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Abstract 

Let G(V, E, W) be a graph with n-vertex-set V and m-edge-set E in which each 
edge e is associated with a positive distance W(e). The p-Center problem is to locate 
some kind of facilities at p vertices of G to minimize the maximum distance between 
any vertex and the nearest facility corresponding to that vertex. This paper proposes 
an additional practical constraint. We restrict that the p vertices where the facilities are 
located must be connected, i.e., the subgraph induced by the p facility vertices must 
be connected. The resulting problem is called the Connected p-Center problem (the 
CpC problem). We first show that the CpC problem is NP-Hard on bipartite graphs 
and split graphs. Then, an O(n)-time algorithm for the problem on trees is proposed. 
Finally, we extend this algorithm to trees with forbidden vertices, i.e. some vertices in 
V cannot be selected as center vertices, and the time-complexity is also O(n). 

 
Keywords: connected p-center, induced subgraph, NP-Hard, bipartite graph, split  

graph, tree, graph with forbidden vertices 
 

 
1. INTRODUCTION 
 Client/server architecture has become a basis for all networks and distributed 
systems. Consider the following practical and interesting situation in many real 
client/server network environments and distributed systems. There are resources, e.g., 
servers, programs, routers, data objects, etc., to be built/located at some vertices to 
provide services required by the clients all over a computer network. If there is no 
facility at a node u, the clients at u need to contact to a nearest node at which there is a 
facility located to get the required service. These types of applications correspond to 
the fundamental discrete location problem, called the p-Center problem. 

                                                 
1 The prelimenary version of this paper was published in Proceedings of 9th International Conference 

on Computer Science and Informatics, Kaohsiung, Oct. 2006, pp. 662-665. 
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Let G(V, E, W) be a graph with n-vertex-set V and m-edge-set E, where each edge 

e is associated with a positive distance W(e). For any H ⊂ V, the distance between H 
and any vertex v ∉ H, is defined as d(v, H) = Hu∈min {d(v, u)}, where d(x, y) denotes 
the distance (length) of the shortest path between any pair of vertices x and y. 
Meanwhile, we define δ(H) = HVv −∈max {d(v, H)} and δ(H) = 0 if H = V. The 
p-Center problem can be defined formally as follows [5]. 
 
The p-Center problem: Given a graph G(V, E, W) and a positive integer p, identify a 
subset Q = { 1q , …, pq } of V, called a p-center of G, such that δ(Q) is minimized. 
 

Researchers often call a solution Q = { 1q , …, pq } of the p-center problem as a 
p-center of G, i.e., a p-center of a graph G is a subset Q = { 1q , …, pq } of V such that 
δ(Q) is minimized. However, for the sake of clear presentation of our ideas, any 
p-vertex subset H of V is simply called a p-center in this paper, and a p-center Q with 
minimum δ(Q) is called an optimal p-center of G. 

Fig. 1 shows an input instance of the p-Center problem. In the case p = 2, it is 
easy to verify that H = { 3v , 6v } is a 2-center of this graph such that δ(H) = 8 is 
minimized, i.e., { 3v , 6v } is an optimal 2-center of this graph. 
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Figure 1. A graph with distances on edges. 
 
 The p-Center problem has very wide-area applications to many real-world 
problems. Its application areas include finding the best locations of industrial plants, 
warehouses, distribution centers, and public service facilities in transportation 
networks, as well as locating various service facilities in telecommunication networks. 
Indeed, extensive research effort has been done for this problem [1, 4, 5, 11]. The 
problem on general graphs has been known to be NP-Hard [7, 11]. In [12], the author 
provided an O(n)-time algorithm for the 1-Center problem on interval graphs. The 
author in [13] extended the result of [12] for the problem under the assumption that 
the endpoints of input intervals are sorted and the time-complexity remains O(n). Lan 
et al. proposed a linear-time algorithm for finding centers on weighted cactus graphs 
[15]. Frederickson showed how to solve the p-center problem on trees in linear time 
(without necessarily restricting the location of the facilities to the vertices of the tree) 
using parametric search [6]. Bespamyatnikh et al. gave an O(pn)-time algorithm for 
the problem on circular-arc graphs [3]. Hsu et al. presented a general p-facility  
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location problem on the real line with unimodal distance functions and they gave an 
O(p 2n )-time algorithm to solve it [9]. Kariv and Hakimi addressed the p-center 
problem on general graphs [11]. In [14], Tamir showed that the p-center problems on 
weighted and unweighted networks can be solved in O( pn pm n2log )-time and 
O( 1−pn pm n3log )-time, respectively. In addition, some research has been done on 
designing approximation algorithms for the p-center problem [2, 10]. 

This paper proposes a very practical additional constraint: the subgraph induced 
by any p-center must be connected. This issue is very important and practical to real 
networks. Suppose that Fig. 1 represents some regional backbone network of Internet 
and each vertex denotes a web server. We want to assign three servers as cache 
servers. Assume that { 2v , 5v , 6v } are selected as cache servers. Consider the 
situation that 2v  receives a request from 1v . If the current load of 2v  is very heavy, 
then 2v  must dynamically determine a route such that it can pass the request to 5v  
or 6v  for further processing so that the load of 2v  can be reduced. Since 2v  is not 
adjacent to either 5v  or 6v , this route must pass through some servers which are not 
cache servers. Therefore, we prefer to allocate the cache servers so that their induced 
subgraph is connected. This can also reduce dynamic routing overhead for improving 
load balance among these cache servers. A p-center inducing a connected subgraph is 
called a connected p-center. It is reasonable and natural to assume that p ≥ 2 and the 
number of the vertices in G is at least (p + 1), i.e., n ≥ (p + 1), in the rest of this paper. 
 
The Connected p-Center Problem (The CpC problem): Given a graph G(V, E, W) 
and an integer p ≥ 2, identify a connected p-center Q = { 1q , …, pq } of G such that 
δ(Q) is minimized. Q is called an optimal connected p-center (or simply an optimal 
solution) of the CpC problem on G hereafter. 
 
 Let us examine Fig. 1 again and also let p = 2. It is easy to verify that Q = { 3v , 

4v } is a connected 2-center such that δ(Q) = 9 is minimized. 
The rest of this paper is organized as follows. In Section 2 and Section 3, we will 

show that the CpC problem is NP-Hard on bipartite graphs and split graphs, 
respectively. Next, an O(n)-time algorithm for the problem on trees will be proposed 
in Section 4. Then, in Section 5, we will extend this algorithm to trees with forbidden 
vertices, i.e. some vertices in V cannot be selected as center vertices, and the 
complexity is still O(n). Finally, the conclusions and possible future research 
directions will be addressed in Section 6. 
 
2. The CpC Problem on Bipartite Graphs 

This section will examine the complexity of the CpC problem on bipartite graphs. 
A graph G(V, E) is called a bipartite graph if V can be partitioned into two disjoint 
sets I and J such that if (u, v) ∈ E, then either (u ∈ I and v ∈ J) or (u ∈ J and v ∈ I) [8]. 
A bipartite graph will be denoted by G(I ∪ J, E) hereafter. 
 The following decision problem is proposed to show the NP-Hardness of the 
CpC problem on bipartite graphs. 
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The CpC decision problem: Given a graph G(V, E, W), a positive integer p ≥ 2, and a 
positive constant λ, determine whether there exists a connected p-center Q of G such 
that δ(Q) ≤ λ or not? 
 
 The following is the NP-complete problem [7] used for reduction. 
 
The Monotone Satisfiability problem (The MSAT problem): Given a set of Boolean 
clauses in the conjunctive normal form in which each clause contains either only 

positive literals, say xi
′s, or only negative literals, say xi

′s, determine whether the 

given Boolean formula is satisfiable or not? 
 
Lemma 1. The CpC decision problem is NP-complete on bipartite graphs. 
Proof: It is easy to show that the CpC decision problem is a NP problem. Suppose that 

there is an instance of the MSAT problem with p variables 1x , …, px , p ≥ 2, and r 

clauses 1c , …, rc . Assume that )(PC  = { 1c , …, αc } and )( NC  = { 1+αc , …, rc } 

represent the set of clauses containing positive literals and negative literals, 
respectively. If one of )(PC  and )( NC  is empty, then the MSAT problem is so trivial 
to solve. Hence, we can assume that both )(PC  and )(NC  are nonempty. 

Deonte A = { 1a , …, pa }, B = { 1b , …, pb }, X = { 1x , …, px }, and X  = { 1x , 

…, px }, the graph G(V, E, W) is constructed as follows for any positive constant λ, 

where (1) V = )(PC  ∪ )( NC  ∪ X ∪ X  ∪ A ∪ B. (2) E = {( jc , ix ) | for all jc  

contains ix , 1 ≤ j ≤ α} ∪ {( jc , ix ) | for all jc  contains ix , α + 1 ≤ j ≤ p} ∪ {( ix , 

ia ), ( ia , ib ), ( ib , ix ) | 1 ≤ i ≤ p} ∪ {( sx , tx ) | for all 1 ≤ s ≠ t ≤ p}. (3) W( ix , ia ) 

= W( ia , ib ) = W( ib , ix ) = λ
3
1 , 1 ≤ i ≤ p, and W(e) = λ, for all other edges e. 

It is clear that the time-complexity to construct the graph G is polynomial with 
respect to p and r, and G is a bipartite graph in which I = )(PC  ∪ X  ∪ A and J = 

)(NC  ∪ X ∪ B. 
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Assume that there is an assignment satisfying the given Boolean formula. 

Without a loss of generality, we can assume that 1x  = … = kx = TRUE and 1+kx  = 

… = px = FALSE. Let Q = { 1x , …, kx , 1+kx , …, px }. Since both )(PC  and )(NC  

are nonempty, we must have XQ ∩  ≥ 1 and XQ ∩  ≥ 1. Each sx  is adjacent to 

tx , for all s ≠ t. Therefore, the subgraph induced by Q must be connected. 

Furthermore, we can easily check that δ(Q) ≤ λ. This means that Q a connected 
p-center of G such that δ(Q) ≤ λ. 

Suppose that Q is connected p-center of G such that δ(Q) ≤ λ. We claim that for 

each pair jx  and jx , at least one of them must belong to Q. Let there exist j such 

that jx  ∉ Q and jx  ∉ Q. Because the vertices in Q induces a connected subgraph 

and p ≥ 2, we have ja  ∉ Q and jb  ∉ Q. Let ju  and jv  be the nearest vertices in 

Q corresponding to ja  and jb , respectively. The construction rules of G imply that 

d( ju , ja ) > λ and d( jv , jb ) > λ. This contradicts to the fact that δ(Q) ≤ λ. 

Since Q  = p and Q contains at least one vertex of each pair { jx , jx }, 1 ≤ j ≤ 

p, this can imply that Q contains exactly one vertex in each pair { jx , jx }, 1 ≤ j ≤ p. 

In addition, both )(PC  and )(NC  are nonempty, we must have XQ ∩  ≥ 1 and 

XQ ∩  ≥ 1. This means that a nearest vertex in Q of each clause jc  is either tx  or 

tx , for some t. Setting the literals corresponding to the vertices in Q to be TRUE 

certainly satisfies the given Boolean formula.   
 
Theorem 1. The CpC problem is NP-Hard on bipartite graphs, p ≥ 2. 
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3. The CpC Problem on Split Graphs 

This section will show that the CpC decision problem is also NP-complete on 
split graphs. A graph G(V, E) is called a split graph if V can be partitioned into two 
disjoint sets K and I such that K form a clique (complete graph) and I is independent, 
[8] A split graph will be denoted by SG(K ∪ I, E) hereafter. 
 The following is the NP-complete problem [7] used for reduction. 
 
The Exact Cover by 3-Set problem (The X3C problem): Given a family F = { 1S , …, 

qS } of sets where each jS  contains exactly three elements from X = { 1x , …, px3 }, 

does there exist a subfamily of pairwise disjoint sets of F whose union is equal to X? 
 
Lemma 2. The CpC decision problem is NP-complete on split graphs. 

Proof: Suppose that there is an instance of the X3C problem with F = { 1S , …, qS } 

and X = { 1x , …, px3 }. If q < p, the answer of the X3C problem is certainly “No”. 

Therefore, we assume that q ≥ p. 
For any positive constant λ, the split graph SG(V, E, W) can be constructed in 

polynomial time as follows. (1) V = F ∪ X. (2) E = {( jS , ix ) | for all jS  contains 

ix , 1 ≤ j ≤ q} ∪ {( iS , jS ) | 1 ≤ i ≠ j ≤ q}. (3) W(e) = λ, for all e ∈ E. 

Assume that the answer of the X3C problem on F and X is “Yes”. Without a loss 

of generality, we can assume that Q = { 1S , …, pS } is a solution. In SG, this implies 

that each ix  is adjacent to exactly one jS  ∈ Q. Furthermore, the vertices in F form 

a clique and the distances of all edges are equal to λ. We can easily verify that δ(Q) ≤ 
λ, i.e., Q a connected p-center of SG such that δ(Q) ≤ λ. 

We now prove the other direction. Suppose that Q is connected p-center of SG 

such that δ(Q) ≤ λ. We claim that XQ ∩  = ∅. If XQ ∩  ≠ ∅, then it implies that 

SQ ∩  < p. Since each jS  contains exactly three elements from X, we have 

jQS S
j∈

∪  ≤ 3 * FQ ∩  < 3p = X . This means that at least one ix  ∉ jQS S
j∈

∪ .  
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By the construction rules of SG, it is easy to see that d( ix , Q) ≥ 2λ. This contradicts to 

the fact that Q is connected p-center of SG such that δ(Q) ≤ λ. 

The above discussion guarantees that FQ ∩  = p. We further claim that tS  ∩ 

jS  = ∅, for all pairs tS , jS  ∈ Q. Otherwise, it is easy to see that jQS S
j∈

∪  < 3p. 

This also implies that at least one ix  ∉ jQS S
j∈

∪  and a contradiction occurs. 

The discussion so far can ascertain that Q ⊆ F and Q is solution of the X3C 
problem on F and X.   
 
Theorem 2. The CpC problem is NP-Hard on split graphs, p ≥ 2. 
 
4. An O(n)-time Algorithm on Trees 

The section will solve the CpC problem on trees. Let r be any vertex of the input 
tree T. The tree T will be denoted as T(r). By the same way, T(u) will dente the subtree 
rooted at u, for any vertex u of T(r). To identify an optimal solution of the CpC 
problem on T(r), we first deal with the following restricted problem, denoted as )(P r . 
 
Problem )(P r : Given any tree T(r), identify a connected p-center Q such that δ(Q) is 
minimized under the restriction that r must be included in Q. 
 
Definition 1. For each vertex x in V – {r}, par(x) represents the parent vertex of x and 
ace(x) represents the set of all ancestors of x. Meanwhile, if y is not a leaf vertex, then 
Children(y) denotes the set of child vertices of y. 
 

For each vertex z of T(r), we compute a value μ(z) using the following rules. 
1. μ(z) = W(z, par(z)), if z is not the root r and z is a leaf. 
2. μ(z) = ))(par,()}({max )(Children zzWtzt +μ∈ , if z is not the root r and z is non-leaf. 
3. μ(r) = )}({max )(Children trt μ∈ . 
 

The following two lemmas can be easily derived from the rules of computing 
μ(y), for all vertex y, where V(T(y)) denotes the vertex-set of the subtree rooted at y. 
 
Lemma 3. For each non-root vertex z of T(r), let H be any subset of V such that H ∩ 
V(T(z)) = ∅ and par(z) ∈ H. Then, μ(z) = ))}(par,({max ))(( zudzTVu∈  = 

)},({max ))(( HudzTVu∈  and δ(H) ≥ μ(z). 
 
Lemma 4. μ(r) ≥ μ(y), for all y ∈ V, and given any vertex x ∈ V – {r}, μ(v) > μ(x),  



 
 

1318                         William Chung-Kung Yen and Chien-Tsai Chen 
 
for all v ∈ ace(x). 
 
Lemma 5. Let H be any connected p-center of T(r) such that r ∈ H. Then, δ(H) = 

)}({max )( yHVy μ−∈ . 
Proof: Let Leaves(H) denote the leaves of the subtree induced by H. Lemma 3 and 
Lemma 4 implies that δ(H) = ))}(Leaves,({max )( HydHVy −∈  = 

)}({max ))(Leaves(Children yHy μ∈  = )}({max )( yHVy μ−∈ .   
 
Lemma 6. Let Q = { 1q , …, pq } such that μ( 1q ), …, μ( pq ) are the first p largest 
numbers among Π = {μ(z) | z ∈ V}. Then, Q forms an optimal solution of the problem 

)(P r  such that δ(H) = η, where η is the th)1( +p  largest number among Π. 
Proof: From Lemma 4, we can make sure that r ∈ Q. Assume that the subgraph 
induced by Q is not connected. Let j, 1 ≤ j ≤ p, be the smallest number such that *Q  
= { 1q , …, jq } induces a subtree but 1+jq  is not adjacent to any vertex in *Q . Since 
we only deal with connected graphs, it implies that par( 1+jq ) ∉ Q. But Lemma 4 
states that μ(par( 1+jq )) > μ( 1+jq ). This means that the first p largest numbers among 
Π must include μ(par( 1+jq )), i.e., par( 1+jq ) ∈ Q. A contradiction occurs. 
 Meanwhile, Lemma 3 through Lemma 5 can easily derive that δ(Q) = 

)}({max yQVy μ−∈  = η, where η is the th)1( +p  largest number among Π.   
 
Theorem 3. Given any tree T(r), the problem )(P r  on T(r) can be solved in 
O(n)-time. 
Proof: Let Q be the set { 1q , …, pq } such that μ( 1q ), …, μ( pq ) are the first p largest 
numbers among {μ(z) | z ∈ V}. Lemma 4 has shown that r ∈ Q and Q is an optimal 
solution of the problem )(P r  on T(r). Finding the first p largest numbers among n 
numbers can be done in O(n)-time is well-known. Thus, we complete our proof.   
 

Next, we prove the following important lemma to obtain a starting vertex for 
identifying an optimal solution of the input tree. 
 
Lemma 7. For any tree T, suppose that u and v is a pair of vertices such that d(u, v) ≥ 
d(x, y), for all x, y ∈ V. Let m be the middle point of the shortest path from u to v, i.e., 
d(u, m) = d(m, v) = 0.5 * d(u, v). Let r be a vertex nearest to m. Suppose that Q is a 
connected p-center of T such that r ∈ Q. Then, δ(Q) ≤ δ(H), for all connected p-center 
H in which r ∉ H. 
Proof: By the definition of the vertex r, the middle point m must lie on some edge 
incident with r. It is easier to handle the case when r is just the middle point m. Thus, 
we only consider the case when m lies within the edge (r, jx ) as depicted in Fig. 2, 
i.e., m ≠ r and m ≠ jx , where 1x , …, kx  are the children of r if we choose r as the 
root of T. 
 
 



 
 

The p-center problem                                               1319 
 
 

u

m

T(xj+1)

•  •  •  

xk 

T(xk) 

x1 

•  •  •  

T(x1) 

xj

T(xj)

r

v

d(r, m) ≤ d(m, xj) The middle point m of the 
path from u to v 

xj+1

Figure 2. The middle point m of the shortest path from u to v lies within (r, jx ), 
where d(u, v) ≥ d(s, t), for all s, t ∈ V. 

 
 
It is easy to see that {r, jx } ⊆ Q. This implies that δ(Q) ≤ max{d(v, jx ), d(u, r)} 

< d(v, m) = 0.5 * d(u, v). Since r ∉ H, by the definitions of trees and connected 
p-center, we must have H ⊆ V(T( zx )), for some subtree T( zx ). One of the following 
two possibilities could occur. 
Case 1. H ⊆ V(T( jx )) 

This case means that H lies on the subtree T( jx ). We can easily derive that δ(H) 
≥ d(u, jx ) = d(u, 1+jx ) + d( 1+jx , m) + d(m, jx ) = 0.5 * d(u, v) + d(m, jx ). This 
directly derives that δ(H) ≥ δ(Q). 
Case 2. H ⊆ V(T( tx )), 1 ≤ t ≤ k, t ≠ j 

H lies on the subtree T( tx ) in this case. We can easily prove that δ(H) ≥ d(v, r) + 
d(r, tx ) = 0.5 * d(u, v) + d(m, tx ). This implies that δ(H) ≥ δ(Q). 

Based upon the reasoning of the above two cases, we can conclude that δ(Q) 
≤ δ(H).   
 

Given any vertex u of the input tree T, an optimal solution of the CpC problem 
on T either includes u or not. Lemma 7 means that an optimal solution of the problem 

)(P r  must also be an optimal solution of the CpC problem on T(r) after finding the 
root r. Thus, the following algorithm can solve the CpC problem on trees correctly. 
 
Algorithm Connected_p_Center_on_Trees 
Input: A tree T such that each edge e is associated a positive distance W(e) and an 
integer p ≥ 2. 
Output: A connected p-center Q such that δ(Q) = QVv −∈max {d(v, Q)} is minimized. 
Method: 
Step 1: Find a pair of vertices u and v such that d(u, v) ≥ d(x, y), for all pairs of  

vertices x and y of T; 
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Step 2: Identify the root r such that r is a vertex nearest to the middle point m of the  

path from u to v as described in Lemma 7; 
Step 3: Q = P(r)_on_Trees(T, p, r); 
Step 4: Return Q; 
End Connected_p_Center_on_Trees 
 
Algorithm P(r)_on_Trees 
Input: A tree T such that each edge e is associated a positive distance W(e), a positive 
integer p ≥ 2, and a vertex r. 
Output: A connected p-center Q such that δ(Q) = QVv −∈max {d(v, Q)} is minimized 
under the restriction that r ∈ Q. 
Method: 
Step 1: Compute μ(z), for all vertex z; 
Step 2: Q = { 1q , …, pq } such that μ( 1q ), …, μ( pq ) are the first p largest numbers  

among {μ(z) | z ∈ V}; 
Step 3: Return Q; 
End P(r)_on_Trees 
 
 The reasoning so far consequently establishes the following main theorem. 
 
Theorem 4. The CpC problem on trees can be solved in O(n)-time. 
 
5. Extension to Trees with Forbidden Vertices 

In real-world systems, some vertices could not be selected as center vertices due 
to function failure or some other practical constraints, such as small capacity, limit 
processing ability, etc. We use F to represent the set of such vertices and called them 
forbidden vertices. The resulting problem can be now defined as follows: 
 
The Forbidden Connected p-Center Problem (The FCpC problem): Given a graph 
G(V, E, W), a subset F of V, and a positive integer constant p ≥ 2, identify a connected 
p-center Q = { 1q , …, pq } of G such that δ(Q) is minimized under the restriction that 
Q ∩ F = ∅. 
 

The section will extend the results of the previous section to the FCpC problem 
and the time-complexity is also O(n). In the rest of this section, for any connected 
p-center H of the input tree T with H ∩ F = ∅, we still call H a connected p-center if 
no confusion occurs. 

First, we choose any vertex r as the root. For each vertex z of T(r), another value 
Δ(z) is computed by the following rules. 
1. Δ(z) = 0, if z ∈ F. 
2. Δ(z) = 1, if z is a leaf vertex and z ∉ F. 
3. Δ(z) = ∑ ∈

Δ
)(Children

)(
zy

y  + 1, if z is not a leaf vertex and z ∉ F. 
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Lemma 8. Given a tree T(r), the set F of forbidden vertices, and an integer p ≥ 2, let 

1T , …, kT  be the disjoint subtrees obtained via deleting all vertices in F. Then, the 
following properties hold. 
(1) )( jTV  < p iff Δ(u) < p, for all vertex u in the subtree jT . 

(2) Let H be any connected p-center of T such that H ∩ F = ∅ and *T  be the 
subgraph (forest) by the union of all subtrees satisfying property (1). Then, H ∩ 

)( *TV  = ∅. 
 

Lemma 8 implies that all vertices in *T  can be viewed as additional forbidden 
vertices. To find )( *TV , the value ε(z), for each z ∉ F can be computed by the 
Breadth-First-Search order as follows. After then, it is easy to check that )( *TV  = {z 
| z ∉ F and ε(z) < p}. 
1. ε(z) = Δ(z), if z = r. 

2. ε(z) = 
⎩
⎨
⎧

∈Δ
∉ε

Fzz
Fzz

)(par),(
)(par)),(par(

, if z ≠ r. 

In the remaining discussion, we assume that all vertices in *T  have been added 
to the set of forbidden vertices. As the approach in the previous section, we first 
consider the following restricted problem for any non-forbidden vertex r. 
 
Problem )(FP r : Given any tree T(r) and the set F of forbidden vertices (r ∉ F), 
identify a connected p-center Q such that δ(Q) is minimized under the restriction that 
r must belong to Q. 
 
 The next step is to compute μ(z), for all vertex z, as described in previous section. 
Lemma 9 and Theorem 5 can also be easily proved using the similar techniques in 
previous section. 
 
Lemma 9. Let Q = { 1q , …, pq } such that μ( 1q ), …, μ( pq ) are the first p largest 
numbers among {μ(z) | z ∈ (V – F)}. Then, Q forms an optimal solution of the 
problem )(FP r  of T(r) such that δ(H) = η, where η is the maximum of the th)1( +p  
largest number among {μ(z) | z ∈ (V – F)} and max{μ(z) | z ∈ F}. 
 
Theorem 5. Given any tree T(r) and the set F of forbidden vertices in which r ∉ F, 
the problem )(FP r  on T(r) can be solved in O(n)-time. 
 
Lemma 10. Given a tree T with forbidden set F, suppose that u and v is a pair of 
vertices such that d(u, v) ≥ d(x, y), for all pairs of vertices x and y. Let m be the middle 
point of the shortest path from u to v, i.e., d(u, m) = d(m, v) = 0.5 * d(u, v). Let r be a 
non-forbidden vertex nearest to m. Suppose that Q is a connected p-center of T such 
that r ∈ Q. Then, δ(Q) ≤ δ(H), for all connected p-center H in which r ∉ H. 
Proof: Let 1x , …, kx  be the children of r. Define BR( tx ) = T( tx ) ∪ {(r, tx )}, 
called the branch on tx , 1 ≤ t ≤ k. The middle point m must lie within some BR( jx ). 
Meanwhile, the rule of choosing the root r implies that jx  ∈ F. Therefore, jx  is  
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marked as a black vertex as shown in Fig. 3. 
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T(xj+1)

•  •  •  
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x1 

•  •  •  

T(x1) 

xj 

T(xj)

r

v

The middle point m of the path 
from u to v lies within BR(xj) 

xj+1

 
Figure 3. The middle point m of the shortest path from u to v lies within BR( jx ), 

where d(u, v) ≥ d(s, t), for all s, t ∈ V. 
 

It is easy to see that δ(Q) ≤ 0.5 * d(u, v) + d(m, r). Since r ∉ H, by the definitions 
of trees and connected p-center, we must have H ⊆ V(T( zx )), for some subtree T( zx ). 
One of the following two possibilities could occur. 
Case 1. H ⊆ V(T( jx )) 

This case means that H lies on the subtree T( jx ). We can easily derive that δ(H) 
≥ d(u, m) + d(m, y) ≥ 0.5 * d(u, v) + d(m, r), for some y ∈ H. This directly derives that 
δ(H) ≥ δ(Q). 
Case 2. H ⊆ V(T( tx )), 1 ≤ t ≤ k, t ≠ j 

H lies on the subtree T( tx ) in this case. We can easily prove that δ(H) ≥ d(v, r) + 
d(r, tx ) = 0.5 * d(u, v) + d(m, r) + d(r, tx ) ≥ δ(Q). 

Based upon the reasoning of the above two cases, we can conclude that δ(Q) 
≤ δ(H).   
 

Given any non-forbidden vertex u of the input tree T, an optimal solution of the 
FCpC problem on T either includes u or not. Lemma 10 shows that an optimal 
solution of the problem )(FP r  must also be an optimal solution of the FCpC problem 
on T(r) after finding the root r. Therefore, the following algorithm can solve the FCpC 
problem on trees correctly. 
 
Algorithm Forbidden_Connected_p_Center_on_Trees 
Input: A tree T such that each edge e is associated a positive distance W(e), an integer 
p ≥ 2, and a subset F of V. 
Output: A connected p-center Q such that δ(Q) = QVv −∈max {d(v, Q)} is minimized 
and Q ∩ F = ∅. 
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Method: 
Step 1: Preprocess(T, F, p); 

/* Preprocess uses ε(z) and Δ(z) for all vertex z to add all possible additional 
forbidden vertices to F as stated in the above discussion. */ 

Step 2: If F = V then return (Q = ∅); 
Step 3: Find a pair of vertices u and v such that d(u, v) ≥ d(x, y), for all pairs of  

vertices x and y of T; 
Step 4: Identify the root r such that r is a non-forbidden vertex nearest to the middle  

point m of the path from u to v as described in Lemma 10; 
Step 5: Q = FP(r)_on_Trees(T, F, p, r); 
Step 6: Return Q; 
End Forbidden_Connected_p_Center_on_Trees 
 
Algorithm FP(r)_on_Trees 
Input: A tree T such that each edge e is associated a positive distance W(e), a subset F 
of V. a positive integer p ≥ 2, and a vertex r. 
Output: A connected p-center Q such that δ(Q) = QVv −∈max {d(v, Q)} is minimized 
under the restriction that r ∈ Q and Q ∩ F = ∅. 
Method: 
Step 1: Compute μ(z), for all vertex z; 
Step 2: Q = { 1q , …, pq } such that μ( 1q ), …, μ( pq ) are the first p largest numbers  

among {μ(z) | z ∈ (V – F)}; 
Step 3: Return Q; 
End FP(r)_on_Trees 
 
Theorem 6. The FCpC problem on trees can be solved in O(n)-time. 
 
6. Conclusions 

This paper addressed the Connected p-Center problem (the CpC problem) on 
graphs. This problem can be viewed as a more practical variant of the traditional 
p-Center problem. We showed that the CpC problem is NP-Hard on bipartite graphs 
and split graphs. Then, an O(n)-time algorithm for the problem on trees was proposed. 
Finally, the algorithmic result was extended to the situation that the vertices in F of 
the input tree are forbidden. The time-complexity is still O(n). 

In the future, it is practical and meaningful to extend our algorithms to other 
classes of graphs such as cactus graphs, planar graphs, interval graphs, etc. 
Meanwhile, identifying other variants of the traditional p-Center problem is also a 
very important issue. For example, just restricting that the p-center must be “total”, 
i.e., the subgraph induced by the p-center has no isolated vertices, is another typical 
practical variant. 
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