts
up by the definition of the so called Lyapunov function simply chosen as the
square of the error signal (7).

Vk(m, n) = e2
k(m, n) (13)

So we have :

ΔVk(m, n) = Vk(m, n) − Vk−1(m, n)

= e2
k(m, n) − e2

k−1(m, n) (14)

and aloso :

e2
k(m, n) = [dk(m, n) − (XvT

k (m, n)Wlk(m, n)

+ XvT
k (m, n)Wvk(m, n)Xvk(m, n))]2

= [dk(m, n) − (XvT
k (m, n)Wlk−1(m, n)

+ XvT
k (m, n)Wvk−1(m, n)Xvk(m, n)

+ αk(m, n)
(
XvT

k (m, n)gl
k + XvT

k (m, n)gv
kXvk(m, n)

)
]2 (15)

or the first part of the last equation is, as defined in equation (8), the quantity

αk(m, n) = dk(m, n) − (XvT
k (m, n)Wlk−1(m, n)

= dk(m, n) − (XvT
k (m, n)Wlk−1(m, n)

+ XvT
k (m, n)Wvk−1(m, n)Xvk(m, n)) (16)

for the second part of the equation and by making use of expressions (9) and
(10) we have the following :

XvT
k (m, n)gl

k + XvT
k (m, n)gv

kXvk(m, n) =

Xvk(m, n)XvT
k (m, n)

‖Xvk(m, n)‖2

(
1

2
− κl

ek−1(m, n)

αk(m, n)

)

+
Xvk(m, n)XvT

k (m, n)

‖Xvk(m, n)XvT
k (m, n)‖2

(
1

2
− κv

ek−1(m, n)

αk(m, n)

)

= 1 − (κl + κv)
ek−1(m, n)

αk(m, n)
(17)
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finally we get the expression of the squared error as above :

e2
k(m, n) = (αk(m, n) − (αk(m, n) − (κl + κv)ek−1(m, n)))2

= (κl + κv)
2e2

k−1(m, n) (18)

hense the expression of the Lyapunov gradient becomes :

ΔVk(m, n) = −(1 − (κl + κv)
2)e2

k−1(m, n) < 0 (19)

In this expression, we clearly see that the stability of the new algorithm is
entirely controlled by the factor (κl + κv). Indeed, the stability is guaran-
teed since this factor verifies the condition statement required by the theorem
0 ≤ κl + κv < 1. Thus, we have theoretically proved the stability of the
proposed algorithm, but in order to be practically implementable some mod-
ifications must be made on the equations (9) (10). In fact, a deep analysis
of their expressions, allows someone to see the presence of an eventual singu-
larity problem when one of the terms αk(m, n) or ‖(.)‖2 in the denominators
is zero, which is a possible situation in practice. To overcome this practical
disadvantage, the gains in the considered equations are modified according the
following expressions:

gl
k(m, n) =

Xvk(m, n)

‖Xvk(m, n)‖2 + λ1

(
1

2
− κl

ek−1(m, n)

αk(m, n) + λ2

)
(20)

gv
k(m, n) =

Xvk(m, n)XvT
k (m, n)

‖Xvk(m, n)XvT
k (m, n)‖2 + λ1

(
1

2
− κv

ek−1(m, n)

αk(m, n) + λ2

)
(21)

Where λ1 and λ2 are small constant numbers and have direct effect on the
value of the error in permanent regime. Indeed the error is as much smaller
than these constants are.

5 Simulation results

To put the stress on the good behavior and proprieties of the proposed algo-
rithm, simulation results are presented in this section. Accordingly in figure 1
a non-linear system identification Block diagram, upon whitch we handle our
experiment, is depicted. It consists of a system input x(m,n) which is a Gaus-
sian signal of zero mean and the desired output d(m, n) which is calculated
using the relation:

d(m, n) = x(m,n) + η(m, n) (22)

In this later expression η(m, n) is an additive Gaussian noise of zero mean.
The values of the parameters , λ1, λ2 , κl and κv are chosen as follow : λ1 = λ2

and κl = κv = 10−9. The desired non linear system to be identified go on
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Figure 1: Block diagram of system identification of adaptive non-linear 2D filter.

accordance with equation (1) with the linear and quadratic parameters chosen
as follow :

Wl = [0.3442 0.7715 0.3707 0.0000]T (23)

Wv =

⎛
⎜⎜⎝

−0.6356 0.5290 −0.9160 0.0000
0.5290 1.6199 0.7416 0.0000
−0.9160 0.7416 −0.5974 0.0000
0.0000 0.0000 0.0000 0.0000

⎞
⎟⎟⎠ (24)

Figures 2 and 4 depict the evolution of the least squares error for different
values of parameters λ1 and λ2 in case of null additive noise, while figures 3
and 5 represent the same physical parameter in case of Gaussian noise of zero
mean and variance σ2 = 0.01 with a signal to noise ratio (SNR) SNR=40dB.

6 Conclusion

In this paper, a nonlinear algorithm for 2-D adaptive filtering is proposed. It
is build around the second order Volterra filter with linear part and combines
the contradictory advantages; stability and fast convergence. The stability of
the proposed algorithm is studied and proved by use of the Lyapunov stability
theory. In addition simulation results are presented to emphasize the theoret-
ical proprieties especially the good convergence speed of the algorithm [6].
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Figure 2: Least squares error for : λ1 = λ2 = 10−10 without additive noise.

Figure 3: Least squares error for : λ1 = λ2 = 10−10 with additive noise (zero mean,
σ2 = 0.01 and SNR=40dB).
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Figure 4: Least squares error for : λ1 = λ2 = 10−13 without additive noise.

Figure 5: Least squares error for : λ1 = λ2 = 10−13 with additive noise (zero mean,
σ2 = 0.01 and SNR=40dB).
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